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Preface

“One would be surprised if
Nature had made no use of it.”

P.A.M. Dirac

According to some dictionaries, one meaning of the notion of “beauty” is
“symmetry”. Probably, beauty is not entirely “in the eye of the beholder”. It
seems to be related to the symmetry of the object. From a physical viewpoint,
this definition is very attractive: it allows us to describe a central concept of
theoretical physics over the last two centuries as being a quest for higher
symmetry of Nature. The more symmetric the theory, the more beautiful it
looks.

Unfortunately, our imperfect (at least at low-energy scale) world is full of
nasty broken symmetries. This has impelled physicists to try to understand
how this happens. In some cases, it is possible to reveal the mechanism of
violation and how the symmetry may be recovered; then our picture of Nature
becomes a bit more beautiful.

One of the problems of the broken symmetry that we see is that, while
there are electric charges in our world, their counterparts, magnetic mono-
poles, have not been found. Thus, in the absence of the monopoles, the sym-
metry between electric and magnetic quantities is lost. Can this symmetry
be regained?

In the history of theoretical physics, the hypothesis about the possible
existence of a magnetic monopole has no analogy. There is no other purely
theoretical construction that has managed not only to survive, without any
experimental evidence, in the course of more than a century, but has also
remained the focus of intensive research by generations of physicists.

Over the past 25 years the theory of magnetic monopoles has surprisingly
become closely connected with many actual directions of theoretical physics.
This includes the problem of confinement in Quantum Chromodynamics, the
problem of proton decay, astrophysics and evolution of the early Universe, and
the supersymmetrical extension of the Standard Model, to name just a few.
It seems plausible that the answer to the question: “Why do magnetic mono-
poles not exist?” is a key to understanding the very foundations of Nature.
Furthermore, the mathematical problem of construction and investigation of
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the exact multimonopole configurations is at the frontier of the most fasci-
nating directions of modern field theory and differential geometry. The tech-
niques developed in this area of theoretical physics find many other applica-
tions and have become very important mathematical tools.

The theory of monopoles seems to be tailor-made for demonstrating beau-
tiful interplay between mathematics and physics. Therefore, I believe that an
introduction to the basic ideas and techniques that are related to the descrip-
tion and construction of monopoles may be useful to physicists and mathe-
maticians interested in the modern developments in this direction. Moreover,
there is a second aspect of the monopoles. These objects arise in many differ-
ent contexts running through all levels of modern theoretical physics, from
classical mechanics and electrodynamics to multidimensional branes. This
provides an alternative point of view on the subject, which may be of inter-
est to readers.

My original motivation was to provide a comprehensive review on the
monopole that would capture the current status of the problem, something
which could be entitled “Everything you always wanted to know about the
monopole but did not have time to ask”. However, it soon became clear that
such a project was too ambitious. An estimate of the related literature ap-
proaches 6000 papers. The original paper by Dirac [200] has been quoted
more than 1000 times and the citation index of the papers by ’t Hooft and
Polyakov [270,428] is approaching 1400.

I have therefore tried to give a restricted introduction to the classical and
quantum field theory of monopoles, a more or less compact review, which
could give a “bird’s eye view” on the entire set of problems connected with
the field theoretical aspects of the monopole.

The book is divided into three parts. This approach reproduces in some
sense that used by S. Coleman in his famous lectures [43]; that is, I start
the discussion with a simple classical consideration of a monopole as seen at
large distances and then go on to its internal structure.

In Part I, the monopole is considered “from afar”, at the large distances
where pure electrodynamical description works well. In the first chapter, I
review some features of the classical interaction between a static monopole
and an electric charge. The quantum mechanical consideration in terms of the
Dirac potential is described in Chapter 2. Next, in Chapter 3 the notions of
topology, which are closely related to the theory of monopole, are described.
Chapter 4 is devoted to the generalization of QED, which includes the mono-
poles. Part II forms the core of the book. There I discuss the theory of non-
Abelian monopoles, construction of the multimonopole solutions, and some
applications. In Chapter 5 the famous ’t Hooft–Polyakov solution, the sim-
plest specimen of the monopole family, is discussed. This is the first step inside
the monopole core. I review the basic properties of the classical non-Abelian
monopoles, which arise in spontaneously broken SU(2) gauge theory, and the
relation that exists between the magnetic charge of the configuration and the
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topological charge. The Bogomol’nyi–Prasad–Sommerfield (BPS) monopole
appears here for the first time as a particular analytic solution with vanish-
ing potential. Here I also give a brief account of the gauge zero mode and
comment on its relation to the electric charge. Chapter 6 contains a survey of
the classical multimonopoles, both in the BPS limit and beyond. A powerful
formalism for investigation of the low-energy dynamics of the BPS mono-
poles is the moduli space approach, which arises from consideration of the
monopole collective coordinates. In Chapter 7 some of the results related to
the quantum field theory of the SU(2) monopoles are reviewed.

Next, in Chapter 8 the consideration is extended to a more general class of
SU(3) theories containing different limits of symmetry breaking. It turns out
that the multimonopole configurations are natural in a model with the gauge
group of higher rank. Here I discuss fundamental and composite monopoles
and consider the limiting situation of the massless states.

Chapter 9 contains a brief survey of the role that the monopoles may play
in the phenomenon of confinement. I discuss here the compact lattice electro-
dynamics, formalism of Abelian projection in gluodynamics and the Polyakov
solution of confinement in the 2+1-dimensional Georgi–Glashow model. In
Chapter 10 the original Yang–Mills–Higgs system is extended by inclusion
of fermions. Here I consider the details of the monopole–fermion interaction,
especially the role of the fermionic zero modes of the Dirac equation. In this
context, I briefly describe the current status of the Rubakov–Callan effect.

The last part of the book reveals the intersection of many lines of the
previous discussion. Indeed, the spectrum of states of N = 2 supersymmetric
(SUSY) Yang–Mills theory includes the monopoles. There the arguments of
duality become well-founded and the BPS mass bound arises in a new con-
text. Moreover, the geometrical moduli space approach, which was originally
developed to describe the dynamics of BPS monopoles, turns out to be a
key element of the Seiberg–Witten solution of the low-energy N = 2 SUSY
Yang–Mills theory. Chapter 11 is an introductory account of supersymmetry.
Construction of the N = 2 SU(2) supersymmetric monopoles is described
in Chapter 12 and the Seiberg–Witten solution is presented in Chapter 13.
Evidently, this is a separate topic, which has been intensively discussed in
recent years. However, the very structure of the book does not make it pos-
sible to avoid such a discussion. The reader will definitely find this topic well
presented elsewhere.

Let us mention some omissions. An obvious gap is the current experimen-
tal situation. I do not venture to discuss the numerous experiments directed
to the search for a monopole. This must be the subject of a separate survey.
I would like to point the reader to the very good reviews [47, 48, 50]. How-
ever, the most important thing we know from experiment is that there are
probably no monopoles around.

I do not consider the astrophysical aspects of monopoles, the prob-
lem of relic monopoles, or other related directions. I do not discuss some
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by-product topics like, for example, the conception of the Berry phase. Nei-
ther do I consider some specific mathematical problems of the Abelian the-
ory of monopoles (e.g., singularities and regularization). In considering con-
struction of the BPS multimonopoles, I have made no attempt to discuss one
of the approaches that is related to the application of the inverse scattering
method to the linearized Bogomol’nyi equation. Instead, the discussion con-
centrates on the modern development due to the Nahm technique and twistor
approach. I would like to draw attention to the recent excellent monograph
by N. Manton and P. Sutcliffe, “Topological Solitons” [54], which provides
the reader with a solid framework of modern classical theory of solitons, not
only monopoles, in a very general context.

Because of the restricted size of the book, I do not consider the very
interesting properties of gravitating monopoles, which are solutions of the
Einstein–Yang–Mills–Higgs theory. I pay more attention to the general prop-
erties of the non-Abelian monopoles, namely, to their topological nature.
Coupling with gravity yields a number of classical solutions that are not pre-
sented in flat space, so that the related discussion becomes rather involved.
Another omission is the Kaluza–Klein monopole and, more generally, the
analysis of multidimensional theories. For more rigor and broader discussion
I refer the reader to the original publications.

Though extensive, the list of references at the end of the book cannot
be considered an exhaustive bibliography on monopoles. I apologize to those
authors whose contributions are not mentioned here.

The work on this project coincided with a period of serious personal tur-
moil. I am grateful to all my friends and colleagues who supported me. I am
deeply indebted to Ana Achucarro, Emil Akhmedov, Alexander Andrianov,
Dmitri Antonov, Jürgen Baacke, Pierre van Baal, Askhat Gazizov, Dmitri
Diakonov, Conor Houghton, Iosif Khriplovich, Viktor Kim, Valerij Kiselev,
Ken Konishi, Boris Krippa, Steffen Krusch, Dieter Maison, Stephane Non-
nenmacher, Alexander Pankov, Murray Peshkin, Victor Petrov, Lutz Polley,
Mikhail Polikarpov, Maxim Polyakov, Kirill Samokhin, Ruedi Seiler, Andrei
Smilga, Joe Sucher, Paul Sutcliffe, Tigran Tchrakian, Arthur Tregubovich,
Andreas Wipf, and Wojtek Zakrzewski for many useful discussions, critical
interest and remarks. I am very thankful to L.M. Tomilchik and E.A. Tolka-
chev, who were my teachers and advisors, for their valuable support, encour-
agement, and guidance. They awakened my interest in the monopole problem.

Many of the ideas discussed here are due to Nick Manton, who played a
very important role in my understanding of the monopoles, both through his
papers and in private discussions. He commands my deepest personal respect
and gratitute. The year I spent in Cambridge in his group strongly influenced
my life.

This book originates from work in collaboration with Per Osland which,
unfortunately, was not completed. Without his support and encouragement
I would never have started to work on this extended project. A draft version
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of the first five chapters was prepared in collaboration with him during my
stays at the Institute of Physics, University of Bergen.

I am deeply indebted to Burkhard Kleihaus and Jutta Kunz for collabo-
ration and help in numerous ways. The support I received in Oldenburg has
been invaluable.

My special thanks go to Milutin Blagojević, Maxim Chernodub, Adriano
Di Giacomo, Fridrich W. Hehl, and Valentine Zakharov for reading a pre-
liminary version of several chapters and providing many helpful comments,
suggestions, and remarks.

I would like to acknowledge the hospitality I received at the Service
de Physique Théorique, CEA-Saclay, the Max-Planck-Institut für Physik
(Werner-Heisenberg-Institut), München, and the Abdus Salam International
Center for Theoretical Physics, Trieste, where some parts of this work were
carried out. A substantial part of the work on the manuscript was done in
1999–2002 at the Institute of Theoretical Physics, University of Cologne.
Some chapters of the book are elaborations of lectures given on several occa-
sions.

Oldenburg, Yakov Shnir
June 2005
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Part I

Dirac Monopole



1 Magnetic Monopole in Classical Theory

1.1 Non-Relativistic Scattering on a Magnetic Charge

One could set up a naive definition of a monopole as being just a point-like
particle with a magnetic charge instead of an electric one. Then almost all
non-trivial features caused by its presence would manifest themselves in the
process of interaction between a monopole and “normal” electrically charged
particles. One can see these features already on the level of classical me-
chanics by comparing the electric-charge-monopole scattering and the stan-
dard Coulomb problem. Historically that problem was first considered by
H. Poincaré in the context of interaction of an electron beam and the pole
of a very long and very thin magnet already more than a century ago, in
1896 [425]. This work could be considered a first brick in the foundation of
the modern history of the monopole. Nevertheless, one should say that for a
long time before H. Poincaré’s work, the question about the possible existence
of a single magnetic pole was raised many times.1

In this section, we will consider the classical non-relativistic motion of
a charge in an external field. That is why it would be correct to define a
magnetic charge g as a source of a static Coulomb-like magnetic field

B = g
r
r3
. (1.1)

Then the equation of motion of an electrically charged particle e in such a
field is

m
d2r
dt2

= e [v × B] =
eg

r3

[
dr
dt

× r
]
, (1.2)

where a static monopole is situated at the origin and the vector r defines the
position of the electric charge (see Fig. 1.1). For the sake of simplicity we
will use units such that the speed of light c is equal to 1 and in this section
consider only positive values of both electric and magnetic charges.

1 A very detailed description of the “stone age history” of the monopole problem
is given in [35], where the genesis of it has been traced up to the notes by Petrus
Pelegrinius, written at the Crusades in 1269! We will not go into this fascinating
story.
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v

r

-egg

θ

L

z

 r
e

θ

L

Fig. 1.1. Motion of an electric charge in the monopole field

One could obtain the corresponding integrals of motion just by making
use of (1.2). Scalar multiplication of (1.2) by a vector of velocity v gives:

1
2
d

dt

(
mv2

)
= 0 , (1.3)

so that the kinetic energy of an electric charge in a monopole field is a con-
stant:

E =
mv2

2
= const. , (1.4)

as is the absolute value v of the velocity vector.
On the other hand, the scalar product of the equation of motion (1.2) and

the radius vector r gives:

r · d
2r
dt2

≡ 1
2
d2

dt2
r2 − v2 = 0 .

Taking into account the conservation of energy (1.3), one can write

r =
√
v2t2 + b2 , (1.5)

and therefore r · (dr/dt) = r · v = v2t. Thus, there is no closed orbit in the
charge-monopole system: the electric charge is falling down from infinitely
far away onto the monopole, approaching a minimal distance b and reflected
back to infinity (so-called “magnetic mirror” effect).

A very special feature of such a motion is that the conserved angular
momentum is different from the ordinary case. Indeed, one can see that the
absolute value of the vector of ordinary angular momentum
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L̃ = r ×mv (1.6)

is conserved, because the cross product of r and (1.2) is

d

dt
[r ×mv] ≡ dL̃

dt
=
eg

mr3

[
L̃ × r

]
. (1.7)

Scalar multiplication of this equation with the vector L̃ gives

d

dt
|L̃| = 0 , (1.8)

and, because the absolute value of the velocity vector is a constant, one can
write

L̃ ≡ |L̃| = mvb . (1.9)

The very important difference from the ordinary Coulomb problem is
that now the direction of the vector of angular momentum is not a constant,
because from (1.7) it follows that

d

dt

(
L̃ − eg r

r

)
=
dL
dt

= 0 , (1.10)

where the generalized angular momentum is an integral of motion:

L = [r ×mv] − eg r
r

= L̃ − egr̂ . (1.11)

Let r̂ be a unit vector in the direction of r. Taking into account (1.9) one can
write (see Fig. 1.1)

L2 ≡ L2 = L̃2 + e2g2 = (mvb)2 + (eg)2 . (1.12)

As was demonstrated by J.J. Thompson already in 1904 [13, 500], the
appearance of an additional term in the definition of the angular momentum
(1.11) originates from a non-trivial field contribution. Indeed, since a static
monopole is placed at the origin, its magnetic field is given by (1.1). Then
the classical angular momentum of the electric field of a point-like electric
charge, whose position is defined by its radius vector r, and the magnetic
field of a monopole is a volume integral involving the Poynting vector

L̃eg =
1
4π

∫
d3r′ [r′ × (E × B)] = − g

4π

∫
d3r′(∇′ · E) r̂′ = −egr̂ , (1.13)

where we perform the integration by parts, take into account that the fields
vanish asymptotically and invoke the Maxwell equation

(∇′ · E) = 4πe δ(3)(r − r′) .
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At first sight, this conclusion looks rather paradoxical. Indeed, according to
(1.13) even a static charge-monopole system has a non-zero angular momen-
tum.

Notice that this formula could easily be generalized to the case of a pair
of dyons, dual charged particles having both electric and magnetic charges,
(e1, g1) and (e2, g2), respectively [549]. Let one of the dyons be placed at the
origin and the position of the other one be given by the vector r. Then the
fields are

E = e1
r
r3

+ E(e2), B = g1
r
r3

+ B(g2) ,

and by analogy with (1.13) one has

L̃dd =
1
4π

∫
d3r′ [r′×(E × B)]

=
1
4π

∫
d3r′

([
r′ ×

(
e1

r′

r′3
× B(g2)

)]
+
[
r′×
(
E(e2) × g1

r′

r′3

)])
=
e1
4π

∫
d3r′[∇′ · B(g2)] r̂′ −

g1
4π

∫
d3r′[∇′ · E(e2)] r̂′

=(e1g2 − g1e2)r̂ . (1.14)

Later we will come back to the definition of the generalized angular mo-
mentum by making use of standard variational procedure. Here we would like
only to note that the conservation of the magnitude of the velocity together
with the constant modulus of the angular momentum vector means that the
impact parameter of the scattering problem coincides with the minimal sep-
aration b between the monopole and the electric charge. Also note that the
energy of a charge in a monopole field (1.4) can be written as

E =
mṙ2

2
+
L2 − (eg)2

2mr2
= const. , (1.15)

where we make use of the definition (1.12).
Thus, unlike the standard problem of charge scattering in a Coulomb field,

now the trajectory does not lie in the plane of scattering that is orthogonal
to the vector L̃. To define the character of the motion note that

|L · r̂| = eg = const. , (1.16)

i.e., the angle between the vectors L and r is a constant and the electric charge
is moving on the surface of a cone whose axis is directed along −L with the
cone angle θ, which can be defined using simple geometry (see Fig. 1.2) as

cot θ =
eg

|L̃|
=
eg

mvb
, (1.17)

or
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Fig. 1.2. Geometry of scattering of an electron by a monopole

sin θ =
L̃

L
=

mvb√
(mvb)2 + (eg)2

, cos θ =
eg

L
=

eg√
(mvb)2 + (eg)2

. (1.18)

Thus, the motion becomes planar only in the limit g → 0, or θ = π, which
corresponds to the degeneration of the cone.

In the same way the ordinary vector of angular momentum L̃ is precessing
on the surface of a cone with a different cone angle but the same axis, because

L · L̃ = L̃2 = (mvb)2 = const.

As was noted already by H. Poincaré [425], the existence of the integrals of
motion (1.11) and (1.7) links the system of interacting electric and magnetic
charges with a simple mechanical analog, a spherical top. One can understand
it as a rotating disk with a thin rod of variable length as an axis of rotation.
The charge and the monopole are sitting at the opposite ends of the rod.

Finally, the cross product of L (1.11) and the radius vector r, together
with (1.5), yields

v =
dr
dt

=
1
mr2

[L × r] +
v2t

r
r̂ =

1
mr2

[L × r] +
v√

1 + (b/vt)2
r̂

= [ω × r] + vr r̂ , (1.19)

where the angular and radial components of the velocity vector are

ω =
L
mr2

, vr =
v√

1 + (b/vt)2
. (1.20)
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Hence, asymptotically

ω
∣∣
t=±∞ = 0, vr

∣∣
t=±∞ = v .

At the turning point of the path, where the distance between the charge and
the monopole is minimal

ω
∣∣
t=0

=

√
(mvb)2 + (eg)2

mb2
, vr

∣∣
t=0

= 0 .

Thus, because the angular velocity is defined as ω = dϕ/dt, the azimuthal
angle ϕ as a function of time can be obtained by simple integration2

ϕ(t) =
1

sin θ
arctan

vt

b
, (1.21)

where we made use of (1.5) and fix the boundary condition to ϕ = 0 at t = 0.
Furthermore, θ is given by (1.18).

Since asymptotically

v̂
∣∣
t=±∞ =

(
± sin θ cos

∆ϕ

2
, sin θ sin

∆ϕ

2
, ± cos θ

)
,

where ∆ϕ = ϕ(∞)−ϕ(−∞) = π/ sin θ (see Fig. 1.2), we can now calculate
the angle of scattering on a monopole

cosΘ = v̂
∣∣
t=−∞ · v̂

∣∣
t=+∞ = 2 sin2 θ sin2

( π

2 sin θ

)
− 1 , (1.22)

or

cos
(
Θ

2

)
= sin θ

∣∣∣sin( π

2 sin θ

)∣∣∣ , (1.23)

where θ is a function of the impact parameter b, (1.18).
Unlike the standard problem of scattering in a Coulomb field, the angle of

scattering Θ is not a monotonous function of the impact parameter b [462].
The dependence Θ(b) is depicted in Fig. 1.3, where the impact parameter b is
rescaled in units of the parameter eg/mv. That is why, in order to calculate
the effective cross-section, one has to take into account the contributions
from all values of the impact parameter (or, equivalently, from all values of
the cone angles θi), leading to scattering into the surface element dσ:

dσ

dΩ
=
∣∣∣∣ bdb

d(cosΘ)

∣∣∣∣=∑
θi

( eg
mv

)2 1
2 cos4 θ

∣∣∣∣ sin 2θdθ
sinΘdΘ

∣∣∣∣ . (1.24)

Here we made use of (1.17).

2 Remember, v is constant, but ṙ is not.
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Fig. 1.3. Dependence of the scattering angle Θ on the impact parameter b

One can see that the effective cross-section of an electric charge (1.24) on
the monopole is singular if sinΘ = 0 or dΘ/dθ = 0. In the scattering theory
these two situations are referred to as the glory and rainbow respectively
[462]. The first case corresponds to the back scattering, where3 Θ = π, while
the cone is not degenerated, i.e., θ �= π. The formula (1.22) allows us to define
corresponding “critical” values of the cone angles [131,462]:4

sin θn =
1
2n
, n = 1, 2, 3 . . . (1.25)

or θ1 = 0.5236, θ2 = 0.2527, θ3 = 0.1674 . . .
The rainbow scattering corresponds to cone angles θr being the solutions

of the transcendental equation

tan
(

π

2 sin θr

)
=

π

2 sin θr
. (1.26)

These angles are θI = 0.3571, θII = 0.2048, θIII = 0.1446 . . . Note that
in both situations of glory and rainbow scattering the singularities of the
cross-section are integrable and the total cross-section for scattering on a
monopole is well defined. Note that such singularities are absent for small-
angle scattering, defined by the condition Θ ≈ π − 2θ = 2eg/mvb � 1. In
such a case the differential cross-section is
3 The case Θ → 0, or θ → π/2, would correspond to eg → 0.
4 Other authors use the complementary angle π/2 − θ.
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dσ

dΩ
=

1
Θ4

(
2eg
mv

)2

, (1.27)

which is evidently analogous to the Rutherford formula.

1.2 Non-Relativistic Scattering on a Dyon

Let us generalize the results of the previous section to the case of classical
non-relativistic scattering of an electrically charged particle on a static dyon
having both electric (Q) and magnetic (g) charges5. For simplicity we restrict
our consideration to the case of an attractive electrostatic potential, i.e., sup-
pose that V = eQ/r, where eQ < 0. A qualitative analysis suggests that
unlike the charge-monopole scattering, described above, there are closed tra-
jectories in such a system. Indeed, let us consider the corresponding equation
of motion (cf. (1.2))

m
d2r
dt2

= eQ
r
r3

− eg
r3

[
r × dr

dt

]
. (1.28)

Obviously, the generalized angular momentum L given by (1.11) is still an
integral of motion. Also, the projection of the total angular momentum onto
the radial direction Lr = |L · r̂| = eg, as well as the magnitude of the orbital
angular momentum L̃ = mbv0, where v0 is the initial velocity of the electric
charge given at an infinitely large distance from the scattering center, are
conserved. Thus the motion is restricted to the same surface of a cone with
a cone angle cot θ = eg/mbv0, as it was in the case of charge-monopole
scattering. The difference is that now the magnitude of the velocity is no
longer an integral of motion, because unlike (1.4) the total energy conserved
is now

E =
mv2

2
+
eQ

r
=
mṙ2

2
+

L̃2

2mr2
+
eQ

r
= const. (1.29)

Here, one of the basic features of the interaction between a monopole
and an electrically charged particle manifests itself: if the radial part of the
Hamiltonian is determined by a Coulomb interaction, then the interaction
of a charge and a monopole is described by its angular part. Indeed, we have
seen that the magnitude of the radius vector of a charge moving in a magnetic
Coulomb field depends on time just as in the case of free motion (see (1.5)).
Hence, in the system of reference, which rotates with the angular velocity ω(t)
5 The problem of charge motion in a monopole (dyon) field was probably con-

sidered first by S.A. Boguslavsky [128], who also derived an expression for a
vector potential of a monopole field a decade before the celebrated paper by
P.A.M. Dirac [200]. The author is grateful to E.A. Tolkachev and L.M. Tomilchik
for kindly informing him about that undeservedly forgotten paper [497]. Other
references include [114,388].
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(cf. (1.20)), the equation of motion is trivial: in the rotating plane orthogonal
to the vector L̃ the electric charge is moving with a constant velocity v along
a straight line. Just in the same way, in the case of motion in a dyon field, the
time dependence of the magnitude of the radius vector of the electric charge,
is the same as for the ordinary interaction of two electric charges e and Q.
Indeed, from (1.29) follows that

ṙ =

√√√√ 2
m

(
E +

|eQ|
r

− L̃2

2mr2

)
. (1.30)

For a bound motion E < 0 and according to the standard procedure (see for
example [18]) we can write

t =
√
m

2|E|

∫
rdr√

−r2 + (|eQ|r)/|E| − L̃2/(2m|E|)
, (1.31)

where the constant of integration can be chosen to fix the parameters t0 = 0
and r0 = d. The latter denotes the minimal distance between the charge e
and the dyon, which unlike the problem of charge-monopole scattering is no
longer equal to the impact parameter.

The elementary integration of (1.31) allows us to find the parametric
dependence of coordinates on time. Putting

a =
|eQ|
2|E| , b =

L̃√
2m|E|

, ε =

√
1 − b2

a2
=

√
1 − 2|E|L̃2

me2Q2
, (1.32)

the integral (1.31) can be rewritten as

t =
√
m

2|E|

∫
rdr√

a2 − b2 − (r − a)2
=
√
m

2|E|

∫
rdr√

a2ε2 − (r − a)2
,

which gives the parametric equation

t =

√
ma2

2|E| (ξ − ε sin ξ) , r = a (1 − ε cos ξ) . (1.33)

An azimuthal angle ϕ as a function of time could be defined in the same
way. Because the angular velocity of a charge in a dyon field is given by
(1.20), the elementary integration of this relation gives

ϕ(t) =
|L|√
2m

∫
dr

r2
√

−|E| + (|eQ|)/r − L̃2/(2mr2)
, (1.34)

or
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cos (ϕ sin θ) =
−r +

L̃2

m|eQ|
εr

. (1.35)

This means that a charged particle in a dyon field is moving along an ellipse
with semi-axes a and b and eccentricity ε. However, unlike the classic Kepler
problem of the relative motion of two electric charges, the ellipse itself is
precessing on the conic surface with the cone angle θ and the precession
angle is ν = 2π(L/L̃− 1) per each radial period [128,356].

If Q > 0, the motion is infinite and the trajectories are hyperbolic orbits.
The scattering angle can easily be written by analogy with (1.22) as [462]:

cos
Θ

2
= sin θ

∣∣∣sin( χ

sin θ

)∣∣∣ , (1.36)

where

χ = ϕ sin θ
∣∣
r=∞ = arctan

(
gv0
Q

tan θ
)
. (1.37)

The cross-section can be calculated by making use of the same formula (1.24).
The difference consists of another form of dependence of the angle of scat-
tering on the boundary conditions, i.e., on the cone angle. The details of the
calculation are given in [462].

1.3 Vector Potential of a Monopole Field

All the above formulae describing the classical non-relativistic dynamics of an
electric charge in a monopole (or dyon) field, were obtained by consideration
of a monopole as a static external source of a Coulomb-like magnetic field.
Nevertheless, a consistent consideration, taking into account further quan-
tization of the theory, requires a generalization of the standard Lagrangian
description of the system of interacting charges of two types: electric and
magnetic.

At a first glance, such a generalization is trivial. As in conventional elec-
trodynamics, one has to introduce the Lagrangian of an electric charge in an
external field as

L =
1
2
mṙ2 + eṙ · A , (1.38)

which gives the required equation of motion (1.2), while the second term
here is the Lagrangian of minimal interaction between electric and magnetic
charges. However, according to the standard definition, the vector potential
of the magnetic field A must satisfy the relation

B = g
r
r3

= ∇ × A . (1.39)

It would seem that is not problematic to integrate this expression to define
the function A(r). However, there is a problem, since at the same time the
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second pair of Maxwell equations demands the magnetic charge to be the
source of such a field, i.e.,

∇ · B = 4πg δ(3)(r) , (1.40)

which is in contradiction with the condition (1.39), which requires ∇ ·B = 0.
Let us analyze the situation. Because the magnetic field B is spherically

symmetric, the corresponding vector-potential could be written as

A(r) = A(θ)∇ϕ , (1.41)

where ϕ is an azimuthal angle in the spherical coordinates and A(θ) is a
function of the polar angle only. One can easily see that since in spherical
coordinates êϕ = −êx sinϕ+ êy cosϕ, the choice A(θ) = −g(1+cos θ) yields,
after a straightforward calculation,

∇ϕ =
(
− sinϕ
r sin θ

,
cosϕ
r sin θ

, 0
)
,

A(r) =
(
g
1 + cos θ
r sin θ

sinϕ, −g 1 + cos θ
r sin θ

cosϕ, 0
)
. (1.42)

One can rewrite this expression in a covariant form as

A(r) =
g

r

[r × n]
r − (r · n)

, (1.43)

where the unit vector n is directed along the z-axis: n = (0, 0, 1). This is the
celebrated Dirac potential [200].

At first sight that is just the potential we need, because after a simple
calculation we have, for example,

Bx = −∂zAy = ∂z

(
gx

r(r − z)

)
= g

x

r3
, (1.44)

that is
B(r) = [∇ × A] = g

r
r3
.

At the same time, the radial character of the magnetic field means that

A · r = 0,
∂

∂r

∣∣∣∣[r × A]
∣∣∣∣ = g ∂∂r

[
1 + cos θ

sin θ

]
= 0 .

However, one should be careful with such a calculation, because the vector
potential A of (1.43) that we made use of is singular along the line θ =
0, although it is regular6 along the direction θ = π. This means that the
6 Two angles of the spherical coordinates parameterize a sphere S2. Since the

potential (1.43) has no singularities on its south hemisphere one could introduce
an additional index to label it: A → AS .
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straightforward calculation of the magnetic field above is not correct along
the semi-infinite line of singularity. In the vicinity of it we have A ∼ −2g∇ϕ.

Let us note that such a potential is typical for a singular string of magnetic
flux along the positive semi-axis z. Indeed, generally speaking, the potential
(1.41) can be written as

A(r) = −g(1 + cos θ)∇ϕ = (1 + cos θ)
i

e
U−1∇U , (1.45)

where U = e−iegϕ. Thus, the Dirac potential is the pure gauge transforma-
tion, which is complemented by the polar-angle-depending factor. However
this pure gauge is singular. That is why we have to be careful and try to use
instead of (1.43) a regularized form of the potential [131]

AR(r, ε) =
g

R

[r × n]
R− (r · n)

, (1.46)

where R =
√
r2 + ε2 =

√
x2 + y2 + z2 + ε2. Thus, the regularized magnetic

field is

BR(r, ε) = g
r
R3

− gε2
(

n
R3[R− (r · n)]

+
n

R2[R− (r · n)]2

)
. (1.47)

To lift the regularization we go to the limit ε2 → 0, which implies

BR(r, ε)ε2→0∼ g
r
r3

− 2gε2nθ(z)
(

1
r2(x2 + y2 + ε2)

+
2

(x2 + y2 + ε2)2

)
.

(1.48)

It is easy to see that the singular terms differ from zero only on the positive
infinite semi-axis z. To compute the magnetic field flux in that direction we
evaluate the integral over the infinitesimal element of the surface, orthogonal
to this axis. Then only the second term in the parentheses contribute and
the result is

B(r) = Bg + Bsing = g
r
r3

− 4gπnθ(z)δ(x)δ(y) . (1.49)

Therefore, in addition to the expected Coulomb field we obtain a singular
flux of the magnetic field Bsing. The very important point is that this ex-
tra piece resolves the above-mentioned paradox with the Maxwell equations,
because the flux of the string field exactly cancels the contribution from the
Coulomb-like part and a total flux of the fields through the closed surface
with a monopole inside is (see Fig. 1.4):

Φtot =
∮
dσB = g

(∮
dσ

r
r3

− 4π
∮
dσn θ(z)δ(x)δ(y)

)
= 4gπ − 4gπ = 0 . (1.50)
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singB

g

g

B

Fig. 1.4. Magnetic field of the singular Dirac potential

Thus, the potential (1.43) corresponds not to a single isolated magnetic pole,
but rather to a semi-infinite and infinitely thin solenoid. Of course, the posi-
tion of such a solenoid is not fixed and it can have any form.

If we choose the Coulomb gauge by taking the gauge condition ∇ ·A = 0,
for an arbitrary curvilinear string we can write

∇ × [Bg + Bsing] = ∇ ×
[
−g∇

(
1
r

)
+ Bsing

]
= ∇ × Bsing

= ∇ × ∇ × A = −∇2A . (1.51)

Therefore we can express the Dirac potential as

A = g
∫
d3x′

[
∇ 1

| r − r′ | × Bsing(r)
]

= g
∫

(r − r′) × dr′
|r − r′|3 , (1.52)

where the integral has to be taken along the string from the position of the
monopole to infinity [41, 225, 305]. The physical meaning of this remarkable
representation of the Dirac potential derived by P. Jordan is that it can be
viewed as the integral sum of the vector potentials of the infinitesimal mag-
netic dipoles gdr′ located along the string [305]. To check the correctness
of this picture note that for a straight string the singular field Bsing is de-
fined by relation (1.49) and we can easily prove that the substitution of this
expression in (1.52) yields the Dirac potential (1.43).

1.4 Transformations of the String

As we saw in the previous section, the singular potential (1.43) leads to the
appearance of an extra field of a string (1.49), directed along the singularity,
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in addition to the spherically symmetric Coulomb magnetic field. That is not
what we expected. In order to get rid of this singular piece, we can set up
a condition making it unobservable and therefore unphysical. A first step to
secure this on the classical level is to demand that all the possible string
configurations and their positions have to be physically equivalent. In fact
we have to describe transformations from one string configuration to another
and discuss under which conditions they are identical.

Recall that an electromagnetic potential is defined up to a U(1) gauge
transformation, U(r) = exp{ieλ(r)}:

A → A′ = A − i

e
U−1∇U = A + ∇λ(r) . (1.53)

Both potentials A′ and A correspond to the same magnetic field. Usually
the gauge function λ(r) is taken to be single-valued. This is not a necessary
condition and we may consider any multivalued gauge function λ(r) on an
equal footing. However, the gauge transformation itself is single-valued. On
the other hand, the gradient of the gauge function ∇λ(r) is single-valued
almost everywhere in space with the exception that it becomes singular along
the line connecting the different sheets of the multivalued gauge function
λ(r). Thus, such a gauge function is a source of additional singular terms
in the transformed vector-potential A′ as well as in the corresponding field
B′. Indeed, let us consider how the magnetic flux through a closed surface σ
changes under the gauge transformation (1.53)

∆Φ =
∫
σ

d2S n̂S · (B′ − B) =
∫
σ

d2S n̂S · [∇ × (∇∇∇λ)] =
∮
dl · ∇λ .

Certainly, the flux is a constant only if the gauge function satisfies the con-
dition λ(ϕ+ 2π) = λ(ϕ), otherwise, ∆Φ �= 0.

This feature turns out to be a key point in the analysis of the magnetic
monopole potential. Let us consider a singular gauge transformation U =
exp{2iegϕ} resulting in the transformation7 of the potential AS (1.43)

AS → AS − i

e
e−2iegϕ∇e2iegϕ = −g

r

1 + cos θ
sin θ

êϕ +
2g
r sin θ

êϕ

=
g

r

1 − cos θ
sin θ

êϕ ≡ AN . (1.54)

The gauge transformation is given by the function

λ(r) = 2gϕ = 2g arctan(y/x).

7 Note that, strictly speaking, such transformations have to be defined as distrib-
utions. There are plenty of paradoxes and incorrect conclusions in the monopole
theory that originated from naive treatments of singular expressions like (1.54).
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This results in the appearance of an additional singular magnetic field Φstr =
4πg along the z-axis. The physical picture of this transformation looks like
the addition of the extra flux, generated by the gauge transformation (1.54),
and the flux of the monopole string field along the positive semi-axis z. The
sum is obviously a semi-infinite string field along the negative semi-axis z
that corresponds to the singularity of the transformed vector-potential AN .
Indeed, this potential is singular along the line θ = π, but regular in the
opposite direction θ = 0.

Thus, the gauge transformation (1.54) acts as a rotation of the line of
singularity of the monopole by an angle of π. More generally, this means that
the position of the string is defined up to such a transformation. Therefore
its field is not physical.

Indeed, one can define a general gauge transformation, rotating the line
of singularity from a position given by a unit vector n to the new direction
along the vector n′ [49, 225]:

A(r)→A(r) + ∇λ(θ, ϕ)=
− g(1 + cos θ)∇ϕ+ ∇λ(θ, ϕ)=−g(1 + cos θ′)∇ϕ′ ,

(1.55)

where we make use of (1.45). Thus, the angles θ′ and ϕ′ define the direction
of the new line of singularity n′ and the gauge function λn,n′(r) yields the
rotation of the string

An −→ An′ = An + ∇λn,n′(r) . (1.56)

Let us consider a surface σ spanned on the strings of directions n and n′

(see Fig. 1.5). Then relation (1.52) yields

n

n

r

g
l

σ

Ω

Fig. 1.5. Geometrical interpretation of the string displacement from n to n′
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An′ − An = g
∫
l

(r − r′) × dr′
|r − r′|3 , (1.57)

where the integral has to be taken along the contour l.
The open strings can be closed at infinity since the contribution of the

infinite separated singular magnetic flux along this segment of l is vanishing.
Then we get

∇λn,n′(r) = g∇Ωnn′(r) , (1.58)

where Ωnn′(r) is a solid angle under which the surface σ is seen from the point
r (see Fig. 1.5). This gives a geometrical interpretation of the parameter of
the gauge transformation which rotates the string.

The function Ωnn′(r) has a jump on the surface σ if n′ = n because
then it becomes degenerated. In this case we have Ωn,−n = 2ϕ + ϕ0, which
corresponds to the gauge transformation (1.54) above. We can see that this
discontinuity of the function Ωnn′(r) can be canceled if we redefine the gauge
function to be [41]

∇λn,n′(r) = g∇Ωnn′(r) − 4πg
∫
σ

dσδ(3)(r − r′) . (1.59)

Then the integral over the δ-function in (1.59) exactly cancels the jump 4π of
the solid angle Ωnn′(r) on the plane {n,−n}. Thus, the gauge transformation

U = exp{ieλn,n′(r)} (1.60)

is regular everywhere but in the direction of the “old” and “new” strings
n,n′.

Note that such gauge transformations are able not only to rotate the string
but also to split it. For example, the gauge transformation U = exp{iegϕ}
of the potential AS leads to

AS → AS − i

e
e−iegϕ∇eiegϕ = −g

r

1 + cos θ
sin θ

êϕ +
g

r sin θ
êϕ

= −g
r

cos θ
sin θ

êϕ ≡ ASch , (1.61)

that is the so-called Schwinger potential [459]. Schwinger insisted on such a
form of the monopole potential because he thought it more appropriate to
relativistic field theory.

This potential has a singularity along the entire infinite z-axis. Indeed,
the magnetic flux generated by the singular gauge transformation annihilates
only half of the original flux along the positive semi-axis z and at the same
time is equal to half the “normal” string flux along the negative z direction.
Thus one could think of the Schwinger potential as the sum of two “half-
Dirac” potentials:
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ASch = −g
r

cos θ
sin θ

êϕ =
g

2r

(
1 − cos θ

sin θ
− 1 + cos θ

sin θ

)
êϕ =

1
2
AN +

1
2
AS .

(1.62)
Another, rather funny example of this kind, is the almost unknown

Banderet monopole potential [110]. Again, we can obtain it starting from
the Dirac potential (1.43) and performing the gauge transformation U =
exp{ieA(θ)ϕ}. Here we make use of the function A(θ) = −g(1 + cos θ) intro-
duced above (1.42). A simple calculation gives

AN → AN − i

e
e−ieA(θ)ϕ∇eieA(θ)ϕ (1.63)

=
g

r

1 − cos θ
sin θ

êϕ − g∇ [(1 + cos θ)ϕ] = −g
r
ϕ sin θ êϕ ≡ AB .

It is easy to see that such a potential is singular on the entire half-plane
x ≥ 0, y ≥ 0 and the corresponding magnetic field is (compare with (1.49))

B(r) = g
r
r3

+ 2gπrθ(x)δ(y)
x

r3
. (1.64)

Thus, the magnetic flux spreads out on the radial directions from the origin
of coordinates where the monopole is situated, and comes back from infinity
along this semi-plane. Again, the total flux is zero.

Finally, we note that the presence of the string in the monopole theory
requires modification of all space-time transformations, complementing usual
translations, rotations and reflections by gauge transformations like (1.53)
[134,301]. The latter are effectively moving the string in space. For example,
extended in such a way, rotational symmetry of the theory means that it
has to be invariant with respect to both ordinary O(3) rotation r → Or and
gauge transformation (1.53). In the same way, the discrete transformations
are modified. As a simple example, we consider modification of the operation
of space reflection [225, 494]. Indeed, the Dirac potential (1.43) is no longer
an eigenfunction of the operator of reflection P : r → −r, because

P : A(r) = A(−r) = −g
r

[r × n]
r + (r · n)

�= ±A(r) , (1.65)

since n is fixed. However, a combination of the reflection and the gauge
transformation U = e2iegϕ of (1.54), rotating the singularity line by an angle
of π gives

P : A(r) = P : A(r) − i

e
U−1∇U = A(r) . (1.66)

Thus, with respect to the operator of generalized space reflection P the
potential A(r) (1.43) transforms as a pseudo-vector. This means that the
presence of a monopole leads to a series of effects connected with violation of
parity [438,466]. Indeed, unlike conventional electrodynamics, the spherically
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symmetric magnetic field of a monopole B = gr/r3 is a vector rather than a
pseudo-vector.8

1.5 Dynamical Symmetries
of the Charge-Monopole System

The Lagrangian (1.38) governing the dynamics of charge-monopole interac-
tion is hiding a lot of non-trivial features behind its simple form. One of them
is a hidden dynamical symmetry of this interaction [300].

Let us recall that an action invariance with respect to some transforma-
tion is defined up to a total time derivative. For example, an infinitesimal
transformation of the coordinates r → r+ δr leads to a variation of the form

δL = (mv · δv) + δ (ev · A)

= −m
(
dv
dt

)
· δr + e

d

dt
(δr · A) + e (v · [B × δr]) . (1.67)

Here, the second term is a total time derivative and is not connected with
the restrictions on the properties of the symmetry. The latter are fixed by
the third (gauge invariant) term. Of course, the total time derivative does
not affect the equation of motion and can usually be dropped. In monopole
theory this operation is not so harmless because it is exactly the boundary
terms in the action, like the second term in (1.67), that are responsible for
the topological properties of the system. In what follows we shall clarify this
point.

Note that the relation (1.67) easily allows us to obtain the expression
(1.11) for the conserved angular momentum of the system. Since under a
standard O(3) rotation around an arbitrary axis ωωω, the radius-vector trans-
forms as

δr = [ω × r] ,

and the magnetic field of a monopole B is spherically symmetric, we can
write

[B × δr] = [B × [ω × r]] = g∇ (r̂ · ω) .

Therefore, the last term in the variation of the action (1.67) takes the form
e (v · [B × δr]) = eg(dr̂/dt)ωωω. Thus, according to the Noether theorem, the
invariance of the action (1.38) with respect to spacial rotations leads to the
conservation of the generalized angular momentum (1.11)

L = [r ×mv] − eg r
r
. (1.68)

8 We do not go into the old discussion about the situation with an axial magnetic
charge. The curious reader could look at the paper [117] and references therein.
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It is remarkable that the extra term here originates from the part of the
Lagrangian (1.38) that describes the charge-monopole interaction.

Another integral of motion is the standard Hamiltonian. To derive it we
have to consider the variation δr = vδt that follows from a simple shift of
the time variable t→ t+ δt. Then the last term in the variation of the action
(1.67) vanishes and we obtain

H =
mv2

2
. (1.69)

Taking into account the form of the Lagrangian (1.38) describing the dy-
namics of an electric charge in a monopole field, the canonical momentum
is

P =
δL

δṙ
= mṙ + eA . (1.70)

Thus we can write the Hamiltonian in the form

H = Pṙ − L =
1

2m
(P − eA)2 ≡ πππ2

2m
. (1.71)

It is easy to check that the Poisson bracket of the Hamiltonian (1.71) and
the generalized angular momentum (1.11) vanish [49].

So far, the difference from ordinary electrodynamics was not very dra-
matic and all the integrals of motion have an analogue there. However, this
is not the end of the story, because there are some other additional symmetries
of the charge-monopole system, which form the so-called group of dynami-
cal symmetry. Following the work by A. Barut and his collaborators [116]
R. Jackiw noted [300] that the variation of the kinetic energy of a charge in a
monopole field is a total time derivative also under transformation of dilata-
tion δr = vt − r/2 and the special conformal transformation δr = vt2 − rt.
The generators of these transformations

D = Ht− m
4

[(r · v) + (v · r)] , K = −Ht2 + 2Dt+
mr2

2
(1.72)

form, together with the Hamiltonian, the algebra of the conformal group
SO(2, 1):

[H,D] = iH, [D,K] = iK, [H,K] = 2iD , (1.73)

which is the group of dynamical symmetry of the non-relativistic charge-
monopole system.

Thus, the non-relativistic Lagrangian of the system is invariant under the
group of transformation O(3) × SO(2, 1). However, the Casimir operator of
the SO(2, 1) subgroup is not independent of the O(3) generators, because
[116,300]

J 2 =
1
2

(KH +HK) −D2 =
1
4
(
L2 − e2g2

)
, (1.74)
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and the eigenvalues of the SO(2, 1) Casimir operator are determined by eigen-
values of the angular momentum operator.

Note that, generally speaking, any property of invariance of a theory
with respect to a transformation involving a time dependence does not lead
to the existence of a new integral of motion, but introduces some constraints
on the configuration space of the classical system. A well-known example
is ordinary electrodynamics, where Gauss law appears as a constraint on
physical configurations. The situation we considered in the present section is
analogous.

1.6 Dual Invariance of Classical Electrodynamics

The very idea of the possible existence of monopoles is closely connected with
the notion of duality in classical electrodynamics. As was noted a long time
ago by O. Heaviside [263], the free equations of the electromagnetic field

∇ · E = 0 , ∇ · B = 0 ,

∇ × E +
∂B
∂t

= 0 , ∇ × B − ∂E
∂t

= 0 , (1.75)

possess a very remarkable invariance with respect to the transformations

D :

{
E → E cos θ − B sin θ ,
B → E sin θ + B cos θ .

(1.76)

This O(2) symmetry that is parameterized by an arbitrary angle θ is called
dual. In compact covariant notation, the free Maxwell equations are written
as

∂µF
µν = 0 , ∂µF̃

µν = 0 , (1.77)

where the electromagnetic field strength tensor and its dual are

Fµν = ∂µAν − ∂νAµ ,

F̃µν =
1
2
εµνρσF

ρσ = εµνρσ∂
ρAσ , (1.78)

where εµνρσ is the totally antisymmetric pseudo-tensor, ε0123 = 1. Then the
dual transformations of the field strength tensor are

D :

{
Fµν → Fµν cos θ − F̃µν sin θ ,
F̃µν → Fµν sin θ + F̃µν cos θ .

(1.79)

By composing the electric and magnetic fields into a complex vector F =
E + iB, the dual transformations can be written in a compact form

D : E + iB → eiθ (E + iB) . (1.80)
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In particular, a special choice of the parameter of the dual transformation
θ = −π/2 leads to an interchange of electric and magnetic fields

D : E → B; B → −E . (1.81)

Thus, if the theory enjoys such a symmetry, the separation of the fields into
electric and magnetic ones is a matter of convention.

We observe that the energy and the momentum of the electromagnetic
field

E =
1
2
|F|2 =

1
2
(
E2 + B2

)
,

PPP =
1
2i

[F∗ × F] = E × B , (1.82)

remain invariant under dual transformations (1.76). However, a simple cal-
culation tells us that the Lagrangian of the free electromagnetic field

L0 = − 1
4e2
FµνF

µν = − 1
2e2
(
E2 −B2

)
(1.83)

transforms as

L0 = → − 1
4e2
FµνF

µν cos 2θ − 1
4e2
FµνF̃

µν sin 2θ

= − 1
2e2

cos 2θ
(
E2 − B2

)
− 1

2e2
sin 2θ (E · B) . (1.84)

In other words, the real and imaginary parts of the complex quantity

1
2e2

(E + iB)2 =
1

2e2
[
(E2 − B2) + 2i(E · B)

]
(1.85)

are mixed under the dual rotations (1.76). Nevertheless, the Abelian elec-
trodynamics is effectively invariant with respect to such a transformation
because

FµνF̃
µν = 2∂µ

(
Aν F̃

µν
)
.

Thus, the dual transformations produce a total divergence and multiplication
by a constant in addition to the Lagrangian. Certainly, it does not affect the
dynamical equations of the fields.

The physical meaning of the dual invariance of the free electromagnetic
theory can be clarified if we consider the infinitesimal form of the transfor-
mation (1.76). Then the Lagrangian transforms as

L0 → L0 − ∂µ

(
Aν F̃

µν
)
δθ = L0 − ∂µD

µδθ , (1.86)

where we introduce a dual current Dµ = Aν F̃
µν . Thus, the dual symmetry

of the free Maxwell theory implies the current conservation
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∂µD
µ ≡ ∂µ(Aν F̃

µν) = 0 . (1.87)

Let us consider a particular case of the field of a plane electromagnetic
wave. Then FµνF̃

µν = 0 and the dual current is automatically conserved. The
corresponding charge, the generator of an infinitesimal dual transformation,
is D =

∫
d3xD0 =

∫
d3x(A·B). Since in the case of a plane wave B = [k×E],

where the wave vector k is a unit vector in a propagation direction, we have

D =
∫
d3x ([k × E] · A) = (S · k) . (1.88)

Here we used the definition of a vector of spin of the electromagnetic field
S =

∫
d3x [E × A]. Thus, in such a case the dual charge is identical to the

helicity of the plane wave.
Note that there is a general connection between the dual current Dµ

(1.87) and the spin characteristic of the electromagnetic field. Indeed, the
spin tensor is defined as Sνρσ = FνρAσ − FνσAρ and the dual current is just
the product Dµ = (1/4)εµνρσS

νρσ = F̃µνA
ν .

There is a different formulation of the idea of electromagnetic duality
connected with the path integral formulation of the theory. The point is
that it is possible to change the variable of the functional integration by
incorporation of the Bianchi identity ∂µF̃µν ≡ 0 into the Lagrangian (1.83).
Introducing a Lagrange multiplier vector field Ãµ, we can now write the path
integral over the fields Fµν and Ãµ, rather than over the potentials Aµ:

Z ∼
∫

DA exp
[
− 1

4e2

∫
d4xFµνF

µν

]
(1.89)

�
∫

DFDÃ exp
[
− 1

4e2

∫
d4xFµνF

µν +
1
2

∫
d4xεµνρσÃ

µ∂νF ρσ

]
.

The functional integral (1.89) over Fµν is Gaussian. Indeed, taking into ac-
count that

∫
d4x εµνρσÃ

µ∂νF ρσ =
∫
d4x εµνρσ(∂µÃν)F ρσ, we obtain

Z ∼
∫

DÃ exp
[
e2
∫
d4xF̃µνF̃

µν

]
or Ldual = e2F̃µνF̃

µν ,

with the definition of the dual electromagnetic field strength via the Lagrange
vector multiplier: F̃µν = ∂µÃν − ∂νÃµ. Thus, the latter could be identified
with the potential dual to Aµ. It is worth noting that the form of the dual
transformed Lagrangian Ldual in terms of F̃µν coincides with the original
Lagrangian L0 (1.83) up to a transformation of the electromagnetic coupling
constant e2 → e2D = −4/e2.

Indeed, if we do not restrict our consideration to the case of the free elec-
tromagnetic field, the duality transformation could be considered a general
rotation of the electric and magnetic quantities into each other. Then the



1.6 Dual Invariance of Classical Electrodynamics 25

generalized system of Maxwell equations with sources could be written in the
form

∇ ·(E + iB) = ρe + iρg , ∇×(E + iB)− i ∂
∂t

(E + iB) = je + ijg , (1.90)

which is obviously invariant under simultaneous transformations of the fields
(1.80) and charges

D : e+ ig → eiθ (e+ ig) (1.91)

(here we restrict consideration to the case of point-like particles with electric
charge e and magnetic charge g). Note that it is not a genuine two-charge
electrodynamics, because the experimental observables would not be these
charges separately, but their dual-invariant combination

q =
√
e2 + g2 . (1.92)

Indeed, the dual rotation by the angle θ = arctan(g/e) would transform the
system (1.90) into the standard form with an effective charge q.



2 The Electron–Monopole System:
Quantum-Mechanical Interaction

2.1 Charge Quantization Condition

In Sect. (1.4) we already considered some properties of the singular gauge
transformations of the vector-potential A. However, the potential of the elec-
tromagnetic field not only defines the fields but, according to the formulation
of the gauge theory, gives the form of the interaction between an electric
charge and the electromagnetic field. In quantum mechanics this interaction
is described by the covariant derivative acting on the wave function of a
particle:

Dψ(r) ≡ [∇∇∇− ieA(r)]ψ(r) . (2.1)

Recall that under the gauge transformations of the potential (1.53), both the
wave function and the covariant derivative transform in the same way:

ψ(r) → Uψ(r) = eieλ(r)ψ(r) , Dψ(r) → UDψ(r) = eieλ(r)Dψ(r) . (2.2)

We already noted that the gauge function λ(r) can in principle be a pe-
riodic function. However, for this point the gauge degrees of freedom do not
matter on the classical level: the equation of motion of a classical charged par-
ticle in an external electromagnetic field remains invariant under the trans-
formation (1.53). In quantum mechanics the situation is different since the
fundamental quantity is now the action of the system and the corresponding
path integral that defines the transition amplitudes and canonical variables.
Therefore, under the gauge transformations (1.53), the Lagrangian (1.38),
and the action as well, change as

L→ L+ eṙ ∇λ(r) = L+
d

dt
[eλ(r)] ,

S =

T∫
0

dtL→ S + eλ(r)
∣∣∣∣T
0

. (2.3)

Since the transition amplitude ∼ eiS must be a gauge invariant quantity,
the gauge function λ(r) is no longer an arbitrary function of the coordinates,
because any changes of the quantum-mechanical action must leave the transi-
tion amplitude unchanged. This is possible if δS = eδλ(r) = 2πn, n ∈ Z. The
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consequence is the quantization of the parameters of the quantum-mechanical
system.

To see it, let us consider the change of the action under the gauge trans-
formation (1.53) given by U = exp{2iegϕ} and suppose that the path is
closed, that is ϕ → ϕ + 2π. Then the system comes back to the initial po-
sition, but the action can pick up an additional phase factor. Indeed, if we
set r(T ) = r(0), the interaction term can be written as an integral along the
closed contour l:

Sint = e

T∫
0

ṙ · A = e
∮
l

dx · A . (2.4)

Under the gauge transformation (1.53) this term changes to

δSint = 2egδϕ = 4πeg . (2.5)

Obviously, the quantum-mechanical transition amplitude remains invari-
ant if δSint = 4πeg = 2πn, n ∈ Z, that is if Dirac’s charge quantization
condition [200] is satisfied:

eg =
n

2
. (2.6)

In the following we will repeatedly return to this simple and nice relation,
which is one of the most attractive aspects of the monopole theory. The
suggestion by Dirac was that a monopole provides a beautiful explanation to
the problem of quantization of electric charge: it is well known that all charged
particles have electric charges that are proportional to the minimal charge of
an electron.1 Then, if there is a monopole somewhere in the universe, even
one such object placed anywhere would be enough to explain the quantization
of electric charges according to (2.6).

Note that this situation has nothing in common with the standard ap-
proach to quantization. In the latter case, the quantized parameter comes
from the discrete part of the spectrum of eigenvalues of a Hermitian oper-
ator. In the former the situation is completely different since the quantized
parameter – the product of electric and magnetic charges – is not an eigen-
value of any quantum-mechanical operator. The reason is that the charge
quantization condition has a topological origin. In the next chapter we shall
discuss this mechanism in more detail.

The charge quantization condition can be derived in many different ways.
Historically the first one is connected with the analysis of the Schrödinger
equation describing a non-relativistic particle of mass M in an external field:

Hψ(r) = − 1
2M

(∇ − ieA)2ψ(r) = Eψ(r) , (2.7)

where, according to the canonical quantization procedure, the momentum P
in the classical Hamiltonian (1.71) is replaced by the quantum-mechanical
operator −i∇. Then the covariant derivative is Dµ = ∂µ − ieAµ.
1 There were no fundamental quarks in 1931!
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Dirac noted [200] that the term of interaction of a charged particle and
an external electromagnetic field can be written in the form (2.4). Thus, the
wave function of this particle can be represented as

ψ(r) = ψ0(r)e
ie

r∫
0

dx′·A(x′)
, (2.8)

where ψ0(r) is a wave function satisfying the free Schrödinger equation. The
point is that the wave function must be a continuous function of r, but the
phase of ψ can be discontinuous in some point. The only condition is that
the change of the phase factor

∮
l
dx · A with a single turn along the closed

path l surrounding such a point must be a multiple of 2π:

e

∮
l

dx · A = 2πn , n ∈ Z . (2.9)

On the other hand, this phase has an obvious physical interpretation: this is
the flux of a magnetic field through the surface σ with the boundary l. If this
boundary encircles the line of singularity, which corresponds to the transition
from one sheet of the phase factor to another, we can write

e

∮
l

dx · A = e
∫
σ

dσ · Bsing = 4πeg , (2.10)

and the wave function is single valued if the charge quantization condition
(2.6) is satisfied.

Perhaps the most simple way to derive this condition was suggested as
early as 1936 by Saha [451]. He noted that the standard quantization of the
operator of generalized angular momentum (cf. (1.68))

L = [r × πππ] − egr̂ = [r × (p − eA)] − egr̂ = L̃ − e [r × A] − eg r̂ , (2.11)

immediately leads to the charge quantization condition. Indeed, we can de-
mand that the components of the angular momentum operator satisfy the
standard commutation relations. Then its eigenvalues must be either integer
or half-integer, that is of the form n/2, where n ∈ Z. If we suppose that the
orbital angular momentum r × πππ has integer eigenvalues as usual, then the
additional term in (2.11) must have half-integer eigenvalues, which requires
eg = n/2. This is exactly the charge quantization condition (2.6).

In order to obtain a more strict derivation of this result, we need to define
in a consistent way algebra of the components of the angular momentum
operator (2.11). A set of canonical commutation relations take the form

[xi, xj ] = 0, [xi, πj ] = iδij , [πi, πj ] = ieεijk[∇ × A]k ,

where πi = −i∂i − eAi. Of course, if the potential A would be a non-singular
function, it would not be a big problem to prove that the generalized angu-
lar momentum commutes with the Hamiltonian operator. However, we are
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working with a singular potential, which requires some care. At first sight
it looks like there are some problems, since a naive calculation of the con-
tribution of the additional singular magnetic flux, given by (1.49), gives an
anomalous commutation relation that violates rotational invariance of the
theory [41,547]:

[Li, Lj ] = iεijkLk + ieεijkxk(r · Bsing) , (2.12)

[Li,H] =
ie

2M
(
πi(r · Bsing) + (r · Bsing)πi − (π · r)Bi

sing − xkBi
singπ

k
)
.

However, the potential A is a singular function and therefore both the
Hamiltonian H and the generalized angular momentum operator L are singu-
lar operators. The product of such operators must be regularized in some way
already on the quantum-mechanical level, for example, by the point splitting
method [457]. In this approach we can write the regularized operators [41,547]

H = lim
ε→0

3
mε2

{1 − exp[−i(p · εεε)]E exp[−i(p · εεε)]} ,

Li = lim
ε→0

εijkxj
εk
iε2

{1 − exp[−i(p · εεε)]E exp[−i(p · εεε)])} , (2.13)

with

E ≡ exp

⎧⎪⎨⎪⎩ie
r+εεε/2∫

r−εεε/2

A · dτττ

⎫⎪⎬⎪⎭ . (2.14)

Indeed, if the potential A is a regular function, by expanding the exponents
in (2.13) and averaging over all directions of the parameter εεε, we immediately
recover the standard Hamiltonian operator and the generalized angular mo-
mentum operator. However, for the Dirac potential these relations must be
considered as a definition. Then, making use of the the regularized operators
(2.13) yields, instead of (2.12), the standard commutation relations

[Li, Lj ] = iεijkLk , [Li,H] = 0 . (2.15)

Finally, let us note that the Dirac quantization condition (2.6) can also
be obtained if we set a requirement of “invisibility” of the singularity of
the vector potential. This situation can be considered as an analog of the
Aharonov–Bohm effect [61]. Indeed, in both situations the wave function of
an electron, which scatters in the field of an infinitely long and thin solenoid,
picks up a phase factor exp{eΦ/2π), where Φ is the flux of the magnetic
field. The only difference is that in the monopole case the singular flux along
the string is fixed: Φstr = 4gπ. Thus, the phase factor is unobservable if the
charge quantization condition eg = n/2 is satisfied.

To sum up, the Dirac charge quantization condition (2.6) is a fundamen-
tal element of any model of a monopole. It is an interesting fact that this
condition can be proved in a large number of ways. Actually, the charge
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quantization is related to the topological origin of the monopole. We shall
give a more thorough discussion of these interrelated problems in the next
chapter. Now let us consider some other features of the interaction between
a monopole and a “normal” electric charge.

2.2 Spin-Statistics Theorem in a Monopole Theory

The theory of monopoles is rich in paradoxes, both real and fictional. One of
these paradoxical effects is a generalization of the spin-statistics theorem in
a theory with a monopole [245]. Here we draw on the lectures by S. Coleman
[43].

We have already noted that an extra angular momentum T = egr̂ ap-
pears in the charge-monopole system. The charge quantization condition (2.6)
means that it can take both integer and half-integer values. Therefore, the
system of a charge and a monopole can possess a half-integer angular mo-
mentum, i.e., a bound system of two bosons behaves like a fermion.

In order to understand this effect better, let us consider the Hamiltonian
of the Schrödinger equation (2.7), which describes the behavior of the electric
charge in the monopole field,

He = − 1
2Me

[∇∇∇e − iegA(re − rg)]
2
. (2.16)

In the same way, making use of the discrete form of the dual transformations
(1.91), e→ g; g → −e, we can formally write the Hamiltonian operator that
describes the dynamics of the monopole g in the external field of a charge e:

Hg = − 1
2Mg

[
∇∇∇g + iegÃ(rg − re)

]2
, (2.17)

where Ã(r) is the potential dual to A(r).
Note that the charge-monopole system is translationally invariant. Then

the explicit form of this dual potential can be recovered from conservation
of the total momentum. Indeed, the classical equations of motion following
from (2.16) and (2.17) are

Meve = Pe − egA(re − rg) , Mgvg = Pg + egÃ(rg − re) .

These equations are compatible with the conservation of momentum of the
whole system, Pe +Pg = 0 only if A(r) = Ã(−r). Therefore, these potentials
are connected by the gauge transformation:

A(r) → A(r) +∇∇∇λ(r) = A(−r) = Ã(r) ,

and we can write the Hamiltonian operator (2.17) in the form
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Hg = − 1
2Mg

[∇∇∇g + iegA(re − rg)]
2
.

Let us consider a system of two identical dyons with electrical and mag-
netic charges e and g at r1 and r2, respectively. Obviously, a permutation of
these particles cannot change any physical observable. Thus, the only thing
that can happen is that the wave function of the system picks up an ad-
ditional phase factor eiπα. The effect of two consecutive interchanges is the
same as that of no interchange. Thus e2iπα = 1, i.e., eiπα = 1 (Bose–Einstein
statistics) or eiπα = −1 (Fermi–Dirac statistics).

In the case under consideration it would be natural to expect that the
dyons are bosons, since a dual rotation by the angle θ = arctg (g/e) trans-
forms this system to a pair of identical effective charges q =

√
e2 + g2. Indeed,

the total Hamiltonian of the system of two interacting dyons (2.16) and (2.17)
is

H = H1 +H2

= − 1
2M

[∇∇∇1 + iegA(r1 − r2) − iegA(r2 − r1)]
2

− 1
2M

[∇∇∇2 + iegA(r2 − r1) − iegA(r1 − r2)]
2

+ V (e2) + V (g2) , (2.18)

where

V (e2) =
e2

|r1 − r2|
, V (g2) =

g2

|r1 − r2|
. (2.19)

We have already noted that two Dirac potentials A(r) and A(−r) are
connected by the gauge transformation U = e2iegϕ (cf. (1.65)) and therefore

A(r1 − r2) − A(r2 − r1) =
i

e
U−1∇∇∇U .

Thus, the terms of interaction in (2.18) can be eliminated by such a trans-
formation that rotates this expression to the standard Hamiltonian of two
effective charges with Coulomb interaction

H = H1 +H2 = − 1
2M

[
(∇∇∇1)2 + (∇∇∇2)2

]
+ V (q2) .

However, this transformation also gives a phase factor to the the wave func-
tion of the system:

ψ(r) → Uψ(r) = e2iegϕψ(r) .

The interchange of the two dyons corresponds to the rotation ϕ → ϕ + π
and the wave function of the whole system is symmetric with respect to
permutation if the product

eg = µ (2.20)



2.3 Charge-Monopole System: Quantum-Mechanical Description 33

is an integer and it is anti-symmetric if µ is a half-integer. Thus, the standard
spin-statistics theorem is fulfilled, but a system of two identical dyons can
satisfy either Bose–Einstein or Fermi–Dirac statistics.

This surprising result inspired some authors [113, 168, 460] to construct
phenomenological composite models of hadrons not with quarks but with
dyons as fundamental constituents. Of course, from a modern point of view
these constructions look rather naive. Nevertheless, in some way they antic-
ipated a very interesting development of the modern theory of strong inter-
actions, which is connected with the possible role of topologically non-trivial
configurations. Later, in Chap. 9, we discuss some models of the monopole-
related mechanism of confinement in quantum chromodynamics in more de-
tail.

2.3 Charge-Monopole System:
Quantum-Mechanical Description

Let us analyze the solutions of the Schrödinger equation that describes the
quantum-mechanical motion of a charged particle of massM in the monopole
external field. Since the operator of the generalized angular momentum (2.11)
commutes with the Hamiltonian that enters the Schrödinger equation of (2.7):

H = − 1
2Mr2

{
∂

∂r

(
r2
∂

∂r

)
+ L2 − µ2

}
, (2.21)

they will have common eigenfunctions. Therefore, in a spherical coordinate
system we can separate the variables and the eigenfunctions of the Hamil-
tonian operator (2.21) are of the form [214,291,486]

Ψ(r) = Fk�̃(r)Yµlm(θ, ϕ) , (2.22)

and

L2Yµlm(θ, ϕ) = λYµlm(θ, ϕ) , L3Yµlm(θ, ϕ) = mYµlm(θ, ϕ) . (2.23)

Choosing the following form of the Dirac potential (see (1.54))

A =
g

r

1 − cos θ
sin θ

êϕ =
g

r

[n × r]
r + (r · n)

,

we can write the operator L of (2.11) as2

L = L̃−µ r̂ + ẑ
1 + cos θ

=
1

sin θ

(
i
∂

∂ϕ
+ µ(1 − cos θ)

)
êθ − i

∂

∂θ
êϕ −µêr , (2.24)

2 To simplify our considerations we suppose that all quantum numbers are positive.
In particular, we set µ = eg > 0.
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or

L2 = − 1
sin2 θ

[
sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+
(
∂

∂ϕ
− iµ(1 − cos θ)

)2
]

+ µ2 ,

L3 = −i ∂
∂ϕ

− µ , (2.25)

where we use the notation µ = eg.
The explicit form of the operator L3 suggests that the dependence of the

wave functions on the azimuthal angle ϕ must be of the form Yµlm(θ, ϕ) =
P (θ)ei(µ+m)ϕ where m ∈ Z. However, in this case the commutation relations
for the components of the generalized angular momentum are satisfied if
µ = n/2, that is, if the charge quantization condition (2.6) is fulfilled.

2.3.1 The Generalized Spherical Harmonics

We proceed by first finding3 the eigenfunctions of the operator of the gener-
alized angular momentum:

L2Yµlm(θ, ϕ)

= −
[
(1 − x2)

∂2

∂x2
−2x

∂

∂x
− 1

1 − x2

(
i
∂

∂ϕ
+ µ(1 − x)

)2

−µ2

]
Yµlm(θ, ϕ)

= λYµlm(θ, ϕ) , (2.26)

where x = cos θ. Taking into consideration the second of the equations (2.25),
we see that the dependence on the variable x is given by the equation{

−(1 − x2)
d2

dx2
+ 2x

d

dx
+

(m+ µx)2

1 − x2
+ µ2

}
P (x) = λP (x) . (2.27)

The procedure is rather standard. Separating the singularities x = ±1 we
seek a solution of this equation in the form

P (x) = (1 − x)−
µ+m

2 (1 + x)−
µ−m

2 F (x) . (2.28)

Substituting this into (2.27), we get

(1 − x2)
dF 2

dx2
+ 2 [m+ (µ− 1)x]

dF

dx
+ (µ− µ2 + λ)F = 0 . (2.29)

Introducing the new variable z = (1 + x)/2 this can be recognized as the
standard hypergeometric equation

3 This problem was solved in 1931 by Tamm [486], who was directly informed by
Dirac about his work [200]. In our discussion we follow the approach of [291].
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z(1 − z)F ′′ + {m− µ+ 1 + 2z(µ− 1)}F ′ + (µ− µ2 + λ)F
= z(1 − z)F ′′ + {c− (a+ b+ 1)z}F ′ − abF = 0 , (2.30)

with the solution4
2F1(a, b; c; z); here obviously c = m−µ+1, ab = µ2−µ−λ,

and a+ b+ 1 = 2(1 − µ).
Recall that the hypergeometric function is finite if it is a polynomial with

a finite number of terms. This is satisfied if the parameter a or b is a negative
integer. For the sake of definiteness, let us fix a = −n, n = 0, 1, 2, . . . Then
the eigenvalues λ of the operator L2 must satisfy the relation

λ = n(n+ 1) − 2µn+ µ(µ− 1) ,

or, introducing the variable l = n− µ,

λ = l(l + 1) .

Thus, up to a normalization factor, a particular solution of the eigenvalue
(2.25) can be written as

Yµlm(θ, ϕ)=(1−x)−
µ+m

2 (1+x)−
µ−m

2 2F1(−n, n+1−2µ;m+1−µ; z)ei(µ+m)ϕ .

For a general solution of (2.25) it is more convenient to use another repre-
sentation, which is given by the Jacobi polynomials [2]

P (α,β)
n (x) =

(−1)n

2nn!
(1 − x)−α(1 + x)−β d

n

dxn

(
(1 − x)α+n(1 + x)β+n

)
,

related to the hypergeometric function 2F1(−n, b; c; z) above. Then the eigen-
functions of the operator L2, the so-called generalized spherical harmonics are

Yµlm(θ, ϕ) = N(1 − x)−(µ+m)/2(1 + x)−(µ−m)/2P
(−µ−m,−µ+m)
l+m (x)ei(µ+m)ϕ ,

(2.31)
where the normalization factor N is

N = 2m

(
(2l + 1)(l −m)!(l +m)!

4π(l − µ)!(l + µ)!

)1/2

.

The first few normalized generalized spherical harmonics for the minimal
value of µ = 1/2 are for the north hemisphere [530]

Y 1
2

1
2

1
2
(θ, ϕ) = − 1√

2π
sin
θ

2
eiϕ ,

4 For the sake of simplicity we do not write here the second independent solution of
the hypergeometric equation. However, we cannot neglect it because this solution
is necessary to construct the complete set of eigenfunctions of the operator of
the generalized angular momentum L. The definition (2.31) below includes both
solutions.
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Y 1
2

1
2− 1

2
(θ, ϕ) =

1√
2π

cos
θ

2
,

Y 1
2

3
2

1
2
(θ, ϕ) = − 1√

4π
sin
θ

2
(1 + 3 cos θ)eiϕ ,

Y 1
2

3
2− 1

2
(θ, ϕ) = − 1√

4π
cos
θ

2
(1 − 3 cos θ) ,

Y 1
2

3
2

3
2
(θ, ϕ) =

√
3
4π

cos
θ

2
(1 − cos θ)e2iϕ ,

Y 1
2

3
2− 3

2
(θ, ϕ) =

√
3
4π

sin
θ

2
(1 + cos θ)e−iϕ .

Obviously, in the case µ = 0 these functions reduce to standard spherical
harmonics, for example:

Y010(θ, ϕ) =

√
3
4π

cos θ , Y01±1(θ, ϕ) = ∓
√

3
8π

sin θe±iϕ . (2.32)

As in the case of the standard spherical functions we can introduce two
Hermitian-conjugated raising and lowering generators

L± = L1 ± iL2 = e±iϕ

{
± ∂
∂θ

+ i
cos θ
sin θ

∂

∂ϕ
− µ sin θ

1 + cos θ

}
. (2.33)

Making use of the algebra of the components of the angular momentum
operator (2.11), we can write the relation

L±L∓ = L2 − L2
3 ± L3 .

Therefore

L±Yµlm(θ, ϕ) =
√

(l(l + 1) −m(m± 1)Yµlm±1(θ, ϕ) . (2.34)

We already noted that the components of the generalized angular mo-
mentum L satisfy standard commutation relations. Therefore, the system
has spherical symmetry and eigenfunctions of the operator L2 correspond
to an irreducible representation of the rotation group SO(3). In other words,
they are connected with the standard Wigner functions [10] as (see Appendix
A)

Yµlm(θ, ϕ) = Dl
µm(−ϕ, θ, ϕ) =< l, µ | e−iϕL3eiθL2eiϕL3 | l,m > . (2.35)

Here, the quantum numbers l and µ must simultaneously be integer or half-
integer and the relations

l = µ, µ+ 1, µ+ 2 . . . , −l ≤ m ≤ l
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must hold. Since l ≥ µ, the centrifugal potential of the Schrödinger equation
is always repulsive. Thus, there is no bound state in the spectrum of a mono-
pole and a spinless charged particle. This corresponds to the absence of closed
trajectories in the classical problem of charge-monopole scattering. On the
other hand, if we consider not a monopole but a dyon, then there are bound
states in the spectrum caused by the normal Coulomb interaction. This sys-
tem is an analogue of the hydrogen atom. Sometimes it is called a dyogen
atom [129,130] or dyonium [115]. This simple model allows us to demonstrate
non-trivial quantum mechanical properties caused by the monopole presence
in a very clear form [356,466].

2.3.2 Solving the Radial Schrödinger Equation

As was noted by Coleman [43], the effect of the magnetic monopole in the
Schrödinger equation is very simple: it just modifies the centrifugal potential.
Indeed, the radial function satisfies the equation

− 1
2M

[
d2

dr2
+

2
r

d

dr
− l(l + 1) − µ2

r2

]
Fk�̃(r) = EFk�̃(r) , (2.36)

which is solved by spherical Bessel functions of the order

�̃ =

√(
l +

1
2

)2

− µ2 − 1
2
, (2.37)

namely

Fk�̃(r) =

√
k

r
J�̃+1/2(kr) =

1
k

√
2
π
j�̃, k =

√
2ME , (2.38)

with E > 0. Making the identification �̃(�̃+1) = l(l+1)−µ2, we can see that
formally this is precisely the radial wave function of the standard Schrödinger
equation that describes a state with (non-integer) angular momentum �̃.

Note that asymptotically, as r → ∞, the behavior of the radial function
is

Fk�̃(r) −→
r→∞

1
r

sin

(
kr − π�̃

2

)
. (2.39)

If we consider not a monopole but a dyon, the angular dependence of the
eigenfunctions is still given by the generalized spherical harmonics Yµlm(θ, ϕ)
of (2.31), which are eigenfunctions of the operator of angular momentum L.
Then the radial function will satisfy the equation[

d2

dr2
+

2
r

d

dr
− l(l + 1) − µ2

r2
+

2MeQ
r

]
F (r) = −2MEF (r) , (2.40)
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where for the sake of definiteness we fix the electric charge of the dyon Q
to be positive and the scalar potential of the Coulomb interaction is V (r) =
−eQ/r < 0. Knowledge of the asymptotic behavior of the radial wave function
allows us to search for a regular solution of this equation in the form

F (r) = e−krr�̃ρ(r), where k2 = −2ME > 0 .

Substituting this ansatz into (2.40) we obtain

r
d2ρ(r)
dr2

+ (2�̃+ 2 − 2kr)
dρ(r)
dr

+ (2MeQ− 2k�̃− 2k)ρ(r)

+
�̃(�̃+ 1) − l(l + 1) + µ2

r
ρ(r) = 0 . (2.41)

The solution is regular at r = 0 if �̃ satisfies (2.37). Obviously, the solution of
(2.41) is given by the confluent hypergeometric function ρ(r) = 1F1(−N ; 2�̃+
2; 2kr), where N = 0, 1, 2, . . . is a radial quantum number. Furthermore, it
follows from (2.41) that

N =
MeQ

k
− �̃− 1, and therefore E = − M(eQ)2

2(N + �̃+ 1)2
, (2.42)

which defines the spectrum of bound states of an electron in a dyon field.
Note that the ground state has quantum numbers l = 1/2, N = 0, µ = 1/2,
that is, it is doubly degenerated (m = ±1/2).

To sum up, the solution of the radial Schrödinger equation that describes
an electron in a dyon field is

FN�̃(r) = C(kr)�̃ e−kr
1F1(−N ; 2�̃+ 2; 2kr) , (2.43)

where the normalization factor is

C =
2�̃+1[MeQ Γ (N + 2�̃+ 2)]

1
2

(N !)
1
2 (N + �̃+ 1) Γ (2�̃+ 2)

.

Obviously, in the limiting case Q = 0, (2.38) can be recovered from the
expression (2.43) since in this case �̃ = −N − 1. Then the hypergeometric
function reduces to

1F1(�̃+ 1; 2�̃+ 2; 2kr) = Γ (�̃+ 3/2)e(�̃+1/2)π/2

(
kr

2

)−�̃+1/2

ekrJ�̃+1/2(kr) .

Finally, let us note that the relativistic description of this system of a dyon
and a scalar particle in terms of a solution of the Klein–Gordon equation is
practically identical to the present one. Indeed, the equation
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(∂µ − ieAµ)2 +M2

]
φ(r, t) = 0 , (2.44)

where the 4-potential of a dyon is Aµ = (Q/r,A), can be written in a form al-
most identical to the non-relativistic Schrödinger equation, (2.31) and (2.43)
up to the replacement 2ME → k2 = ω2 −M2. In Chap. 4 we will need the
exact solutions of the relativistic equation. Let us therefore discuss it here in
more detail [5].

We define the wave functions φµklm(r, t) describing both bound states
and continuum states. Clearly, the time dependence factorizes, and we can
separate the radial and angular variables, the latter being determined by the
generalized spherical harmonics (2.31):

φµklm(r, t) = Fk�̃(r)Yµlm(θ, ϕ)e−iωt . (2.45)

For the sake of convenience, we use wave functions that satisfy the normal-
ization condition ∫

V

d3x|Fk�̃(r)Yµlm(θ, ϕ)|2 =
1
2ω
.

Then the radial functions are solutions of the equation(
d2

dr2
+

2
r

d

dr
− k2 + 2ω

eQ

r
− e

2Q2 + l(l + 1) − µ2

r2

)
Fk�̃(r) = 0 , (2.46)

which can be recognized as a slightly modified hypergeometric equation of
the non-relativistic radial problem (2.41). The solutions corresponding to the
continuum are

Fk�̃(r) = C(kr)�̃ r−1e−ikr
1F1(�̃+ 1 − ieQω

k
; 2�̃+ 2; 2ikr) , (2.47)

where k2 = ω2 − k2, the parameter �̃ is defined as (cf. (2.37))

�̃ =

√(
l +

1
2

)2

− µ2 + e2Q2 − 1
2
, (2.48)

and the normalization constant is

C =
2�̃+1/2

√
πω

Γ (�̃+ 2 + ieQω
k )

(2�̃+ 1)
exp
(
−πeQω

2k

)
.

As for the solutions corresponding to the discrete part of the spectrum,
the radial equation is solved by

Fk�̃(r) = G(kr)�̃ e−kr
1F1(−N ; 2�̃+ 2; 2kr) , (2.49)

where N = 0, 1, 2, . . . is the radial quantum number and G is a normalization
constant. The energy spectrum of the relativistic particle in the dyon field is
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ω =M

√
1 − e2Q2

e2Q2 + (N + �̃+ 1)2
. (2.50)

Thus, these solutions are not very different from the solutions of the
Schrödinger equation discussed above. Much more interesting are the proper-
ties of the spectrum of a spin-1/2 particle in a dyon field since the addition of
spin and the extra angular momentum due to the magnetic charge can dras-
tically change the spectrum of the bound states. However, before we consider
this effect in detail, let us analyze the quantum mechanical problem of the
scattering of a spinless particle on a monopole, in order to establish the cor-
respondence with the classical problem of scattering considered in Chap. 1.

2.4 Non-Relativistic Scattering on a Monopole:
Quantum Mechanical Description

The solutions of the Schrödinger equation for a charged particle in a monopole
field, which we discussed above, allow us to solve the quantum mechanical
problem of scattering by the magnetic charge [110, 131, 462], i.e., to define
the scattering wave function and calculate the cross-section. Recall that the
standard approach is to write a general solution of the Schrödinger equation
ψ(r) describing the outgoing wave, as an expansion in partial waves, which
correspond to states with a fixed angular momentum l and projection m.
The initial state is taken to be a plane wave ψ(r) ∼ eikz propagating in the
z direction.

Note that the principal difference from the standard situation is that
even if the particle is infinitely far away from the monopole, the projection of
the angular momentum on the z-axis does not vanish. Indeed, the minimal
value of the angular momentum is restricted to be l = µ. Then, according
to (2.25) the eigenvalue of the component L3 is µ. Thus, the appropriate
angular dependence of the asymptotic states must be given by the generalized
spherical harmonic Yµlµ(θ, ϕ) containing the phase factor e2iµϕ (the modified
plane wave [131]).

Now, let us apply the standard expansion of the plane wave in spherical
Bessel functions j�̃(kr):

eikr cos θ = π
∞∑

�̃=0

√
(2�̃+ 1) i�̃

√
2
kr
J�̃+1/2(kr)Y0�̃0(θ, ϕ) . (2.51)

However, the angular dependence is defined by the generalized spherical func-
tions Yµlµ(θ, ϕ) and the summation over angular momentum l begins from
l = µ:
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eikr cos θ = π
∞∑

l=µ

√
(2l + 1) il−µ

√
2
kr
J�̃+1/2(kr)Yµlµ(θ, ϕ)

= e−iπµ
∞∑

l=µ

(2l + 1)eiπlj�̃(kr)Yµlµ(θ, ϕ) . (2.52)

Then the scattered wave function of the particle in a monopole field is
[131]:

ψ(r) = 2
√
πe−iπµ

∞∑
l=µ

√
(2l + 1) eiπleiδ�̃j�̃(kr)Yµlµ(θ, ϕ) . (2.53)

The phase shift eiδ�̃ in this expansion can be calculated from the condition
that the outgoing wave (2.53) must correspond to the asymptotic form of the
radial function (2.39), namely√

π

2kr
J�̃+1/2(kr) ∼

1
r

sin

(
kr − π�̃

2

)
∼ 1
r

(
ei(kr−π�̃/2 − e−i(kr−π�̃/2

)
.

(2.54)
Therefore we obtain δ�̃ = −π�̃/2.

From (2.54) we can see that the scattered wave function is singular at
the forward direction where r → ∞ and θ = 0. These limits are not uniform
and cannot be interchanged. To analyze the structure of this singularity it is
convenient to separate the outgoing wave into two parts as [131]

ψ(r) = e−iπµ {ψI(r) + ψII(r)} , (2.55)

where

ψI(r) = N(µ)
∞∑

l=µ

√
(2l + 1) eiπl/2jl(kr)Yµlµ(θ, ϕ) ,

ψII(r) = N(µ)
∞∑

l=µ

√
(2l + 1) eiπl

[
e−iπ�̃/2j�̃(kr) − e

iπl/2jl(kr)
]
Yµlµ(θ, ϕ) .

(2.56)

where N(µ) = 2
√
πe−iπµ.

The first term has a strong singularity for forward scattering, while the
second one is less singular. Moreover, ψI(r) has a closed representation in
terms of the confluent hypergeometric function [131]:

ψI(r) = e−iπµ/2 Γ (µ+ 1)
Γ (2µ+ 1)

eikr [kr(1 − cos θ)]µ

×1F1

(
µ+ 1, 2µ+ 1,−2ikr sin2 θ

2

)
e2iµϕ , (2.57)
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because the function (2.57) is an eigenfunction of the Hamiltonian (2.21) and
can be expressed via an infinite sum, as in (2.56).

Small-angle scattering corresponds to the situation when θ � 1, but
kr sin2 θ

2 → ∞. Moreover, since r � 1/kθ2, the expression (2.57) reduces
to the form

ψI(r)e−2iµϕ � eikr cos θ − iµe−iπµ

2kr sin2(θ/2)
eikr . (2.58)

This is recognized as a superposition of the initial plane wave propagating in
the z direction and an outgoing spherical wave with an amplitude

|f(θ)| =
∣∣∣∣ µ

2k sin2(θ/2)

∣∣∣∣ . (2.59)

In the semi-classical limit where k = Mv, this amplitude corresponds
exactly to the classical differential cross-section of the scattering at small
angles (1.27):

dσ

dΩ
= |f(θ)|2 =

1
θ4

(
2µ
Mv

)2

.

Since the incoming plane wave, the initial state of the scattering problem,
is already separated from the expansion (2.53), the sum ψII(r) consists only
of corrections to the small angle scattering amplitude. Indeed, making use of
the asymptotic behavior of the Bessel function (2.54), we can write

ψII(r) � −i
√
π
e−iπµ

k

∞∑
l=µ

√
(2l + 1)

[
eiπ(l−�̃) − 1

]
Yµlµ(θ, ϕ)

eikr

r
.

Finally, collecting all the contributions to the scattering amplitude, we
obtain

f(θ)=
eiπµ

2ik

⎛⎝ µ

sin2(θ/2)
+2

√
π

∞∑
l=µ

√
(2l + 1)

[
eiπ(l−�̃)−1

]
Yµlµ(θ, ϕ)

⎞⎠ ,
which defines the quantum-mechanical amplitude for scattering by a mono-
pole. Further numerical calculations and a discussion of the results can be
found in the papers [462] and [131].

2.5 Charge-Monopole System:
Spin in the Pauli Approximation

Very interesting features of the interaction between a monopole and a charged
spin-1/2 particle (an electron) can be seen already on the level of the non-
relativistic Pauli equation, which generalizes (2.7):
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Hψ(r) = − 1
2M

[σσσ · (∇∇∇− ieA)]2 ψ(r) = Eψ(r) . (2.60)

This problem was considered by Malkus already in 1951 [360]. However, a
more detailed analysis of the interaction of a monopole and an electron,
which consistently takes into consideration all symmetry properties of the
eigenfunctions of the Dirac Hamiltonian, was carried out many years later,
in 1977 [306]. Here we will follow this work.

Let us first note that unlike the analogous spinless problem we discussed
above, the Hamiltonian (2.60) now commutes with the operator of generalized
angular momentum

J = L +
1
2
σσσ = [r × (p − eA)] − egr̂ +

1
2
σσσ , (2.61)

which includes the standard orbital angular momentum, r × πππ, the extra
orbital momentum T = −µr̂ that appears in the charge-monopole system,
and the spin operator S = 1

2σσσ. Note that

J2 = L2 + (σσσ · L) +
3
4
, (2.62)

where L2 is defined by the expression (2.25).
This definition actually leads to a rather serious problem in the theory

of the Abelian monopole. On a qualitative level this can be seen from the
following argument. Let us consider a minimal value of the parameter µ = 1/2
that is consistent with the charge quantization condition. Then the ground
state is a spherically symmetric s-wave with zero angular momentum J = 0,
while the orbital angular momentum is zero and S + T = 0. The latter
condition means that the spin angular momentum S has the same length as
the extra angular momentum T, but these vectors are antiparallel.

The subtle point here is that the direction of the vector T is given by
the unit vector r̂ from the monopole to the charge. Therefore, if the electron
somehow manages to go through the core of the monopole, this component
of the angular momentum must invert its sign: T → −T. However, the total
angular momentum is conserved, which means that the spin of an electron
falling down onto the center must also change its sign in order to compensate
for the inversion of T. However, if we consider a Dirac, or Pauli equation,
which describes a massless particle interacting with a monopole, the helicity is
a conserved quantum number labeling the states. Therefore, the Hamiltonian
of the system of a massless spin-1/2 charged particle and a monopole is not
self-adjoint at the origin for the s-wave states. Thus, the theory becomes
pathological [351,422].

A possible way to save the situation is to suppose that there is something
unknown inside the monopole core. When an electron enters this “black box”,
some process of non-electrodynamical nature there would lead, for example,
to the conjugation of the electron charge: e→ −e. Then there in no need to
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consider spin-flip scattering of the electron on the monopole, the amplitude
of which is ill-defined in the s-wave.

This naive picture reflects in some respects the situation taking place in
the scattering of a charged particle on the non-Abelian ’t Hooft–Polyakov
monopole. We shall discuss this problem in more detail below (see Chap. 10).
Now let us continue the analysis of the properties of (2.60).

2.5.1 Dynamical Supersymmery
of the Electron-Monopole System

In Sect. 1.5 we briefly discussed “hidden” dynamical SO(2, 1) symmetry
of the non-relativistic Schrödinger equation, which describes the charge-
monopole system. It is remarkable that the addition of spin-1/2 makes this
system invariant with respect to the transformations of a dynamical confor-
mal supergroup OSp(1, 2) [269].

Let us consider the classical counterpart of the Pauli Hamiltonian (2.60).
Indeed, the spin-1/2 degrees of freedom can be represented via three-
dimensional anticommuting Grassmann variables ξk, {ξi, ξj} = δij , as

Si = −1
2
εijkξjξk .

This definition leads to [Si, Sj ] = iεijkSk, so the usual algebra of the spin
operator is satisfied. The irreducible two-dimensional representation of the
Clifford algebra of the variables ξ is given by the Pauli matrices: ξi = σi/

√
2.

Thus, Si = σi/2.
The anticommuting variables can be treated on the same footing as other

“normal” coordinates ri, that is ξξξ can be considered as a vector under the
rotation group. Then we can complement the classical Hamiltonian of the
charge-monopole system (1.71) by the terms that describe the dynamics of
the Grassmann variables and write the extended Lagrangian of the classical
non-relativistic spin-1/2 particle of massM in the external field of a monopole
as

L =
M

2
ṙ2 +

i

2
(ξξξ · ξ̇ξξ) + eA · ṙ − µ

2Mr2
εijkr̂iξjξk . (2.63)

Then the expression for generalized angular momentum (2.61) becomes

Ji = εijkMrj ṙk − µr̂i −
1
2
εijkξjξk .

Clearly, the Lagrangian (2.63) transforms as a scalar under the spatial rota-
tions.

The Pauli Hamiltonian (2.60) can be derived from the Lagrangian of
(2.63). Indeed, the canonical momenta conjugate to ri and ξi are

P
(r)
i =Mṙi + eAI , P

(ξ)
i =

i

2
ξi . (2.64)
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Then the generalized Legendre transformation

H = P (r)
i ṙi + ξ̇iP

(ξ)
i − L ,

allows us to recover the Pauli Hamiltonian (2.60). Note that the Hamiltonian
equation of motion of the Grassmannian variables ξ becomes:

ξ̇i =
iµ

Mr2
εijkrjξk ,

which describes the classical spin precession in the monopole field.
As before, the system remains invariant with respect to the transfor-

mations of dilatation, which are generated by the charge D, and the special
conformal transformations, which are generated by the charge K (see (1.72)).
Together with the Hamiltonian H they form the conformal group SO(2, 1).
However, in addition to these symmetries, the system (2.63) possesses a dy-
namical supersymmetry because the (time-dependent) supertransformations
of the form

Q : ri → ri +
iε√
m
ξI , ξi → ξi − ε

√
mṙi ,

S : ri → ri +
iη√
m
tξI , ξi → ξi − η

√
m(tṙi − ri) , (2.65)

where ε and η are Grassmannian transformation parameters, change the La-
grangian (2.63) by a total time derivative. The corresponding supercharges
can easily be calculated using the Noether theorem [269]:

Q =
√
mṙiξi , S = −tQ+

√
mriξi . (2.66)

They complement the generators of the conformal group (1.73). Note that all
the charges commute with the operator of generalized angular momentum J.
Thus, the graded algebra of the complete set of generators of the dynamical
group of symmetry becomes

[H,D] = iH , [D,K] = iK , [H,K] = 2iD ,
[H,S] = −iQ , [K,Q] = iS , [K,S] = 0 ,

[H,Q] = 0 , [D,Q] = − i
2
Q , [D,S] =

i

2
S , (2.67)

{Q,Q} = 2H , {Q,S} = −2D , {S, S} = 2K .

This is the superalgebra OSp(1, 1), which extends the group of dynamical
symmetry SO(2, 1) we discussed in Chap. 1.

The quadratic Casimir operator of the supergroup OSp(1, 1) is (cf. (1.74))
[269]
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J 2 =
1
4

(
i[Q,S] − 1

2

)2

≡ 1
4

(C)2 , (2.68)

where the operator C in terms of the dynamical variables is

C = σ · (J + µr̂) − 1
2
. (2.69)

Hence, if the eigenvalues of the operator of generalized angular momentum
J2 are denoted by j(j + 1), the eigenvalues of the Casimir operator J 2 are
�̃2/4 where

�̃ =
√

(j + 1/2)2 − µ2 . (2.70)

Thus, because the eigenstates of the commuting operators J2, J3 and C
transform under some irreducible representation of the supergroup OSp(1, 1),
we can determine the spectrum of the Pauli equation in the presence of a
magnetic monopole in a very simple and elegant way [269]. However, we
shall use another, more traditional formalism, and find the spectrum of the
monopole-spin-1/2 particle system by applying “brute force”, i.e., by solving
the eigenvalue problem directly.

2.5.2 Generalized Spinor Harmonics: j ≥ µ + 1/2

Recall that the spectrum of eigenvalues of the operator of generalized angular
momentum (1.11) of a spinless charge-monopole system starts from the mini-
mal value l = µ. Introduction of the spin angular momentum according to the
standard rule of addition of angular momenta means that the total angular
momentum J (see (2.61)), which is made up of three parts, has eigenvalues
j = l± 1/2. Thus, the spectrum of eigenvalues of j can start either from the
minimal value µ − 1/2 or from the minimal value µ + 1/2. These situations
have to be discussed separately.

Let us start with the second case, that is, we set j ≥ µ + 1/2. Since we
can write the Hamiltonian as

− 1
2M

[σσσ · (∇∇∇− ieA)]2 = − 1
2M

[
(∇∇∇− ieA)2 + e(σ · B)

]
= − 1

2M

[
(∇∇∇− ieA)2 + µ

(σσσ · r̂)
r2

]
(2.71)

= − 1
2Mr2

[
∂

∂r

(
r2
∂

∂r

)
+ L2 − µ2 + µ(σσσ · r̂)

]
,

the angular and radial parts of the Pauli Hamiltonian can be separated again:
ψ(r) = R(r)Ωµjm(θ, ϕ). Let us first solve the angular equation, that is, define
an explicit form of the spinors Ωµjm(θ, ϕ). Specific to this problem is that the
states of the spin-1/2 particle in a monopole field, apart from the conventional
quantum numbers l,m, are also labeled by eigenvalues of the operator K (cf.
(2.69))
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K = (σσσ · [r × πππ]) = σσσ · (L + µr̂) ,

which commutes with the Pauli Hamiltonian, as well as with the operators
J2, J3, L2, and (σσσ · L). Also, the helicity operator σσσ · πππ = σσσ · (−i∇∇∇− eA) is
conserved [246].

The operator K is obviously a generalization of the parity operator of the
spinors. Indeed, the angular part of the Pauli Hamiltonian can be written as

1
2Mr2

[
L2 − µ2 + µ(σσσ · r̂)

]
=

1
2Mr2

[
(σσσ · [r × πππ])2 + (σσσ · [r × πππ])

]
=

1
2Mr2

(K2 +K) . (2.72)

By analogy with the case of the conventional Coulomb problem, the eigen-
functions of the angular Hamiltonian can be separated into two types that
correspond to the values of angular momentum j = l± 1/2. Thus, the eigen-
functions of the operators J2 with eigenvalues j(j + 1) and the operators J3

and L2 as well, are two-component spinorial angular harmonics [306]

Φ
(1)
µjm(θ, ϕ) =

⎛⎝√ j+m
2j Yµ,j−1/2,m−1/2(θ, ϕ)√

j−m
2j Yµ,j−1/2,m+1/2(θ, ϕ)

⎞⎠ ,
Φ

(2)
µjm(θ, ϕ) =

⎛⎝−
√

j−m+1
2j+2 Yµ,j+1/2,m−1/2(θ, ϕ)√

j+m+1
2j+2 Yµ,j+1/2,m+1/2(θ, ϕ)

⎞⎠ , (2.73)

where Yµlm(θ, ϕ) are the monopole harmonics (2.31) and the coefficients are
defined from the standard rules of addition of angular momenta. These har-
monics define a complete orthonormal set. The range of eigenvalues of j is
j − 1/2 = l ≥ µ for the states Φ(1)

µjm(θ, ϕ) and j + 1/2 = l ≥ µ for the states

Φ
(2)
µjm(θ, ϕ), respectively.

However, the harmonics (2.73) are not eigenfunctions of the operatorK =
σσσ · (L + µr̂). Although we see that

(σσσ · L)Φ(1)
µjm(θ, ϕ)=

(
J2 − L2 − 3

4

)
Φ

(1)
µjm(θ, ϕ) = (j − 1

2
)Φ(1)

µjm(θ, ϕ) ,

(σσσ · L)Φ(2)
µjm(θ, ϕ)=

(
J2 − L2 − 3

4

)
Φ

(2)
µjm(θ, ϕ) = (−j − 3

2
)Φ(2)

µjm(θ, ϕ) ,

the operator (σσσ · r̂) still mixes the spinors Φ(1)
µjm(θ, ϕ) and Φ(2)

µjm(θ, ϕ), for
example

(σσσ · r̂)Φ(1)
µjm =

√
4π
3

(
Y010

√
2Y01−1

−
√

2Y011 Y010

)⎛⎝√ j+m
2j Yµ,j−1/2,m−1/2√

j−m
2j Yµ,j−1/2,m+1/2

⎞⎠ .
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Taking into account the rules of addition of generalized spherical harmonics
[532], we can see that

(σσσ · r̂)Φ(1)
µjm = AΦ(1)

µjm +BΦ(2)
µjm

(σσσ · r̂)Φ(2)
µjm = BΦ(1)

µjm −AΦ(2)
µjm , (2.74)

where the coefficients A and B are [306]

A = − µ

j + 1/2
, B = −

√
(j + 1/2)2 − µ2

j + 1/2
. (2.75)

Therefore, the eigenfunctions of the operator K are of two types [306]

Ω
(1)
µjm =

1
2

(√
1 +

µ

j + 1/2
+
√

1 − µ

j + 1/2

)
Φ

(1)
µjm

− 1
2

(√
1 +

µ

j + 1/2
−
√

1 − µ

j + 1/2

)
Φ

(2)
µjm ,

Ω
(2)
µlm =

1
2

(√
1 +

µ

j + 1/2
−
√

1 − µ

j + 1/2

)
Φ

(1)
µjm

+
1
2

(√
1 +

µ

j + 1/2
+
√

1 − µ

j + 1/2

)
Φ

(2)
µjm , (2.76)

which satisfy

(σσσ · r̂)Ω(1)
µjm = −Ω(2)

µjm , (σσσ · r̂)Ω(2)
µjm = −Ω(1)

µjm . (2.77)

Making use of the relations (2.77) and (2.74), after some algebra we obtain
the eigenvalues of the operator K:

KΩ
(1)
µjm = σσσ · (L + µr̂)Ω(1)

µjm = (−1 + �̃)Ω(1)
µjm ,

KΩ
(2)
µjm = σσσ · (L + µr̂)Ω(2)

µjm = (−1 − �̃)Ω(2)
µjm , (2.78)

where by analogy with the spinless problem we introduce the quantum num-
ber �̃ =

√
(j + 1/2)2 − µ2 of (2.70). Recall that (�̃/2)2 is the eigenvalue of

the Casimir operator (2.68).
Similar to the standard Coulomb problem of a spin-1/2 particle, we see

that this quantum number corresponds to the parity. Its values label the
eigenstates Ω(1)

µjm and Ω(2)
µjm according to the eigenvalues of the “parity” op-

erator K.

2.5.3 Generalized Spinor Harmonics: j = µ − 1/2

We have already noted that there is one more type of spinor eigenfunctions
that corresponds to the values j = µ− 1/2 (referred to as the “third type”).
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For the minimal value of the magnetic charge, the charge quantization con-
dition yields µ = 1/2. This state is a spherically symmetric state with a
magnitude of the angular momentum j = 0, namely an s-wave. Later we will
see that for the ’t Hooft–Polyakov non-Abelian monopole only the minimal
value of the magnetic charge is stable with respect to quantum corrections.
This makes the states of the third type especially interesting.

Unlike the consideration above, now there is only one angular spinor
Ω

(3)
µ,µ−1/2,m ≡ Φ(2)

µ,µ−1/2,m, and

KΩ
(3)
µ,µ−1/2,m = −Ω(3)

µ,µ−1/2,m , (σσσ · r̂)Ω(3)
µ,µ−1/2,m = Ω(3)

µ,µ−1/2,m , (2.79)

where

Ω
(3)
µ,µ−1/2,m =

⎛⎝−
√

µ−m+1/2
2µ+1 Yµµm−1/2(θ, ϕ)√

µ+m+1/2
2µ+1 Yµµm+1/2(θ, ϕ)

⎞⎠ . (2.80)

With all this information at hand we can now turn to the solution of the
radial Pauli equation.

2.5.4 Solving the Radial Pauli Equation

As in the case of the spinless Schrödinger equation, the interaction with the
monopole only changes the centrifugal potential of the radial equation. How-
ever, this modification now depends on the angular spinor. Indeed, separating
the variables in the Pauli equation (2.60), and using the relations (2.72) and
(2.78), we obtain for states of the first type

− 1
2M

[
d2

dr2
+

2
r

d

dr
− �̃(�̃− 1)

r2

]
R

(1)

k�̃
(r) = ER(1)

k�̃
(r) . (2.81)

A regular solution of this equation (up to a normalization factor) is given by
the modified Bessel function of the order �̃− 1/2 (cf. (2.38)):

R
(1)

k�̃
(r) =

√
k

r
J�̃−1/2(kr), k =

√
2ME . (2.82)

Correspondingly, for states of the second type, the radial equation is written
as

− 1
2M

[
d2

dr2
+

2
r

d

dr
− �̃(�̃+ 1)

r2

]
R

(2)

k�̃
(r) = ER(2)

k�̃
(r) , (2.83)

with the solution

R
(2)

k�̃
(r) =

√
k

r
J�̃+1/2(kr) , k =

√
2ME . (2.84)
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Obviously, close to the origin the wave function of the first type behaves
as R(1)(r) ∼ ar−�̃ + br�̃−1, where a and b are some coefficients. Since for
both types of wave functions we have �̃ > 1, these coefficients must vanish
at the origin, r = 0, where the monopole is placed. On the classical level
this corresponds to the effect of the “magnetic mirror” in the scattering of a
charge by the monopole, which we discussed in Chap 1.

The situation changes drastically when we consider states of the third
type. Here the centrifugal barrier vanishes and the solution of the radial
equation

− 1
2M

[
d2

dr2
+

2
r

d

dr

]
R

(3)
kj (r) = ER(3)

kj (r) , (2.85)

are now the familiar spherical waves

R
(3)
k,µ−1/2(r) =

1√
π

e±ikr

r
, k =

√
2ME . (2.86)

Independent of any kind of boundary conditions that could be imposed
on the wave functions at the origin, such solutions must behave as ∼ 1/r.
Therefore, the Hamiltonian operator is not compatible with a smooth bound-
ary condition at the origin for states of the third type. The reason is that
the Pauli Hamiltonian (2.60) is not self-adjoint over the complete space of
eigenfunctions, that is(

ψ(3),Hψ(3)
)
−
(
Hψ(3), ψ(3)

)
�= 0 , (2.87)

where we used the standard notation

(ψ1, ψ2) ≡
∫
d3xψ†

1ψ2 . (2.88)

We shall discuss this condition in more detail below, when we consider the
general case of the Dirac equation in the monopole background field. Note
only that this situation corresponds to an electron falling down on the mono-
pole, which we discussed in Chap. 1.

From the point of view of the dynamical supersymmetry of the system,
the difference between states of the first two types and states of the third
type is that the states with j ≥ µ + 1/2 transform under representation of
the supergroup OSp(1, 1), as we discussed above. However, the eigenvalue of
the Casimir operator (2.68) for states with j = µ−1/2 vanishes, supercharges
Q and S of (2.66) are no longer self-adjoint and only the SO(2, 1) subgroup
remains as a group of the dynamical symmetry of states of the third type
[269].

One could suppose that an additional, non-electromagnetic interaction of
an electron and a monopole could save the situation. Indeed, one can include
into the Pauli Hamiltonian (2.60) an extra term [306]
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Hextra = κµ
(σσσ · r̂)
2Mr2

, (2.89)

which describes the interaction between the extra angular momentum T =
−µr̂ and an anomalous magnetic moment of magnitude κ (often taken to
be infinitesimal). On the quantum mechanical level this term leads to drastic
changes in the behavior of the wave functions at the origin. It was shown that
the eigenfunctions of this modified Hamiltonian are regular at r = 0 [306].

Indeed, the radial equation for wave functions of the third type now be-
comes

− 1
2M

[
d2

dr2
+

2
r

d

dr
+
κµ

r2

]
R

(3)

k�̃
(r) = ER(3)

k�̃
(r) . (2.90)

Upon substituting R(3)

k�̃
(r) = (1/r)U(r), (2.90) simplifies to(
d2

dr2
+
κµ

r2
− 2ME

)
U(r) = 0 .

Obviously, for any κ �= 0 this equation has a solution that is compatible with
the boundary condition U(r) = 0 at r = 0.

However, the inclusion of an extra magnetic moment has another effect.
For each possible value of the angular momentum j there is now a non-
degenerate bound state with zero energy in the spectrum of the modified
Hamiltonian (so-called zero modes). Moreover, even the limiting situation
κ→ 0 still yields a third type bound state with E = 0. The meaning of these
zero energy states is discussed in Sect. 2.6.1.

An alternative is to modify the Pauli Hamiltonian (2.60) by the introduc-
tion of a term HQ = −eQ/r describing a Coulomb interaction between the
electron and a dyon charge Q at the origin [129, 130]. Thus, we consider the
bound charge-dyon system again, now taking into account the electron spin.
The angular dependence of the wave functions is still given by the three types
of monopole harmonics described above. The radial equations are modified
and (2.81) is replaced by

− 1
2M

[
d2

dr2
+

2
r

d

dr
− �̃(�̃− 1)

r2
+

2MeQ
r

]
R

(1)

k�̃
(r) = ER(1)

k�̃
(r) , (2.91)

where the parameter �̃ is defined by (2.70): �̃ =
√

(j + 1/2)2 − µ2.
Just as in the spinless case, the regular solution of this equation can be

found upon substituting

R
(1)

k�̃
(r) = e−krr�̃−1ρ(1)(r), where k2 = −2ME ,

into (2.91), which becomes

r
d2ρ(1)(r)
dr2

+ (2�̃− 2kr)
dρ(1)(r)
dr

+ (2MeQ− 2k�̃)ρ(1)(r) = 0 . (2.92)
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Thus, the regular solution of (2.92) is a confluent hypergeometric function,
ρ(1)(r) = 1F1(−N ; 2�̃; 2kr), which is now a polynomial of degree N , where
N = 0, 1, 2, . . . is a radial quantum number that yields the quantization of the
spectrum of bound states: N = MeQ

k − �̃. Then the energy spectrum becomes

E(1) = − M(eQ)2

2(N + �̃)2
. (2.93)

For completeness, let us write the corresponding normalization constant of
the first type of radial wave functions:

N1 =
2�̃

√
N !

(MeQ)�̃+1/2

(N + l)�̃+1

√
Γ (N + 2�̃)

Γ (2�̃)
. (2.94)

By complete analogy, the radial equation for the second type of wave
function

− 1
2M

[
d2

dr2
+

2
r

d

dr
− �̃(�̃+ 1)

r2
+

2MeQ
r

]
R

(2)

k�̃
(r) = ER(2)

k�̃
(r) , (2.95)

has a regular normalizable solution

R
(2)

k�̃
(r) = N2e

−krr�̃1F1(1 −N ; 2�̃+ 2; 2kr) , (2.96)

which gives the energy spectrum of the states of the second type:

E(2) = − M(eQ)2

2(N + 2 + �̃)2
. (2.97)

Here the normalization constant is

N2 =
2�̃+1√

(N − 1)!
(MeQ)�̃+3/2

(N + �̃+ 1)�̃+2

√
Γ (N + 2�̃+ 2)

Γ (2�̃+ 2)
. (2.98)

Note that states of the first and second type with radial quantum numbers
N and N − 1, respectively, are degenerated in energy.

As for states of the third type, we have to fix j = µ− 1/2, that is �̃ = 0.
Therefore, the radial equation for these states has an especially simple form:

− 1
2M

[
d2

dr2
+

2
r

d

dr
+

2MeQ
r

]
R

(3)

k�̃
(r) = ER(3)

k�̃
(r) , (2.99)

which is precisely the form of the spherically symmetric Schrödinger equation
for a spinless particle in a Coulomb field. This corresponds to the mutual
cancellation of the extra angular momentum and spin for the s-wave state
that we discussed above. The solution of (2.99) is
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R
(3)

k�̃
(r) = N3e

−kr
1F1(−N ; 2; 2kr) . (2.100)

and the energy spectrum is given by

E(3) = − M(eQ)2

2(N + 1)2
. (2.101)

The normalization constant is

N3 = 2
(
MeQ

N + 1

)3/2

. (2.102)

One can easily see that the ground state of an electron in the dyon external
field is of the third type: ψ(3)(r) = R(3)

k,1/2(r)Ω
(3)
1/2,0,0 with quantum numbers

µ = 1/2, N = 0, l = 0 and the energy of the ground state E0 = −M(eQ)2/2.
Note that this wave function does not vanish for r → 0, while in this case we
can make use of the approximation 1F1(−N, 2, 2kr) ∼ (2kr)−1 and therefore

R
(3)

k�̃
(r) −→

r→0

MeQ

r
e−kr .

2.6 Charge-Monopole System: Solving
the Dirac Equation

The non-relativistic analysis of the spin-1/2 particle-monopole system can
easily be generalized to the case of the Dirac equation

Hψ(r) ≡ [−iααα (∇∇∇− ieA) + βM ]ψ(r) = Eψ(r) , (2.103)

which describes a relativistic electron in the external field of a point-like
monopole. Here, α and β are Dirac matrices in the representation

αi = γ0γi = I ⊗ σi =
(

0 σi

σi 0

)
, β = γ0 = σ3 ⊗ I =

(
1 0
0 −1

)
. (2.104)

Equation (2.103) was considered by Harish-Chandra in 1948 [254]. As in
the non-relativistic case, the Dirac Hamiltonian commutes with the operator
(2.61) of the generalized angular momentum J = L + S − µr̂. This makes it
possible to apply, without any significant change, the symmetry properties
discussed above.

Let us find the eigenfunctions of the Hamiltonian operator decomposed
as

H =
(

M −iσσσ · (∇∇∇− ieA)
−iσσσ · (∇∇∇− ieA) −M

)
. (2.105)

Again, we must distinguish the cases j ≥ µ+ 1/2 and j = µ− 1/2.
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Simple algebra of the Clebsch–Gordan coefficients supplemented by (2.77)
gives the electron wave functions in terms of two-component angular harmon-
ics of the first and second type

ψ(1)(r) =
1
r

(
F (r)Ω(1)

µjm

iG(r)Ω(2)
µjm

)
, ψ(2)(r) =

1
r

(
F (r)Ω(2)

µjm

iG(r)Ω(1)
µjm

)
. (2.106)

States of the third type are constructed from the harmonics Ω(3)
µjm [306]:

ψ(3)(r) =
1
r

(
F (r)Ω(3)

µjm

iG(r)Ω(3)
µjm

)
. (2.107)

The helicity operator (σσσ·πππ) = σσσ·(∇−ieA) acts on these states as [306,307]:

(σσσ · πππ)F (r)Ω(1)
µjm =

(
− d
dr

− 1
r

+
�̃

r

)
F (r)Ω(2)

µjm ,

(σσσ · πππ)F (r)Ω(2)
µjm =

(
− d
dr

− 1
r
− �̃
r

)
F (r)Ω(1)

µjm ,

(σσσ · πππ)F (r)Ω(3)
µjm =

(
d

dr
+

1
r

)
F (r)Ω(3)

µjm , (2.108)

where the eigenvalues �̃ of (2.70) of the Casimir operator are again used.
Therefore for these states the radial equations for the function F (r) and
G(r) are

Type 1 :

(
d

dr
− �̃
r

)
F (r) = (M + E)G(r) ,(

d

dr
+
�̃

r

)
G(r) = (M − E)F (r) ,

Type 2 :

(
d

dr
+
�̃

r

)
F (r) = (M + E)G(r) ,(

d

dr
− �̃
r

)
G(r) = (M − E)F (r) ,

Type 3 :
dG(r)
dr

= (E −M)F (r) ,

dF (r)
dr

= − (E +M)G(r) . (2.109)

The solutions of the radial equations (2.109) for states of the first and
second type (up to the normalization constant) are, respectively,
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Type 1 : G(r) =
√
r

k
J�̃+1/2(kr) , F (r) =

√
kr

E −M J�̃−1/2 ,

Type 2 : F (r) =
√
r

k
J�̃+1/2(kr) , G(r) =

√
kr

E +M
J�̃−1/2 ,

where k =
√
E2 −M2 > 0.

The radial equations (2.109) for the states of the third type can easily be
solved in terms of elementary functions and the conventionally normalized
solutions are

Type 3 : F (r)=
1
k

√
2
π

sin(kr+δ) , G(r)=− 1
E +M

√
2
π

cos(kr+δ) ,

(2.110)
or

Type 3 : F (r)=
1

E −M

√
2
π

cos(kr+δ) , G(r)=
1
k

√
2
π

sin(kr+δ) .

(2.111)
where the phase shift δ is an arbitrary parameter. Therefore the wave func-
tions of the third type are

ψ
(3)
1 (r) =

1
kr

√
2
π

(
sin(kr + δ)Ω(3)

µjm

− ik
E+M cos(kr + δ)Ω(3)

µjm

)
≡ 1
kr

√
2
π
χ1(r)Ω

(3)
µjm ,

ψ
(3)
2 (r) =

1
kr

√
2
π

(
k

E−M cos(kr + δ)Ω(3)
µjm

i sin(kr + δ)Ω(3)
µjm

)
≡ 1
kr

√
2
π
χ2(r)Ω

(3)
µjm .

(2.112)

Obviously, the solutions of the first and second type satisfy the conven-
tional boundary conditions at the origin: F (1,2)(0) = G(1,2)(0) = 0. However,
as in the case of the Pauli equation, spherically symmetric states of the third
type, the lowest of which is the ground state of the electron-monopole system,
require special treatment. Indeed, there is also a normalizable solution of the
radial equation for these wave functions, which corresponds to a complex
energy.

Moreover, whatever boundary conditions we would impose, these wave
functions behave at the origin as ∼ 1/r. In fact, the boundary condition at
r = 0 is not determined by the structure of the Hamiltonian. As mentioned
previously, the problem is that the Hamiltonian operator is not self-adjoint
over the space of the eigenfunctions it admits. A detailed analysis of this
problem was carried out by Yamagishi in 1983 [533].

2.6.1 Zero Modes and Witten Effect

Note that the Hamiltonian operator (2.105) of the functions of the third type
acting on the spinor χ(r) can be written as [246]:
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H0 =

(
M − i d

dr

−i d
dr −M

)
= −iγ5

d

dr
+Mβ , (2.113)

with

H0 χ(r) ≡ H0

(
F (r)
iG(r)

)
= Eχ(r) .

Let us analyze whether there is a possibility to modify the problem in order to
obtain a well-defined self-adjoint Hamiltonian for these states. The reduced
Hamiltonian (2.113) is defined over a semi-infinite line 0 ≤ r <∞. However,
it is not Hermitian in one point on this line, r = 0.

A. Goldhaber pointed out [246] that, by making use of the Weyl–von Neu-
mann theory of self-adjoint operators, it is possible to construct a self-adjoint
extension of H0. The idea is to impose some non-trivial self-consistent bound-
ary conditions. The results turn out to be very interesting, giving rise to
unexpected physical consequences [533]. In particular, the helicity operator
(σσσ · πππ) will not be Hermitian and it is no longer conserved.

The condition that the Hamiltonian (2.113) be self-adjoint on states of
the third type can be written as the vanishing of the expression (cf. (2.87)):

∆ = (χ,H0χ) − (H0χ, χ) = iχ†(0)γ5χ(0) (2.114)

= i
[
χ†+(0)χ+(0) − χ†−(0)χ−(0)

]
= − [F ∗(0)G(0) −G∗(0)F (0)] = 0 ,

where χ± = 1
2 (1 ± γ5)χ are eigenfunctions of the operator γ5 with positive

and negative eigenvalues, respectively. Here we make use of the explicit form
of the Hamiltonian H given by (2.113) and assume that the normalizable
radial functions χ(r) decrease faster at spatial infinity than 1/r.

Therefore, the boundary condition on the radial function, that we are
seeking, must connect the states χ−(0) and χ+(0) with opposite chirality at
the point r = 0. The most general condition of this form can be written as

χ−(0) = eiθχ+(0) , (2.115)

where θ is an arbitrary angular parameter. In a different form the condition
for ∆ to vanish is

F ∗(0)
G∗(0)

=
F (0)
G(0)

. (2.116)

In other words, the ratio F (0)/G(0) is an arbitrary real number that can be
parametrized by an angular parameter θ as5 [155,533]:

F (0) = G(0) tan
(
θ

2
+
π

4

)
. (2.117)

5 Here, in contrast to (2.110), we choose the value of the phase shift δ to be
−θ/2 − π/4.
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Therefore, at the origin the wave functions of the third type (2.112) must
behave as

χ(0) ∼
(

sin
(

θ
2 + π

4

)
− ik

E+M cos
(

θ
2 + π

4

)) . (2.118)

It is well-known that the appearance of the phase angle θ in the boundary
conditions drastically affects the spectrum of the Hamiltonian. Obviously,
there is a one-parameter family of self-adjoint Hamiltonians Hθ, which are
specified by this condition.

For simplicity, let us consider a massless spin-1/2 particle in the monopole
field. Imposing the boundary conditions (2.118) on the solutions χ(r) given
by (2.110), one can see that the appearance of the strange angular parameter
θ there can be explained as a chiral rotation of the initial wave functions
(2.110) by the angle θ [533]:

χ(r) → χθ(r) ∼ eiθγ5/2

(
sin
(
kr + π

4

)
−i cos

(
kr + π

4

)) =

(
sin
(
kr + θ

2 + π
4

)
−i cos

(
kr + θ

2 + π
4

)) .
(2.119)

The physical meaning of this modification is obvious if we decompose
these wave functions into superpositions of in- and out-states, which in our
case are just usual plane waves propagating in both directions, namely:

χ(r) = eiθ/2 1 + i
2
√

2

(
1
1

)
eikr − e−iθ/2 1 − i

2
√

2

(
1
−1

)
e−ikr . (2.120)

Thus, according to the discussion above, these states correspond to the
changing of helicity when a particle passes through the origin and the phase
shift is given by eiθ (cf. (2.115)).

The result of this modification of the boundary conditions is that al-
though the Hamiltonian (2.113) formally commutes with the operator γ5, its
eigenfunctions now depend on an arbitrary phase θ, which looks like a CP
violating parameter. Indeed, for states of the third type, the CP inversion is
defined as CP : χ(r) → γ5χ

∗(r).
However, in the massless case, the model is invariant under chiral rotations

χ → eiγ5θ′
χ, which shift the value of this parameter as θ → θ + θ′, and in

particular allows us just to set it to zero. Therefore the physical observables
are independent on the value of θ (in the absence of a chiral anomaly).

The situation is different in the massive case. Then the eigenfunctions
of the Hamiltonian operator (2.113) that satisfy the boundary conditions
(2.118) and correspond to the states of the continuum with positive and
negative energy are [533]

E =
√
k2 +M2 :

χθ(r)=
k√

E(E−M sin θ)

[
χ1(r) cos

(
θ

2
+
π

4

)
+iχ2(r) sin

(
θ

2
+
π

4

)]
,
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E = −
√
k2 +M2 :

ξθ(r)=
k√

|E|(|E|+M sin θ)

[
χ1(r) cos

(
θ

2
+
π

4

)
+iχ2(r) sin

(
θ

2
+
π

4

)]
,

(2.121)

where the functions χ1(r) and χ2(r) are defined as in (2.112) above.
If cos θ < 0, there is a one-parameter family of bound states in the spec-

trum of the Hamiltonian (2.113), which corresponds to (2.118) [246,533]:

χθ ∼
(

sin
(

θ
2 + π

4

)
−i cos

(
θ
2 + π

4

)) e−kr . (2.122)

Its energy depends on the value of the parameter θ as E = M sin θ, k =
M | cos θ|. In particular, if we set θ = 0, the energy is equal to zero. This is
the celebrated zero mode of the Dirac operator whose appearance is connected
with the index theorem [78, 156]. Without going into detail, let us note that
this mode is part of the complete set of eigenfunctions of the Hamiltonian
and cannot be neglected.

Note that unlike the situation with the massless case, the eigenfunctions
(2.121) obviously violate CP symmetry of the theory, since chiral rotations
of the wave functions no longer leave the Hamiltonian invariant. If we still
demand the theory to remain CP invariant, the value of θ must be fixed to
θ = 0 or θ = π. However, the physical content of these cases is different.
The point is that the existence of the fermionic zero mode on the monopole
background transforms a monopole into a dyon!

To prove this, let us first note that the problem is effectively reduced to
a two-dimensional system. Indeed, the states of the third type are spheri-
cally symmetric and only radial and time coordinates matter. Second, we
recall that the θ-angle in the boundary conditions (2.121) arises after a chiral
transformation of the wave functions

χ→ χθ = eiθQ5/2χ = exp
(
iθ

2

∫
dr J0

5 (r)
)
χ , (2.123)

where
Jµ

5 (r) = χ†(r)γ0γ5γµχ(r) ,

is the chiral (or axial) current, with

Q5 =

∞∫
0

drJ0
5 (r) ,

being a generator of the chiral rotations.
One can now use the anomalous commutation relations between the op-

erators of density of electric and chiral charges (see, e.g. [45])
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[
J0(x), J0

5 (y)
]

= i
e2

2π2
B · ∇∇∇δ(x− y) , (2.124)

where J0 = eχ†χ and B is the Coulomb magnetic field of the monopole. Thus,
the operator of electric charge density under chiral rotations transforms as

e−iθQ5/2J0(0)eiθQ5/2 = J0(0) +
iθ

2

∫
dy
[
J0(0), J0

5 (y)
]

= J0(0) +
e2θ

4π2
(∇∇∇ · B) = J0(0) +

e2gθ

π
δ(0) .

The physical meaning of this result is rather obvious: the vacuum expectation
value of the operator of electric charge on the monopole background is not
equal to zero:

〈Q〉 =
eθ

2π
n . (2.125)

Here, we use the charge quantization condition (2.6). In other words, in quan-
tum field theory, the interaction with a fermion transforms a monopole into
a dyon having an arbitrary electric charge characterized by the θ-angle. This
is the so-called Witten effect [524]. Note that since the energy of this state
is equal to zero, this effect can be treated as a Grassmannian deformation of
the monopole configuration itself. This alternative description of the fermi-
onic zero modes is especially important when we consider the non-Abelian
generalization of the fermion-monopole system.

Generation of the electric charge due to the fermionic zero mode presence
can Also be proved by a direct calculation of the vacuum expectation value
of the electric charge operator [533]:

〈θ|Q|θ〉 =
e

2
〈θ|
[
ψ†, ψ

]
|θ〉 , (2.126)

where |θ〉 corresponds to the vacuum state in the presence of a monopole and
the wave function of the fermion is expanded as:

ψ =
1
π

∞∫
0

dk
∑
m

(
aχθ(r)Ω

(3)
µlm + b†ξθ(r)Ω

(3)
µlm

)
+ contributions of states with higher l , (2.127)

where a and b† are annihilation and creation operators, with χθ and ξθ the
spinors of (2.121). Substitution of the solutions (2.121) into this expansion
yields6 the expression for the density of the electric charge [533]

6 Note that due to CP invariance, the contribution of the continuum states with
quantum numbers j > µ + 1/2 and positive energy is exactly compensated by
the contribution of the negative continuum and only states of the third type with
j = µ − 1/2 give a non-trivial contribution.



60 2 The Electron–Monopole System: Quantum-Mechanical Interaction

Q(r) = 〈θ|Q|θ〉 =
e

2
〈θ|[ψ†(r), ψ(r)] (2.128)

= −e
2gM sin θ
2π2r2

∞∫
M

dk
k√

k2 −M2(k +M cos θ)
e−2kr .

One can see that for r → 0, the charge density behaves as

Q(r) ∼ eM sin θ
4π2r2

ln(Mr) ,

while at r → ∞ it vanishes exponentially.
Now, integrating over space we obtain the total charge

Q =
e2gM sin θ

π

∞∫
M

dk
k√

k2 −M2(k +M cos θ)
=
eθ

2π
n , (2.129)

where the integral relation

∞∫
0

dx
1

cosh2 x− sin2(θ/2)
=

θ

sin θ

is used. Thus, the charge Q exactly corresponds to (2.125) and we come to the
conclusion that the Witten effect originates from a non-trivial contribution
of the Dirac sea on the monopole background.

Finally note that we could argue by analogy with QCD that the phys-
ical value of the θ-angle must be set equal to zero for some reason of non-
electrodynamical nature. In this case, we encounter the problem of the self-
adjointness of the Hamiltonian. The solution was sketched above when we
described the modification of the model by the introduction of an infinites-
imal anomalous magnetic moment as a regulator [306]. Then the equations
(2.109) for the “dangerous” radial wave function of the third type are replaced
with (cf. (2.90))

dG(r)
dr

=
(
M − E − κµ

r2

)
F (r) ,

dF (r)
dr

=
(
M + E − κµ

r2

)
G(r) ,

(2.130)
which in the special case E = 0 can be explicitly solved:

F (r) = G(r) =
1√
2

exp{− κµ

2Mr
−Mr} .

This yields the regular θ = 0 solution. A very detailed study of the electron-
monopole spectrum was done in a series of paper in the 1980s [411–416,532].
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2.6.2 Charge Quantization Condition
and the Group SL(2, Z)

Undoubtedly, the appearance of an arbitrary, non-quantizable electric charge
(2.125) reflects some hidden picture of unknown processes that are taking
place deep inside the monopole core. The situation becomes more transparent
if instead of electrodynamics we consider an extended model of unification
with a non-Abelian gauge group. We shall discuss these problems later in
Chap. 10. Now let us consider the Witten formula for the electric charge of
the monopole (2.125) from a somewhat different point of view.

Clear evidence of how little interest the problem of the monopole elicited
for decades is the fact that the rather obvious generalization of the Dirac
charge quantization condition (2.6) to the case of dyons was suggested by
Schwinger [461] and Zwanziger [548] 37 years after the pioneering paper by
Dirac [200]. This generalization can easily be obtained in the same way as
the quantization condition for the angular momentum of the electromagnetic
field of a static e−g pair (1.14). For a pair of dyons having point-like electric
and magnetic charges (e1, g1) (e2, g2), we obtain:

e1g2 − e2g1 = n, n ∈ Z . (2.131)

Note that unlike the Dirac charge quantization condition (2.6), this formula
is dual invariant.

For many years following Dirac’s celebrated work, the main argument in
support of the monopole concept was the possibility of explaining quanti-
zation of the electric charge: since we know that there are only electrically
charged particles around us, it would be enough to place a single monopole
anywhere in the universe to provide this effect. Indeed, if the monopole has
an arbitrary nonzero charge g, from (2.131) we see that all electric charges
must be multiples of the elementary electric charge e0 = 1/g:

e =
n

g
= ne0 . (2.132)

A decade later, Witten [524] noted that the generalization of the charge
quantization condition (2.131) also leads to another, non-trivial consequence.
Indeed, it is rather obvious that the magnetic charge is also quantizable, since
for two states, one of which has a minimal electric charge (e0, 0) and the
other has an arbitrary magnetic charge as well as an electric charge (e, g),
the quantization condition (2.131) yields

e0g = n, or g =
n

e0
=
n

n0
g0 . (2.133)

Thus, there is a minimal magnetic charge

g0 =
n0

e0
,
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where n0 is a positive number that depends on the particular choice of the
model. Clearly, the Dirac charge quantization condition (2.6) corresponds to
n0 = 1/2. (In some particular case, it is useful to take n0 = 2π).

Now let us consider two dyons with the same minimal magnetic charge
g0, but different electric charges e1 and e2, respectively. Then the Schwinger–
Zwanziger quantization condition (2.131) becomes

e1 − e2 =
n

g0
=
n

n0
e0 . (2.134)

At the same time, for the state with a purely electric charge e = e1 − e2, this
condition gives

e1 − e2 = me0, where m ∈ Z . (2.135)

Thus, the integer n must be a multiple of n0. This means that the possible
electric charges e1, e2, . . . ei, of a dyon with a minimal magnetic charge g0,
must satisfy the general relation

ei = e0

(
ni +

θ

2π

)
, where ni ∈ Z and θ is an angular parameter.

(2.136)
Note that a shift of this parameter by 2π corresponds to the change ni →
ni + 1.

Finally, let us apply the the Schwinger–Zwanziger quantization condition
(2.131) to the case of two dyons with charges (e1, mg0) and (e2, mg0), re-
spectively:

e1 − e2 =
n

mg0
=

n

mn0
e0 = pe0 , (2.137)

where p,m, n are integers. Here, the last equality is obtained by exploiting
the charge quantization condition for a pure electric state (e1 − e2, 0). Thus,
the possible values of the dyon electric charges e1, e2 are given by the formula

ei = e0

(
ni + fm

θ

2π

)
, (2.138)

where fm is a number depending on the value of the magnetic charge of the
dyon only.

One can define this number by making use of the Schwinger–Zwanziger
quantization condition (2.131) for two states having charges (e1, mg0) and
(e2, g0), respectively:

(e1 −me2)g0 = n = n0

(
n1 −mn2 +

θ

2π
(fm −mf1)

)
.

This equation requires fm = mf1 = m, since we have seen that f1 = 1 (see
expression (2.136) above).
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Im (e+ig)
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(0,1)(-2,1) (-1,1)

(1,2)(0,2)(-1,2)

Fig. 2.1. Lattice of electric and magnetic charges in the complex plane e + ig

Therefore, we have come to the conclusion that the electric and magnetic
charges of the dyon, represented as a complex vector e + ig (cf. (1.91)), are
quantized as

e+ ig = e0

(
n+m

θ

2π

)
+ im

n0

e0
= e0(mτ + n) , (2.139)

where a new complex parameter is introduced:

τ =
θ

2π
+
in0

e20
. (2.140)

This formulation shows that it is not the charges e and g of a dyon that
have a fundamental meaning, but the “magnetic” and “electric” quantum
numbers m and n. The charge quantization condition tells us that these
charges are not arbitrary, but must correspond to the sites of a discrete charge
lattice with periods e0 and e0τ in the complex plane e + ig as is shown in
Fig. 2.1. Any other value of these charges would be forbidden. Therefore, the
original, continuous SO(2) dual symmetry is broken down to a new discrete
group of transformations of the quantum numbers m and n [472]. A site on
this lattice can be represented by a vector from the origin (0, 0) to this point.
The basis vectors of this lattice are chosen to be from the origin to the points
(0, 1) and (1, 0). However, this choice is not unique, since any “primitive
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vector” can be taken as a vector of an alternative basis7. Obviously, there is
an infinite number of primitive vectors on the lattice. Figure 2.1 shows that,
for example, all points with m = ±1 and arbitrary integer n correspond to
such vectors. If m = ±2, every second lattice site gives a primitive vector,
etc. More generally, any pair of non-collinear primitive vectors e′0, e

′
0τ

′ form
an alternative basis on the charge lattice and

e′0τ
′ = ae0τ + be0 , e′0 = ce0τ + de0 , (2.141)

where the parameters a, b, c, d ∈ Z. On the other hand, the vectors e0, e0τ ,
which form the old basis for this lattice, can be written via a linear com-
bination of e′0, e

′
0τ

′, i.e., the determinant of the matrix must be equal to
±1:

det
(
a b
c d

)
= ±1 . (2.142)

We may fix the sign to be positive, then the transformations (2.141) form
the group SL(2,Z), whose quotient by its center Z2 is called the modular
group or the Möbius group. The need for the quotient Z2 is caused by the
invariance with respect to the simultaneous change of sign for all parameters
of the transformations (2.141).

The action of the modular group on the parameter τ of (2.140) yields (cf.
(2.141)):

τ −→ τ ′ =
aτ + b
cτ + d

, (2.143)

which forms the modular group and preserves the sign of the imaginary part
of θ. This transformation relates the parameters e0 and θ for different choices
of basis. We shall discuss a nice geometrical meaning of this transformation
in the next chapter.

Recall that the modular group SL(2,Z) is generated by two elements

T : τ → τ + 1 , S : τ → −1
τ
. (2.144)

Obviously, T generates a shift of the θ-angle according to θ → θ + 2π, and
S, for the particular case of θ = 0, corresponds to the transformation of
electromagnetic duality e→ −1/e discussed above8.

Finally, we briefly consider the action of the modular group SL(2,Z) on
the quantum numbers m,n. As a result of this transformation, we obtain a
new state

7 A vector from the origin O to a point of the lattice site A is a primitive vector
if the line OA crosses no other lattice site.

8 For historical reasons this transformation is referred to as S-duality; although
the complex compact parameter τ was used for the first time in the model on the
lattice [160], in the string theory its analog is a dynamical field variable usually
labeled as S [216].
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m
n

)
−→

(
m′

n′

)
=
(
a b
c d

)(
m
n

)
. (2.145)

Thus, the transformations of the modular group not only replace one set
of basis vectors for the charge lattice by another, but transforms a state
with some quantum numbers m,n into another state with different values
of the electric and magnetic charges. For example, transformations of the
modular group connect a state with a pure electric charge (that is the state
corresponding to a primitive vector (0, 1)) and having the quantum numbers
m = 0, n = 1 and all other primitive vectors for a charge lattice:(

a b
c d

)(
0
1

)
=
(
b
d

)
. (2.146)

Note that if b = 1, then there are dyon states with unit magnetic charge and

an arbitrary non-quantized electric charge:
(

1
d

)
. Later we will consider such

dyons in more detail.



3 Topological Roots of the Abelian Monopole

3.1 Abelian Wu–Yang Monopole

Recall from Chap. 1 that the monopole vector potential cannot be smoothly
defined everywhere in space. At the same time the electromagnetic field
strength tensor is defined globally and we can expect that the singularity
of the vector potential has no physical meaning1 and that there is a math-
ematical description that does not involve non-physical singular expressions
of any kind.

Indeed, the Dirac potential can be considered a distribution rather than a
standard function of coordinates. Applying this formalism, we can prove that
in this case all anomalous contributions to the physical observables vanish.
One example is the calculation of the commutation relations (2.15) by mak-
ing use of the point-splitting method. However such calculations are rather
involved.

There is another possibility of constructing a non-singular theory of the
Abelian monopole, which was discovered by T.T. Wu and C.N. Yang in 1975
[529]. The great interest of this theoretical construction is due to the fact
that it touches the very foundations of field theory and provides a new insight
into the connection between topology and physics. This elegant topological
description is given in terms of differential geometry, which perfectly mirrors
the underlying physical situation.

Before going into this formalism in more detail, let us briefly describe
the original description of an Abelian monopole which is due to Wu and
Yang. The basic observation is that the direction of the monopole string is
defined up to a gauge transformation. Then a singularity-free description can
be constructed, if we give up the traditional parametrization of the space R

3

surrounding the monopole, by a single set of coordinates. Instead let us divide
R

3/{0} into two slightly overlapping hemispheres, say the north hemisphere
RN and the south one RS . The intersection, i.e., the “equator”, is a region
RN ∩ RS and the entire space surrounding the monopole now consists of
two parts, each being parameterized by a separate set of coordinates (see

1 However there is obviously a physical singularity at the origin {0}, where the
monopole is placed. In the following, we shall suppose this point to be removed,
that is, we consider the space R

3 as removing just one point: R
3/{0}.
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R

y

z

ε

x

RS

N

Fig. 3.1. Definition of two hemispheres RN and RS over the space R
3/{0}

Fig. 3.1). Then, we can write two potentials AN and AS (cf. (1.54)), which
are singularity-free everywhere in the domains of their definition:⎧⎪⎨⎪⎩

AN = g
1 − cos θ
r sin θ

êϕ =⇒ 0 ≤ θ < π
2 + ε

2 : RN

AS = −g 1 + cos θ
r sin θ

êϕ =⇒ π
2 − ε

2 < θ ≤ π : RS

(3.1)

In the intersection region RN ∩RS , both potentials are well-defined and there
is a gauge transformation (1.54) connecting them:

AS → AS − i

e
e−2iegϕ∇e2iegϕ (3.2)

= −g
r

1 + cos θ
sin θ

êϕ +
2g
r sin θ

êϕ =
g

r

1 − cos θ
sin θ

êϕ ≡ AN .

In particular, this definition provides us with one more elegant derivation
of the Dirac charge quantization condition. Let us consider a closed path l
lying entirely in the overlap region. If a charged particle passes along this loop,
then according to the charge-monopole interaction term in the Lagrangian
(1.38), the corresponding wave function picks up a phase factor

e

T∫
0

dt ṙ · A(r) = e
∮
l

dr · A(r) . (3.3)
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This is actually a piece of the action of a particle in a monopole field that
describes the interaction, and under the vector A here we can understand
either form of the potential: AN or AS of (3.1).

However, it appears the effect of the interaction is different for these
Potentials, since within the domains of their definition they are regular, and
we can apply Stokes theorem to write

e

∮
l

dr · AN (r) = e
∫

RN

ds ·
[∇ × AN

]
= e

∫
RN

ds · B ,

e

∮
l

dr · AS(r) = −e
∫

RS

ds ·
[∇ × AS

]
= −e

∫
RS

ds · B , (3.4)

where the minus sign is due to the opposite orientations of the elements ds
of the surfaces. Thus, in the overlap region the action is defined up to a term

∆S = e
∫

RN∪RS

ds · B = e
∫
V

d3r ∇∇∇ · B = 4πeg , (3.5)

that must not affect a physical observable of any kind. Here we applied the
Gauss theorem to transform the integral over the surface s into a volume
integral and made use of Maxwell’s equation for the magnetic field generated
by the monopole.

Let us recall that in quantum theory, the Lagrangian can not to be invari-
ant under the gauge transformation in general, unlike the corresponding path
integral. In other words, a physical amplitude is defined by the exponent of
the action ∼ exp{iS}, which remains invariant if the change of the action is
a multiple of 2π, that is, we again come to the charge quantization condition
(2.6):

∆S = 4πeg = 2πn , eg =
n

2
, n ∈ Z .

We can come to the same conclusion if we note that the wave function
of a particle in a monopole field depends on the gauge. In the overlap region
RN ∩RS , both forms of the potential AN and AS are regular and therefore
the corresponding wave functions are connected there via the gauge transfor-
mation (1.54)

ψS = UψN = e2iegϕψN . (3.6)

Here, each of the wave functions ψN and ψS must be single-valued in the
hemispheres RN and RS , respectively. Let us again consider the closed path
l in the overlap region. Then the azimuthal angle ϕ increases from 0 to 2π
and we have2

ϕS(0) = ϕN (0) , ϕS(2π) = e4πiegϕN (2π) . (3.7)
2 We shall discuss adequate mathematical language of fiber-bundles and sections

below.
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Therefore, the wave functions are single-valued only if the phase factor is a
multiple of 2π. Again, we arrive at the Dirac charge quantization condition
(2.6).

3.2 Differential Geometry and Topology

In this section we would like to discuss briefly some of the mathematical
notions used in this book. We would like to point out from the very beginning
that we shall not provide mathematical rigor, preferring instead to present the
ideas in practical use. We refer the reader wanting more information about
the language and theorems of modern differential geometry, topology and
fiber bundles to the books [7,9,17,21,22,28], the review [207] and references
therein.

3.2.1 Notions of Topology

Manifolds

We begin our discussion by going back to the fundamental concept of a
manifold. Simply speaking, manifolds are generalizations of Euclidean spaces
and the basic property of a manifold is that locally (i.e., in the vicinity of a
point in the manifold) they look like a Euclidean space R

n. In the following we
shall discuss three kinds of manifold, having increasingly more sophisticated
mathematical structures: topological manifolds, differentiable manifolds and
complex manifolds.

The simplest is the topological manifold. This is a structure necessary to
define the notion of continuity. In fairly general terms, a topological manifold
is defined as a structure on a set of points X, which locally looks like a piece
of R

n. We can consider a collection U , finite or infinite, of open subsets {Ui}
of the set of points X. The collection of subsets defines a topology on X if the
subsets {Ui} are closed under finite intersections and arbitrary unions, and
if the empty set {0} and X itself are also included in U . Then X, or more
precisely the pair (X,U) is called a topological space.

This definition allows us to consider a continuous map of one topological
space onto another, φ : X → Y . The notion of continuity here means that
the function φ must be continuous. This means that we can define an inverse
map φ−1(Vj) of an open set Vj in the space Y and such an inverse map shall
be an open set in the space X. Obviously, for a standard Euclidean space R

n

this agrees with the usual ε− δ calculus.
The topological space X is a topological manifold if it can be covered

with the family of open sets {Ui}, such that for each subset we can find a
continuous map to Euclidean space φi : Ui → R

n with a continuous inverse
map φ−1

i . The pair (Ui, φi) is known as a chart on X, since the vector field
φi provides natural local coordinates for points of Ui. Note that two different
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Fig. 3.2. Charts and transition functions of the topological manifold X

maps φ1, φ2 can overlap in some region. The two charts are compatible if the
overlap maps φ1◦φ−1

2 and φ2◦φ−1
1 are continuous (see Fig. 3.2) and the set of

compatible charts {Ui, φi} covering the topological space X (i.e., X = ∪iUi)
is an atlas. The topological manifold X is compact if every collection of sets
Ui that covers X has a finite sub-cover.

Using the definition of topological space we can define a differentiable
manifold, which has a somewhat more refined structure. Here the notion of
differentiability appears. This additional structure is required since the map
f : X → R can be analyzed in terms of its coordinate representation in region
Ui, f ◦ φ−1

i : φi(Ui) → R. However, a function in a coordinate representation
can be differentiated using standard multi-variable calculus.

Now let us consider the overlap region Ui ∩ Uj , where we can use two
different coordinates in R

n and we have two different representations fi =
f ◦ φ−1

i and fj = f ◦ φ−1
j . Obviously, both coordinate representations should

be equivalent. More explicitly

fi = f ◦ φ−1
i = f ◦ φ−1

j ◦ (φj ◦ φ−1
i ) , (3.8)

where we introduce the composite mapping (φj ◦ φ−1
i ) : R

n → R
n, which is

called the transition function. Thus, the additional structure that appears in
comparison to the definition of a topological manifold, is the restriction on
the transition functions to be infinitely differentiable in the ordinary sense
(so-called C

∞-functions).
To complete this part of our discussion we note that we are speaking about

a complex manifold if we replace the real space R
n by a complex space C

n.
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Just as a differentiable manifold is connected with the notion of differentiable
functions, a complex manifold is connected with the notion of holomorphic
functions f : X → C. The argument is completely analogous to the reasoning
above, but the condition on the transition functions (φj ◦ φ−1

i ) now has to
satisfy the Cauchy–Riemann equations.

In a given path on any even-dimensional manifold we can introduce local
complex coordinates and the only restriction is that the transition functions
from one region to another, expressed in terms of local complex coordinates,
must be holomorphic maps. It should be stressed that the property of holo-
morphism is actually very restrictive, since the statement that a function
analytically depends on a set of complex variables is much stronger than the
statement that a function depends on a double set of real parameters. There-
fore, many of the properties of a complex manifold are closely connected with
the property of holomorphism.

Let us consider a few standard examples of manifolds and maps that
ultimately match the physical situation of a magnetic monopole. The most
simple example is a map of a one-sphere X = S1 onto a line Y = R

1 (see
Fig. 3.3).

Let us prove that a circle, which is a real differentiable manifold, is locally
Euclidean. Since S1 is a subspace of R

2 we can parametrize it by two coor-
dinates (x1, x2): S1 = {(x1, x2) ∈ R

2 : x2
1 +x2

2 = 1}. Let the point N = (0, 1)
be the north pole and the point S = (0,−1) be the south pole of S1. Now we
can introduce two open sets (coordinate patches) in R

2 by extraction from
the circle of either the north or south pole:

21(x , 

 x )21(x , 

 x )21(x , 

 x )

2

S1

N

S

S R1 xϕ

ϕ

x

N

1

Fig. 3.3. Stereographic projection S1 → R
1
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UN = R
2/{S} , US = R

2/{N} ,

and define two maps by

φN (x1, x2) : UN → R
1 , where φN (x1, x2) =

x1

1 − x2
,

and
φS(x1, x2) : US → R

1 , where φS(x1, x2) =
x1

1 + x2
.

Thus, we introduce a local Euclidean coordinate for a point (x1, x2). Actually
this is the well-known stereographic projection from a circle. Moreover, by
introducing a local coordinate y on the line R

1, we can write the inverse
continuous transformations

φ−1
N (y) : R

1 → UN , where φ−1
N (y) =

(
2y

1 + y2
,
1 − y2
1 + y2

)
, (3.9)

and

φ−1
S (y) : R

1 → US , where φ−1
S (y) =

(
2y

y2 + 1
,
y2 − 1
y2 + 1

)
. (3.10)

Note that now the patch intersection region is the whole circle except for two
points: UN ∩ US = S1/{N,S} and there we have φN (UN ∩ US) = φS(UN ∩
US) = R

1/{0}. The transition functions which map a local coordinate in one
patch to those of another patch are therefore simple

φS ◦ φ−1
N = φN ◦ φ−1

S =
1
y
. (3.11)

Furthermore, we referred to the circle S1 as a subspace of two-dimen-
sional real space R

2. The reason is that it can be promoted to the complex
plane C, if we introduce the operation of complex multiplication. Then S1 is
identified with the set of complex numbers U = eiα of modulus one, which
is closed under the complex multiplication U(α1)U(α2) = U(α1 + α2) and
inversion U−1(α) = U(−α). Thus, the complexification of the topological
space directly leads to the Abelian group of transformations. Let us note
that we can write a local complex coordinate as z = x + iy. Then, complex
multiplication yields

z1z2 = (x1x2 − y1y2, x1y2 + x2y1) , z−1 =
(

x

x2 + y2
,− y

x2 + y2

)
,

when we write a complex number as the pair z = (x, y).
A straightforward generalization of the first example is a map of the two-

sphere
S2 = {(x1, x2, x3) ∈ R

3, x2
1 + x2

2 + x2
3 = 1} ,
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Fig. 3.4. Stereographic projection S2 → R
2

onto a plane R
2 (see Fig. 3.4). Again, it is most convenient to introduce a

couple of two-dimensional patches by means of a stereographic projection
from the north N = (0, 0, 1) and south S = (0, 0,−1) poles, respectively. By
analogy with the S1 sphere considered above, we can write the maps

φN (x1, x2, x3) : UN → R
2 , where φN (x1, x2, x3) =

(
x1

1 − x3
,
x2

1 − x3

)
,

and

φS(x1, x2, x3) : US → R
2 , where φS(x1, x2, x3) =

(
x1

1 + x3
,
x2

1 + x3

)
,

which defines the local Euclidean coordinates in the patches. Thus, geomet-
rically, the map φN is the intersection with the horizontal x1, x2 plane of the
straight line joining the pointsN and (x1, x2, x3) (see Fig. 3.4), while the map
φS is the intersection of the line joining the pole S and the point (x1, x2, x3)
with the same plane. A simple calculation yields the inverse transformation
taking a point (y1, y2) from the plane R

2 onto the sphere S2

φ−1
N (y1, y2) =

(
2y1

1 + y21 + y22
,

2y2
1 + y21 + y22

,
1 − y21 − y22
1 + y21 + y22

)
=
(
z + z̄
1 + zz̄

, i
z̄ − z
1 + zz̄

,
1 − zz̄
1 + zz̄

)
, (3.12)

and

φ−1
S (y1, y2) =

(
2y1

1 + y21 + y22
,

2y2
1 + y21 + y22

,
y21 + y22 − 1
y21 + y22 + 1

)
=
(
z + z̄
1 + zz̄

, i
z̄ − z
1 + zz̄

,
zz̄ − 1
zz̄ + 1

)
, (3.13)
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where we define a local complex coordinate z = y1 + iy2, z̄ = y1 − iy2 in two
patches. Once again, this identifies a real two-dimensional space R

2 with the
complex plane C. The transition functions for any point z �= (0, 0) are

φS ◦ φ−1
N = φN ◦ φ−1

S =
(

y1
y21 + y22

,
y2

y21 + y22

)
=

1
z̄
,

and, like S1, the sphere S2 is equivalent to an extended complex manifold, a
plane with a point at infinity C

∗ = C ∪ {∞}. The difference is that there is
no natural way to introduce a group structure on the two-sphere.

Our last example is a real two-torus T 2 = S1 × S1, which is a Carte-
sian product of two circles. We can introduce two charts (U (1)

i , φ
(1)
i ) and

(U (2)
i , φ

(2)
i ) for each of these circles in exactly the same manner as before.

Then, the collection of sets that cover the torus is defined by the product of
the charts

(U (1)
i , φ

(1)
i ) × (U (2)

i , φ
(2)
i ) = (U (1)

i × U (2)
i , φ

(1)
i × φ(2)

i ) .

Moreover, since each of the circles S1 is a set of complex numbers of mod-
ulus one, which is closed under complex multiplication, we have a simple
parametrization of T 2

T 2 =
{
eiα1eiα2 = ei(α1+α2) : α1, α2 ∈ R

}
.

A remarkable property of the two-torus T 2 is that it can be described in
terms of an elliptic curve. Since in the following we shall use this language
to describe multimonopole configurations, let us consider this notion in some
detail. A complex (elliptic) curve of genus one is defined by the cubic equation

y2 = x3 + αx+ β , (3.14)

where α, β ∈ C. The coordinates x and y can be thought as a meromorphic
two-periodic function W (z) of the complex argument z and its derivative
dW/dZ, respectively. This allows us to set a correspondence between the
algebraic equation (3.14) and the differential equation(

dW

dz

)2

= 4W 3 − αW − β . (3.15)

A general solution of this equation can be written in terms of the Weierstrass
function [12], which is periodic on the torus obtained by the compactification
of the complex plane:

W (z) =
1
z2

+
∑
m,n

{
1

(z − 2mω1 − 2nω2)2
− 1

(2mω1 + 2nω2)2

}
.
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ω1
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ω2
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Fig. 3.5. Equivalence between the spaces C/Ω and a two-torus T 2

Here 2ω1, 2ω1 are two periods and we suppose that the parameters of the
differential equation α and β are functions of the semi-periods ω1 and ω2.
The asymptotic behavior of the Weierstrass function W (z) is ∼ z2.

The corresponding compactification of the complex plane on a torus can
be constructed by a quotient C/Ω of a complex plane by a lattice Ω(ω1, ω2) =
{nω1 + mω2|n,m ∈ Z}, as illustrated in Fig. 3.5. The lattice divides the
complex space C into parallelograms that share boundaries. The orbit of a
point z ∈ C is a map z → z + nω1 +mω2. Now we can identify the opposite
boundaries since they belong to the same orbit that provides a two-torus T 2.
Two points in the plane ω1, ω2 generate the entire lattice and are called a
basis of it. Note that the choice of a basis is not unique. It is defined up to a
transformation of the complex Möbius group SL(2,C)(

ω1

ω2

)
−→

(
ω′

1

ω′
2

)
=
(
d c
b a

)(
ω1

ω2

)
. (3.16)

Here a, b, c, d are complex parameters and we fix the determinant of the ma-
trix of transformation ad−bc equal to unity. Thus, the complex Möbius group
SL(2,C) is parametrized by six real parameters. Note that this complex finite
transformation generalizes the corresponding transformations of (2.145) with
three real parameters that arise in the context of the dual transformations
on the charge lattice.

The transformation (3.16) relates any torus generated by a lattice
Ω(ω1, ω2) to that of a torus generated by a fundamental lattice Ω(1, τ), where
τ is an element of the upper complex half-plane defined as
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τ =
ω2

ω1
, Im τ > 0 . (3.17)

Then the different choices of a basis for the lattice Ω are related by fractional
linear transformations and all such bases correspond to the same elliptic
curve:

τ −→ aτ + b
cτ + d

. (3.18)

Homeomorphism, Diffeomorphism and Biholomorphism

Let us consider two different manifolds X and Y . The practical question is
whether they are identical or different from each other. That is exactly the
main aim of topology: to classify spaces with certain properties. Actually, the
equivalence between the manifolds X and Y can be established by comparing
the structures we considered above. If X and Y are topological manifolds we
can identify them if they satisfy the same notion of continuity. In a more
formal way, we shall call them homeomorphic to each other if there is a one-
to-one map φ : X → Y having an inverse φ−1 : Y = X such that both φ
and φ−1 are continuous. Such a map is also called a bijection. We may un-
derstand the homeomorphism as a simple distortion of one topological space
into another. The important consequence of the equivalence between a map
and its inverse is the property of transitivity. Indeed, if X is homeomorphic
to Y and Y is homeomorphic to T , then the composition of these two maps
makes X homeomorphic to T . Thus we can divide all topological manifolds
into equivalence classes.

If we consider X and Y to be differentiable manifolds, in order to be iden-
tical they must not only be homeomorphic, but the map φ and its inverse
φ−1 must be continuously differentiable. If such a map exists, then X and
Y are called diffeomorphic and φ is a diffeomorphism. In the same way, we
can establish an equivalence between two complex manifolds. If there is a
holomorphic map φ : X → Y and its inverse φ−1 : Y → X is also a holo-
morphic map, we can say that these two complex manifolds are isomorphic.
Such a map is called biholomorphism. Actually, the structure of the complex
manifolds can be rather complicated, since there are some homeomorphic but
not diffeomorphic manifolds. Moreover, there are also complex manifolds X
and Y that are diffeomorphic but not biholomorphic, that is they are equiv-
alent as differentiable manifolds but not equivalent as complex manifolds. A
famous example of such manifolds are two tori T 2 generated by the lattices

Ω(ω1, ω2) = ((1, 0), (0, 1)) , Ω′(ω′
1, ω

′
2) = ((1, 0), (0, 2)) .

Now we can introduce local coordinates (α1, α2) and (α′1, α
′
2) on X =

T 2(α1, α2) and Y = T 2(α′1, α
′
2). Obviously, as differentiable manifolds these

tori are equivalent, since there is a diffeomorphism

φ : X → Y, (α′1, α
′
2) = φ(α1, α2) = (α1, 2α2) .
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However, we can parameterize these tori by local complex coordinates z =
α1 + iα2 and w = α′1 + iα′2, respectively. Then the map

w = φ(z, z̄) =
3z
2

− z̄
2

is not a holomorphic function of z. Two tori would have the same complex
structure if the value of the parameter τ = ω2/ω1 were the same for both X
and Y .

Homotopy and Homotopy Groups

The notion of homeomorphism allows us to separate the topological spaces
according to equivalence classes and it is now necessary to understand how
to characterize any particular equivalence class. We can thus decide whether
two topological manifolds are the same or different.

Now we can consider a “one-way” map φ1(x) : X → Y , which has no
inverse. If there is another map φ2(x) : X → Y and the function φ1(x) can
be continuously deformed into φ2(x), the map φ1(x) is considered homotopic
to φ2(x). More precisely3 φ1(x) ∼ φ2(x) if there is a continuous family of
functions f(x, t) parameterized over the product space X × [0, 1]:

f : X × [0, 1] → Y ,

where f(x, 0) = φ1(x) and f(x, 1) = φ2(x). Thus, when a parameter t ∈ [0, 1]
varies from 0 to 1, the map φ1(x) is deformed into φ2(x). The family of
functions f(x, t) is called a homotopy. Obviously, the homotopy is an equiva-
lence relation and it divides the space of continuous maps from X to Y into
equivalence classes.

The idea of classifying topological spaces is to compare spaces Y that
are different in the sense of homotopy with the same “reference space” X. A
standard choice is to set X = Sn, since the n-sphere has very simple topolog-
ical properties. Two topological spaces X and Y are said to be homotopically
equivalent, if there exist continuous maps f , g that satisfy

f : X → Y ; g : Y → X ,

and f ◦ g ∼ IY (an identity on the space Y ), and g ◦ f ∼ IX (an identity on
the space X). The advantage of this scheme is that the equivalence classes
reveal a group structure.

However, before we consider these structures, let us give an example of
homotopic spaces. From the point of view of topology, there is no difference
between the space R

n with the origin extracted, X = R
n/{0}, and the sphere

Y = Sn−1, that is R
n/{0} ∼ Sn−1 (see Fig. 3.6). Note that this homotopy

is very important for our considerations since the space of a theory with
an Abelian monopole is exactly R

3/{0} ∼ S2. To prove this homotopy, let
3 We shall use the standard symbol ∼ to denote homotopic maps.
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Fig. 3.6. Homotopic map R
3/{0} → S2

us construct two maps f : R
n/{0} → Sn−1 via x → x̂ = x/|x| and g :

Sn−1 → R
n/{0} via x → {x, |x| = 1}. Then there is a continuous map

F (x, t) : X × [0, 1] → X, where F (x, t) = (1 − t)x+ tx/|x| with F (x, 0) = x
and F (x, 1) = g ◦ f = x/|x|. Therefore, g ◦ f ∼ IX and f ◦ g ∼ IY , which
completes the proof of homotopy.

There is an important example of a homotopic map φ : S1 → S1 that
could clarify the criteria to characterize any particular equivalence class. Let
X be a unit circle in R

2. It can be parameterized by an angle θ ∈ [0, 2π],
where the points θ = 0 and θ = 2π are identified. Let us consider the map
φ : X → Y where Y = U(α) ∼ S1 is a set of unimodular complex numbers
U = eiα, that is, the group space of U(1). To classify such mappings of a
circle onto a circle, let us consider the continuous function

φ(θ) = exp{i(nθ + δ)} , φ(θ) : S1 → S1 , (3.19)

whereby a particular value of θ is mapped into eiα as ei(nθ+δ). This mapping
generates a homotopy class for different δ and fixed integer n. Indeed, the
map φ0(θ) = ei(nθ+δ0) is homotopic to φ1(θ) = ei(nθ+δ1), since there is a
continuous family of functions

F (θ, t) : X × [0, 1] → Y ,

where the homotopy is F (θ, t) = exp{i(nθ + (1 − t)δ0 + tδ1)} with F (θ, 0) =
φ0(θ) and F (θ, 1) = φ1(θ).

Clearly, the function φ(θ) maps a circle in the space R
2 onto the group

space of U(1). However, when θ varies from 0 to 2π, that is when we complete
one turn around the circle S1 in R

2, the circle in the group space is covered
n times. We refer to n as the winding number, which is a characteristic of the
homotopy class.

Indeed, for a given mapping φ(θ) : S1 → S1, the winding number can be
expressed as

n =
i

2π

2π∫
0

dθ φ
∂

∂θ
φ−1 . (3.20)
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We shall see that this integer exactly corresponds to the magnetic charge of
an Abelian monopole, which can be promoted to a topological charge.

The power of homotopy is that this notion reveals a group structure on
the topological spaces. Indeed, the notion of continuity can be used to define
classes of simply connected manifolds. These have to satisfy that: (i) any two
points of the given manifold can be connected by a continuous curve and (ii)
any closed curve (a loop) can be shrunk continuously to a point. If only the
first requirement is fulfilled, then the manifold is called linearly connected.
The circle S1 is an example of a linearly, but not simply connected manifold. If
a function f is single-valued in some region of a simply connected manifold, it
can be continued to the whole space along paths connecting the points of this
region with any other point. The condition for f to be single-valued requires
that for any two points x0 and x, continuations of f(x0) along any path
connecting these two points must give the same result, f(x). In particular,
the continuation along any closed curve going through x0 must lead to the
initial value f(x0). This is automatically true if any two paths connecting
x0 and x can be deformed into each other, i.e., all paths are topologically
equivalent (i.e., homotopic).

If we introduce a parameter t ∈ I = [0, 1] along the loop in a topological
manifold X, it can be formally defined as a continuous map γ(t) : I → X,
such that γ(0) = γ(1) = x0 ∈ X. The point x0 is called a base point of
the loop γ(t). Now we can call two loops α(t) and β(s) based at the same
point equivalent or homotopic if one loop may be continuously deformed into
the other, that is if there is a continuous map H(t, s) : [0, 1] × [0, 1] → X,
s, t ∈ [0, 1] such that H(0, s) = H(1, s) = x0, H(t, 1) = β(t),H(t, 0) = α(t).
The map H is called a homotopy between the loops α and β and we can
consider the equivalence class [α] of all loops homotopic to α.

It is important that we are also able to define multiplication of such
mappings. Indeed, a product of two loops can be defined as

α ◦ β =

{
α(2t) if 0 ≤ t ≤ 1/2
β(2t− 1) if 1/2 ≤ t ≤ 1

∼ γ(t) .

There is an inverse loop α−1(t) = α(1− t) (the loop in the opposite direction
to α) and the unit element I(t) = x0 (see Fig. 3.7).

Note that the product of a loop with its inverse is not the identity and
therefore loops themselves do not admit a group structure. However, the
complete set of group axioms are satisfied by the equivalence classes of loops
[α], since the product of a loop and its inverse is a loop that can be shrunk
continuously to the base point x0, that is α ◦α−1 ∼ I. Such a group is called
the first homotopy group π1(X) (also called the fundamental group) of the
topological manifold X.

The first homotopy group is called nontrivial if it consists of more than
one element. In this case, there are contours that cannot be continuously
shrunk to a point. Thus a non-simply connected space is precisely the space



3.2 Differential Geometry and Topology 81
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α β
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α-1 α-1
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~
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β

γ

α α

Fig. 3.7. Products of the loops α(t) ◦ β(t) and α ◦ α−1 ∼ I

with the nontrivial first homotopy group. In the case of the mapping of a
circle S1 onto S1, we have (cf. (3.20))

π1(S1) = Z .

If we consider the mapping of a loop into the sphere S2, the fundamental
group π1(S2) is trivial because the sphere is simply connected and any loop
there can be continuously deformed to a point. This is also the case for the
n-sphere, π1(Sn) = 0 for n ≥ 2.

A straightforward generalization of 1-loops to the n-dimensional case pro-
vides the higher rank homotopy groups. We can define an n-loop in X as a
continuous map of a sphere Sn into a topological manifold X. The corre-
sponding homotopy group is πn(X).

3.2.2 Notions of Differential Geometry

So far we have discussed rather general topological properties of the manifolds
and not geometry. To refine our discussion and bring in geometry we have
to add an additional structure on the differentiable manifold, a geometric
structure. Such a manifold equipped with a geometric structure is called a
Riemannian manifold.

Let X be an n-dimensional differentiable manifold. To introduce a geo-
metric structure on X, we must consider a vector field V on it. Fairly
generally, such a vector field can be introduced as a map that establishes
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a correspondence between each point p on X and a vector v(p), namely
v : X → V ; p �→ v(p). Obviously this defines a tangent space Tp(X) that
yields closest linear approximation to X at the point p. More precisely, we
can define Tp(X) in a patch with local coordinates xi, if we introduce a ba-
sis of linearly independent partial derivative operators of translation in the
direction xi {

∂

∂x1

∣∣∣∣
p

, . . . ,
∂

∂xn

∣∣∣∣
p

}
. (3.21)

Thus, the tangent space has the same dimension as X. Then, the “velocity”
vector v ∈ Tp(X) is v = vi(∂/∂xi)|p and the space of all velocity vectors
forms the vector field V = Tp(X) on X.

The next step is to define a dual vector space V ∗ consisting of all real linear
maps on V . An element of this space ω is called a one-form. It is a linear map
ω : V → R

n, v(p) �→ ω(v) that sets an element of V into correspondence with
a real number. For example, the differential of a function df = (∂/∂xi)f(x)dxi

is such an element of V ∗ = T ∗
p (X). Therefore, a convenient basis for V ∗ is

dual to (3.21): {
dx1

∣∣∣∣
p

, . . . , dxn

∣∣∣∣
p

}
, (3.22)

where the space dual to Tp(X) is defined as T ∗
p (X). The inner product defines

a duality between the spaces:(
dxi,

∂

∂xj

)
= δij .

In such a basis an element of the space T ∗
p (X), a one-form ω, can be written

as
ω = ωidx

i ∈ T ∗
p (X) . (3.23)

The components ωi are dual to the components of the vector v in Tp(X) and
the action of a one-form on a vector is defined via the inner product:

(ω, v) =
(
ωidx

i, vj ∂

∂xj

)
= ωiv

i . (3.24)

We shall see that the underlying geometry of monopoles requires us to
consider a complex differentiable manifold rather than a real one. Thus we
briefly describe the extension of the formalism to complex manifolds.

Obviously, a complex manifold has an underlying real analytic structure.
Thus, if X has a complex dimension d = n/2, the r-form on X can be defined
in exact analogy with the real case. The complexified tangent space Tp(XC)
is defined as a space of complex vectors v = vi(∂/∂xi)

∣∣
p
∈ Tp(XC), where

the components vi are now complex numbers. In analogy with the expression
(3.21), we can introduce a basis in the tangent space. However, it is convenient
to rearrange the basis vectors on Tp(XC) to be linear combinations
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1
2

[
∂

∂x1

∣∣∣∣
p

+ i
∂

∂xd+1

]
, . . . ,

1
2

[
∂

∂xd

∣∣∣∣
p

+ i
∂

∂x2d

]
,

1
2

[
∂

∂x1

∣∣∣∣
p

− i ∂

∂xd+1

]
, . . . ,

1
2

[
∂

∂xd

∣∣∣∣
p

− i ∂
∂x2d

]}
, (3.25)

or, in terms of complex coordinates zk = xk + ixd+k, z̄ = xk − ixd+k, k =
1, 2, . . . , d, the basis on Tp(XC) is{

∂

∂z1

∣∣∣∣
p

, . . . ,
∂

∂zd

∣∣∣∣
p

,
∂

∂z̄1

∣∣∣∣
p

, . . . ,
∂

∂z̄n

∣∣∣∣
p

}
. (3.26)

A standard convention is to label the tensor indices, which correspond to
the conjugated coordinates z̄, as “bar”-indices, e.g., ī. Then a complex vec-
tor, which is tangent to the complex manifold XC at the point P can be
decomposed as

v = vi ∂

∂zi

∣∣∣∣
p

+ vī ∂

∂z̄i

∣∣∣∣
p

,

that is v = (vi, vī).
We may also decompose the holomorphic and anti-holomorphic directions

in the complex tangent space

Tp(XC) = Tp(X(1,0)) + Tp(X(0,1)) ,

where the holomorphic part Tp(X(1,0)) and the anti-holomorphic part
Tp(X(0,1)) have the bases{

∂

∂z1

∣∣∣∣
p

, . . . ,
∂

∂zd

∣∣∣∣
p

}
, and

{
∂

∂z̄1

∣∣∣∣
p

, . . . ,
∂

∂z̄d

∣∣∣∣
p

}
,

respectively. Both holomorphic and antiholomorphic tangent spaces have the
complex dimension d.

Again, we can define the space T ∗
p (XC) dual to Tp(XC) with the basis{

dz1
∣∣∣∣
p

, . . . , dzd

∣∣∣∣
p

dz̄1
∣∣∣∣
p

, . . . , dz̄d

∣∣∣∣
p

}
, (3.27)

where dzk = dxk + idxd+k, dz̄ = dxk − idxd+k, k = 1, 2, . . . , d. This space
can also be decomposed into holomorphic and anti-holomorphic subspaces.

Note that the consideration of the tangent space Tp(X) allows us to define
a new type of manifold that is more general than the notion of the complex
manifold. This is a so-called almost complex manifold, which is related with
a complex structure not on the manifold X itself, but on the tangent space
Tp(X). If at each point p of a differentiable manifold, a complex structure is
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defined in the space Tp(X), the manifold has an almost complex structure and
is itself called an almost complex manifold. One may define an almost complex
structure as an isomorphism of the tangent space I : Tp(X) → Tp(X), such
that a second-rank tensor Iij(x) with real components satisfies the relation

IijI
jk = −δki .

If the torsion on the space XC is vanishing, that is I is covariantly constant,
the tensor I is called a complex structure and XC is reduced to be a complex
manifold with holomorphic transition functions in all charts.

Furthermore, one may define an almost quaternionic structure on a mani-
fold as a set of three linearly independent almost complex structures I(n),
n = 1, 2, 3 that are covariantly constant and satisfy the quaternionic algebra

I(m)I(n) = −δmn + εmnkI(k) .

The manifold equipped with an almost quaternionic structure is called a
quaternionic manifold. We shall see that the geometry of monopoles is closely
related with properties of this space.

Differential Forms

The advantage of differential forms is that their notation is independent of
the particular choice of coordinate system. This provides a very clear and
simple description of the geometrical structure of the manifold.

We can generalize the notion of differential forms introduced above. A
one-form is a real-valued linear map acting on Tp(X). Now we can define an
r-tensor, which is a real-valued multi-linear map on the space Tp(X)⊗ · · · ⊗
Tp(X) (with r factors of Tp(X)). Furthermore, a tensor of type (r, q) can
be defined as a real multi-linear map acting on the product space Tp(X) ⊗
· · · ⊗ Tp(X) ⊗ T ∗

p (X) ⊗ · · · ⊗ T ∗
p (X), where there are r factors of Tp(X) and

q factors of T ∗
p (X).

We saw that the dxi form a basis for the one-form on X. Analogously, a
basis for a two-form can be constructed as a bilinear map

dxi ⊗ dxj : Tp(X) ⊗ Tp(X) → R
2 ,

according to

dxi ⊗ dxj

(
∂

∂xk
,
∂

∂xl

)
= δikδ

j
l .

Let us now introduce the antisymmetric wedge product

dxi ∧ dxj =
(
dxi ⊗ dxj − dxj ⊗ dxi

)
. (3.28)

By definition, we have dxi ∧ dxj = −dxj ∧ dxi and dxi ∧ dxi = 0. It is
easy to show that the wedge products dxi ∧ dxj , i < j are linearly indepen-
dent and therefore form a basis. The generalization to higher wedge products
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being totally antisymmetric tensor products yields differential forms on an
n-dimensional manifold X

0 − form ω = ω(x) ,
1 − form ω = ωi(x)dxi ,

2 − form ω =
1
2!
ωij(x)dxi ∧ dxj ,

. . . . . .

r−form ω =
1
r!
ωi1...ir

(x)dxi1 ∧ dxi2 ∧ . . . dxir . (3.29)

The wedge product vanishes if the rank r of the totally antisymmetric tensor
ωi1...ir

(x) exceeds the dimension n of the manifold X.
Now let us note that the set of all r-forms Λr(V ) on the n-dimensional

tangent space Tp(X) itself forms a vector space of dimension

dim Λr(V ) =
(
n

r

)
=

n!
r!(n− r)! .

There is a natural differential operation that transforms an r-form on X onto
an (r + 1)-form on X. This is the map

d : Λr(V ) → Λr+1(V ) ,

called exterior differentiation. Explicitly, in local coordinates this map is given
by

d : ω �→ dω =
1
r!
∂ωi1,...ir

∂xk
dxk ∧ dxi1 ∧ · · · ∧ dxir . (3.30)

We can see that because of the antisymmetry of the wedge product, this
operation is niltopent, that is d2ω = 0 for any ω. If there is an r-form ω such
that dω = 0, then this form is called closed. Now two possibilities arise: either
ω is exact, which means that it can be written as ω = dα for an (r− 1)-form
α, or ω has no such representation. The Poincaré lemma states that any
closed form can be locally expressed as an exact form. We shall see that this
statement is directly related to the monopole in R

3/{0}.
The vector spaces Λr(V ) and Λn−r(V ) obviously have the same dimen-

sion. There is an isomorphism between these spaces known as the Hodge star
operation ∗

Λr ∗−→ Λn−r . (3.31)

To write an explicit form for this operation, we must further develop our
discussion of the geometric structure of a differentiable manifold X. We can
define an operation that is inverse to the exterior derivative of an r-form ω.
It is the integration on a Riemannian manifold X. A nice property of the
differential forms is that they automatically give a measure of integration on
X. Let us consider an n-form
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Ω = dx1 ∧ dx2 ∧ · · · ∧ dxn .

Then a volume integral over a function f(x1, . . . xn) of local coordinates in a
coordinate patch Ui becomes:∫

Ui

f Ω =
∫
Ri

f(x1, . . . xn) dx1dx2, . . . , dxn , (3.32)

that is, the n-form Ω is a volume element of the n-dimensional space. Such
an integral can be computed for any particular patch, and for an open set of
patches covering X we can define a volume integral over the whole manifold.

In addition to the two-form, which is defined as an antisymmetric bilinear
map, we can consider a symmetric positive bilinear map

g : Tp(X) ⊗ Tp(X) → R
2 , (3.33)

which is called a metric on the real differentiable manifold X. In local coor-
dinates it can be written as g = gijdxi ⊗ dxj , where gij = gji. This allows us
to use the notion of distance on X by measuring lengths of tangent vectors
at the point p(x) in the usual way: ds2 = gijdxidxj , where ds is the distance
between the points x and x+dx. It is known that any Riemannian manifold is
a metric space with the positive definite metric tensor gij . For a given metric
on X we can calculate the Christoffel symbols

Γ i
jk =

gil
2

(
∂glk
∂xj

+
∂glj
∂xk

− ∂gjk

∂xl

)
,

which defines a unique connection one-form Γ i
k = Γ i

jkdx
j .

The notion of the metric on the manifold X allows us to define so-called
isometries. Let Tp(X) and T ′

p(X) be two tangent spaces on X with metrics
g and g′, respectively. The isometry I is a linear mapping I : Tp(X) →
T ′

p(X); p→ I(p) that does not change the metric. For example, let us consider
two flat Euclidean vector spaces R

4. The corresponding isometries are just
the transformations of the rotation group O(4). Isometries of the space with a
Minkovski metric are obviously transformations of the Lorentz group O(3, 1).

Furthermore, let us consider the parallel transport of a vector around a
contractible closed loop on an n-dimensional Riemannian manifold using the
Christoffel symbols. The transported vector is related to the original vector
by some SO(n) rotations. The matrices of this rotation form a group that is
referred to as the local holonomy group.

Now we can define the Hodge star operation ∗ of (3.31), which maps an
r-form ω on an n-dimensional differentiable manifold with metric g onto an
(n− r)-form ∗ω:

ω �→ ∗ω =
1

r!(n− r)!εi1...in

√
|det g|gi1j1 . . . girjrωj1...jr

dxir+1 ∧ · · · ∧ dxin ,

(3.34)
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where εi1...in
is antisymmetric in all indices, with ε0123...n = +1. This op-

eration formally defines the symmetric inner product of two r-forms α, β ∈
Λr(V ) by

(α, β) =
∫
X

α ∧ ∗β ∈ R .

If the manifold X is Riemannian, then the operation d has an adjoint d†.
This is the map

d† : Λr(V ) → Λr−1(V ) , (3.35)

which is defined by d† : ω �→ d†ω = (−1)nr+n+1+s ∗ d ∗ ω, where s is the
signature of the metric. Then we can introduce the Laplacian

∆ = dd† + d†d = (d+ d†)2 . (3.36)

If this operator annihilates a form ω, ∆ω = 0, such a form is called harmonic.

In the following we shall use the Stokes theorem, which we give here with-
out proof. Let X be an n-dimensional compact manifold with a nonempty
boundary ∂X. Then for an (r − 1)-form ω, we have the identity∫

X

dω =
∫

∂X

ω . (3.37)

Finally, we can simply consider a map between two differentiable mani-
folds

φ : X → Y, x �→ φ(x) .

The function φ here also induces a map of the corresponding tangent spaces,
φ∗ : Tp(X) → Tφp(Y ). More precisely, if f(x) is a function on X with the
corresponding function f(φ(x)) on Y , then φ∗ acts on the vector v ∈ Tp(X)
as

(φ∗v)f = vf(φ(x)) .

This operation φ∗ has a counterpart φ∗ that maps forms from the dual
spaces T ∗

p (X) to T ∗
φp(Y ) when φ acts on the differentiable manifolds them-

selves. However, the forms are dual to vectors and therefore while φ∗ transfers
a vector from X to Y , the map φ∗ transforms a form from Y to X. More
precisely, if ω is a 1-form on T ∗

φp(Y ), then φ∗ω is a one-form on T ∗
p (X), which

can be defined from the equation

(φ∗ω, v) = (ω, φ∗v), v ∈ Tp(X) ,

where the inner product is defined according to (3.24). The map φ∗ω is called
the pullback.
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Complex Differential Geometry

A further generalization is to define differential forms on a complex manifold
XC of complex dimension n/2. Since we have already introduced a basis
(3.27) of the dual complex vector space T ∗

p (XC), a complex r-form ω can be
written as a linear combination of

dzi1 ∧ · · · ∧ dzip ∧ dz̄j̄1 ∧ · · · ∧ dz̄j̄q ,

where r = p+ q. Thus, ω can be written as

ω = ωr,0̄ + ωr−1,1̄ + · · · + ω0,r̄ ,

where each summand, ωp,q̄, is labeled by the number p of holomorphic dif-
ferentials and the number q of anti-holomorphic differentials it contains:

ωp,q̄ =
1
p!

1
q!

ip,j̄q∑
i1,j̄1

ωi1...ip j̄1...j̄q
dzi1 ∧ · · · ∧ dzip ∧ dz̄j̄1 ∧ · · · ∧ dz̄j̄q .

This defines the so-called (p, q)-form on T ∗
p (XC) at the point p on XC.

Then the differential operator d naturally decomposes into a sum of two
operators of exterior differentiation in the holomorphic and antiholomorphic
directions: d = ∂ + ∂̄, where

∂ : ωp,q̄ → ωp+1,q̄ , ∂̄ : ωp,q̄ → ωp,q̄+1 ,

and ∂∂̄ = −∂̄∂, ∂2 = ∂̄2 = 0.
Finally, we can define a metric on XC as a map

g : Tp(XC) ⊗ Tp(XC) → C . (3.38)

This metric includes holomorphic, anti-holomorphic and mixed components

gij = g
(
∂

∂zi
,
∂

∂zj

)
, gij̄ = g

(
∂

∂zi
,
∂

∂z̄j̄

)
, gı̄j̄ = g

(
∂

∂z̄ ı̄
,
∂

∂z̄j̄

)
,

such that gij = gji, gij̄ = gj̄i, gı̄j̄ = ḡij , ḡij̄ = gı̄j
There is a particular case of the metric on a complex manifold. If the

functions gij = gı̄j̄ = 0, the metric is called Hermitian:

g = gij̄dzi ⊗ dz̄j̄ + gı̄jdz̄ ı̄ ⊗ dzj .

For such a metric we can build a complex differential (1, 1)-form on T ∗
p (XC):

K = igij̄ dzi ∧ dz̄j̄ ,

and if this form is closed, that is
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dK = i(∂ + ∂̄)gij̄dzi ∧ dz̄j̄ = 0 ,

then the form K is called a Kähler form and the complex manifold XC itself
is called a Kähler manifold. The geometrical properties of such a manifold
turn out to be extremely simple, since the fact that dK = 0 implies that
locally we can write the Hermitian metric as a second derivative of some
scalar function F , the Kähler potential:

gij̄ =
∂2F
∂zi∂z̄j̄

. (3.39)

Indeed, the form of the metric on XC allows us to calculate the standard
Levi-Civita connection Γ i

jk in complex coordinates. Now, the condition that
the metric be of Kähler form leaves as the only non-vanishing components of
Γ i

jk only those indices that are all holomorphic or anti-holomorphic:

Γ i
km = gij̄ ∂gmj̄

∂zk
, Γ ı̄

k̄m̄ = gı̄j ∂gm̄j

∂z̄j̄
. (3.40)

However, the connection is responsible for parallel transport along a contour
on the complex manifold XC. The form of the Christoffel symbols (3.40)
implies that the decomposition of any tangent vector v onto the holomorphic
and antiholomorphic components remains the same after a parallel transport,
that is, the group of holonomy of a Kähler manifold with real dimension 2n
is reduced to the unitary group U(n).

Furthermore, we can consider the hyper-Kähler manifold equipped with
an almost quaternionic structure. This manifold possesses a Riemannian met-
ric that is Kählerian with respect to three almost complex structures on the
tangent space. It turns out that such a quaternionic manifold is directly re-
lated to the geometry of monopoles. We shall discuss these topics in Chap. 6.
For a hyper-Kähler manifold with real dimension 4n, the holonomy group of
the metric is reduced from SO(4n) to SP (2n) and any hyper-Kähler manifold
is Ricci-flat. Actually, a four-dimensional Euclidean hyper-Kähler manifold is
always characterized by the self-dual Riemann curvature. In turn, it is equiv-
alent to the conditions of the Ricci-flatness and the Kähler form of the metric
together. In other words, in Kähler geometry the Ricci-flatness means that
the metric determinant is a constant.

3.2.3 Maxwell Electrodynamics and Differential Forms

Recall that a familiar formulation of Maxwell electrodynamics in vacuum is
given in the component notation of the electromagnetic field strength tensor
and the 4-current jµ = (ρ, j):

∂µF
µν = jν , ∂µF̃

µν = 0 , (3.41)

where
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Fµν =

⎛⎜⎜⎝
0 E1 E2 E3

−E1 0 B3 −B2

−E2 −B3 0 B1

−E3 B2 −B1 0

⎞⎟⎟⎠ , F̃µν =

⎛⎜⎜⎝
0 B1 B2 B3

−B1 0 −E3 E2

−B2 E3 0 −E1

−B3 −E2 E1 0

⎞⎟⎟⎠ , (3.42)

and F̃µν = 1
2εµνρσF

ρσ, with the convention ε0123 = +1. Obviously, the tem-
poral and spatial components of these equations give precisely the familiar
Maxwell equations for the electric and magnetic fields E and B, respectively.

This beautiful formulation obviously reflects the relativistic covariance of
the theory and the underlying symmetries. However, from a modern point of
view, the most concise and adequate formulation of the gauge field theory,
a simplest example of which is Abelian electrodynamics, needs extensive use
of the language of differential geometry and topology. This is especially the
case of the magnetic monopole, which naturally arises in this picture.

Let us apply this rather abstract mathematical formalism to the Maxwell
electrodynamics. First, the theory is defined on the differentiable four-
dimensional Minkowski spaceM4, the space R

4 with the pseudo-Riemannian
metric gµν = diag (−1, 1, 1, 1), µ, ν = 0, 1, 2, 3.

We can introduce local coordinates {x0 = ct, x1, x2, x3} in a local patch
on M4. Then, a convenient basis of the dual tangent space T ∗

p (M4) is given
by one-forms of coordinates {dx0, dxi} and we can define a one-form A =
Aµ(x)dxµ = A0(x)dx0 + Ai(x)dxi. This is nothing but the potential of the
electromagnetic field. Indeed, let us consider a two-form F generated from A
by the action of the differential operator d as

F = dA =
1
2
Fµνdx

µ ∧ dxν . (3.43)

In components we find then the standard expression for the electromag-
netic field strength tensor via the vector-potential Fµν = ∂µAν −∂νAµ. Now,
note that the form F is closed, dF = d2A = 0. This is precisely the homoge-
neous Maxwell equation in terms of differential forms. Indeed, the basis for
a two-form F is given by {dxµ ∧ dxν} ≡ {dx0 ∧ dxi, dxi ∧ dxj} and we can
decompose it as4

F = E ∧ dx0 +B = Eidx
i ∧ dx0 +

1
2
Bijdx

i ∧ dxj , (3.44)

where we separated the one-form E and the two-form B. This relation can be
rewritten in a more symmetrical form as we note that the Hodge ∗-operation
provides the relations for a dual basis of a three-form ∗A = Aµ ∗ dxµ =
Ãµνρdx

µdxνdxρ dual to A:

∗dx0 = −dx1 ∧ dx2 ∧ dx3 , ∗dx1 = −dx0 ∧ dx2 ∧ dx3 ,

4 In this subsection, Greek indices label components of Minkowski space, whereas
Latin indices label three-space.
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∗dx2 = dx0 ∧ dx1 ∧ dx3 , ∗dx3 = −dx0 ∧ dx1 ∧ dx2 , (3.45)

and for the two-form ∗F = 1
2Fµν ∗ dxµ ∧ dxν = 1

2 F̃µνdx
µ ∧ dxν :

∗dx0 ∧ dxi = −1
2
εijkdx

j ∧ dxk , ∗dxi ∧ dxj = εijkdx
0 ∧ dxk , (3.46)

dual to F . Then we can write

F = Eidx
i∧dx0+

1
2
εijkB

jk ∗dxi∧dx0 = Eidx
i∧dx0+Bi∗dxi∧dx0 , (3.47)

where we define the vector Bi = 1
2εijkB

jk. Clearly, this decomposition corre-
sponds to the electric and magnetic components of the field strength tensor
(3.43).

Using the relations (3.46), we see that the Hodge ∗-operation acts on the
form (3.47) as5

∗F =
1
2
Fµν ∗ dxµ ∧ dxν = Ei ∗ dxi ∧ dx0 −Bidx

i ∧ dx0

= Bidx
0 ∧ dxi +

1
2
Eiεijkdx

j ∧ dxk . (3.48)

This corresponds to the transformation of duality of (1.81):

Ei → Ẽi = −Bi , Bi → B̃i = Ei , (3.49)

and clarifies the geometrical meaning of electromagnetic duality as the Hodge
∗-operation: F → ∗F .

Now, let us note that the exterior derivative acts on the components of
the two-form F defined by (3.44) as

dB =
1
2
∂Bjk

∂xi
dxi ∧ dxj ∧ dxk +

1
2
∂Bjk

∂x0
dx0 ∧ dxj ∧ dxk

=
1
2
εijk ∂Bjk

∂xi
dx1 ∧ dx2 ∧ dx3 +

1
2
∂Bjk

∂x0
dx0 ∧ dxj ∧ dxk

=
∂Bi

∂xi
dx1 ∧ dx2 ∧ dx3 +

1
2
∂Bjk

∂x0
dx0 ∧ dxj ∧ dxk , (3.50)

dE ∧ dx0 =
1
2

(
∂Ei

∂xj
− ∂Ej

∂xi

)
dx0 ∧ dxj ∧ dxi ,

and therefore

dF =
1
2

(∂kEi − ∂iEk − εjik∂0Bj) dx0 ∧ dxi ∧ dxk + ∂iBi dx
1 ∧ dx2 ∧ dx3 ,

(3.51)
and
5 Recall that in Minkowski space ∗ ∗ dxi ∧ dxj = −dxi ∧ dxj .
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d ∗ F =
1
2

(∂iBk − ∂kBi − εjik∂0Ej) dx0 ∧ dxi ∧ dxk − ∂iEi dx
1 ∧ dx2 ∧ dx3 .

(3.52)
Further, we consider the relativistic current three-form, which is defined as

J =
1
3!
Jµνλdx

µ ∧ dxν ∧ dxλ = ρ− j ∧ dx0 , (3.53)

where ρ = 1
3!ρijk dx

i ∧ dxj ∧ dxk and j = 1
2jijdx

i ∧ dxj are the three-form of
charge density and the two-form of current, respectively. We can see that the
standard four-vector of current corresponds to the components of the dual
one-form j = ∗J = j0dx

0 + jkdxk. Thus, the system of Maxwell equations
can be written compactly as

dF = 0 , d ∗ F = J , (3.54)

or, using the definition of the adjoint derivative d† of (3.35)

dF = 0 , d†F = ∗d ∗ F = ∗J = j .

Obviously, current conservation emerges if we apply the d† operation to the
second Maxwell equation: d†d†F = 0 = d†j, and then

d†j = ∗d ∗ jµdxµ = ∂αj
α ∗ 1

4!
εµνρλdx

µ ∧ dxν ∧ dxρ ∧ dxλ = 0 . (3.55)

Also, the Lagrangian of the Abelian electrodynamics can be written in
an extremely compact way in this notation. Geometrically it is a four-form
on M4 constructed from the forms A, F and J and all other forms that can
be obtained from them by the operations ∗, d and d†. The simplest possible
combination is

L = dA ∧ ∗dA−A ∧ J =
1
2
F ∧ ∗F +A ∧ ∗j .

It can be also supplemented by a topological term F ∧F = d(A∧ dA), which
is an exact form. The variation of this function with respect to A yields:

∂L

∂A
= −J , ∂L

∂dA
= ∗dA ,

and the Euler–Lagrange equation becomes d ∗ dA− J = 0, or just d ∗ F = J
as above. However, the other Maxwell equation, which would connect the
field form F with a monopole current, does not follow from the variation
approach. It is a direct consequence of the Poincaré lemma for a closed form
F = dA.

Obviously, the one-form A is not unique and we have a freedom of U(1)
gauge Transformations, which act as A → A + dλ and leaves the two-form
F = dA unchanged. The gauge function λ may be taken, for example, to set
the Lorentz gauge
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Fig. 3.8. Construction of the fiber bundle M

d†A′ = d†(A+ dλ) = d†A+ (d†d+ dd†)λ = d†A+∆λ = 0 ,

since the 0-form λ satisfies d†λ = 0. The gauge function can then be found
as a solution of the Poisson equation ∆λ = −d†A. Finally, the invariance of
the action with respect to the gauge transformation is obviously related to
the conservation of the current j, since L[A+dλ]−L[A] = dλ∧∗j = −λd∗ j.

Before we address the question of how a monopole could be incorporated
into this picture, we need to clarify one very important point. Much of the
discussion above has no direct connection with the gauge invariance of the
theory. To incorporate it into the geometrical discussion above, we must ex-
tend our discussion of manifolds and construct so-called fiber bundles onM4.

3.3 Wu–Yang Monopole and the Fiber-Bundle Topology

It is very remarkable that the highly formal and abstract language of dif-
ferential geometry and fiber bundles is perfectly tailor-made to describe the
underlying topology of monopoles. More surprising may be the fact that the
fundamental paper by H. Hopf [278], where the corresponding purely mathe-
matical construction was introduced, was published exactly in the same year
as the celebrated work by Dirac [200]. However, the beautiful relationships
between these two classical works were only discovered more than 40 years
later, in the mid-1970s. The obvious reason for that is that the language and
notions of topology were not familiar to physicists at that time. The ideas
and methods of topological calculus invaded physics first in the seventies and
subsequently became commonly used.

3.3.1 Fiber Bundles

When we discussed simple examples of topological manifolds above, we briefly
mentioned the possibility of constructing a topological manifold as a global
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product of two other spaces. The two-torus T 2 = S1 × S1 is such a product
space. Roughly speaking, we can define a fiber bundle as a space M that
locally, but not globally, is a product of two spaces X and F .

To make the notion of this structure more precise, we shall introduce some
basic definitions (see, e.g., [17, 207]).

Let M be a topological manifold. The idea of the fiber bundle is to divide
M into sets of subspaces, the fibers, each of which is homeomorphic to F .
Then we require that there exists a map π : M → X, where X is called the
base space. Thus all the points of a fiber F are set into correspondence to a
single point x ∈ X and such a fiber F is homeomorphic to the inverse image
π−1(x). This map is sometimes called the projection (see Fig. 3.8).

The notion of a fiber bundle arises when at each point of a given manifold
X, we somehow define another manifold, a fiber F . One example is the linear
tangent space F = Tp(X) of the differentiable manifold we considered above.
Such a bundle is called the tangent bundle. The fiber at the point p is a vector
space of dimension n and M is called a vector bundle.

Note that, in general, it is not enough to define the base space X and the
fiber F to describe the fiber bundle M. Let us give the standard example of
the Möbius strip versus a cylinder (see Fig. 3.9). There are two different fiber
bundles on X = S1 with the same fiber, a line segment F = [0, 1]. Clearly
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the local structure of both spaces is identical, while the global topology is
different.

In order to consider the global properties of M, we must cover the base
space X with a collection of subsets {Ui}. Then there is a homeomorphism
φi : π−1(Ui) → Ui × F , such that (π ◦ φ−1)(x, f) = x with x ∈ Ui, f ∈ F .
Thus, in each given chart (Ui, φi) a fiber bundle M over X can be represented
as a product Ui × F .

Furthermore, such a structure, even though it is local, can provide infor-
mation about the global topological properties of the space M. The point is
that to make our description complete, we must define the transition func-
tions from one chart (Ui, φi) to another chart (Uj , φj). The structure group
G of homeomorphisms of the fiber F arises when we consider such a tran-
sition from one local patch to another. Indeed, let us consider a continuous
homeomorphic map in the overlap region Ui ∩ Uj

gij ≡ φi ◦ φ−1
j : (Ui ∩ Uj) × F → (Ui ∩ Uj) × F . (3.56)

The transition function gij = φi ◦ φ−1
j is a homeomorphism of the fiber F .

It gives information as to how the fibers are glued together in the overlap
region6. Then the set of all these homeomorphisms {gij} for all charts on X
form the structure group G of the fiber bundle M.

A simple and instructive example is again the Möbius strip. Let us recon-
struct the whole fiber bundle using all ingredients at our disposal. The base
space, the circle S1, can be parameterized by an azimuthal angle θ. Now we
can cover the base by two subsets Ui and Uj , as shown in Fig. 3.10:

Ui = {θ : − ε < θ < π + ε} , Uj = {θ : π − ε < θ < 2π + ε} , (3.57)

and take the fiber F to be a line segment in R
1 parameterized by a local

coordinate t ∈ [−1, 1]. Then the fiber bundle consists of two patches Ui × F
and Uj × F with coordinates (θ, ti) and (θ, tj), respectively. The transition
functions are defined in two overlap regions Ui ∩Rj = IR ∪ IL, IR ∈ [−ε, ε],
IL ∈ [π − ε, π + ε] (see Fig. 3.10), and there connect the local coordinate in
the fibers: ti = gijtj . The structure group G = Z2 = {1,−1} consists of two
elements and we can choose

ti = gijtj , gij = 1 if θ ∈ IR ,
ti = gijtj , gij = −1 if θ ∈ IL , (3.58)

6 When we compare the definition of a fiber bundle M with the definition of a
differentiable manifold above, we can see the similarities between these notions.
Indeed, the transition functions gij and the maps (3.8) that we used to change the
coordinates on the manifold are defined in the same way. Furthermore, as a real
differentiable manifold is locally isomorphic to R

n, the fiber bundle M is locally
a direct product of two spaces X×F . There is no miracle since the differentiable
manifold is a base space for the tangent bundle Tp with the structure group
GL(n, R).
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to get the twist for the Möbius strip. If we choose gij = 1 in both overlap
regions, the structure group is trivial, G = {1}, and we have a trivial bundle,
the cylinder S1 × F .

Thus, the local topology in each chart is trivial, but the global topology
hidden behind the transition functions might be quite different due to the
twists of the neighboring fibers. If all the transition functions are trivial,
{gij} = 1 for all charts, we come back to the direct product of two spaces
defined globally: M = X × F . Such a bundle is called trivial.

An important property of the transition functions is that they are defined
up to some unitary transformation. Indeed, let us consider two bundles M
and M′ with the same base X, fiber F (but different maps), and structure
group G. Let the charts (Ui, φi), (Ui, ψi) define the coordinates in M and M′,
respectively. We require that the homeomorphism hi ≡ φi◦ψ−1

i , hi : Ui×F →
Ui × F belongs to the structure group G. Then the transition functions gij
and g′ij are related by

g′ij = ψi ◦ ψ−1
j = h−1

i ◦ gij ◦ hj . (3.59)

Since we require hi ∈ G, the two fiber bundles M and M′ are topologically
equivalent. Thus we have to deal not with a single Bundle, but with an
equivalence class of bundles. The example of the cylinder and the Möbius
strip discussed above gives two different equivalence classes. The former are
bundles twisted an even number of times and the latter are bundles twisted
an odd number of times.

An important consequence of the definition (3.59) is that we can define
under which condition a fiber bundle M is trivial. If a transition function
can be “split” as a product
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gij = hi ◦ h−1
j , (3.60)

then, according to (3.59), we have g′ij = 1 and such a bundle is trivial.

3.3.2 Principal Bundle and Connection

Let us introduce some more definitions necessary to establish a correspon-
dence with our further physical discussion. The projection π can be supple-
mented by a dual operation, namely the section of a bundle M. This is a
map of an element of the base X to M:

s : Ui → π−1(Ui), where π ◦ s(x) = x, x ∈ X . (3.61)

In the following, we shall restrict our consideration to the so-called prin-
cipal bundles. We can construct such a bundle by choosing the fiber to be
identical to the structure group: F = G. The reason is that a gauge theory
has a natural structure of the principal bundle with the gauge group as a
fiber. In the following we shall consider only principal bundles.

As we saw above, the transition functions are elements of a bundle con-
taining information about the global topology. However, knowledge of the
topology is not enough to provide a complete description of a topological
space M and we must define an additional characteristic to define its “shape”.

Actually, when we discussed the geometrical properties of a differentiable
manifold, which is a particular case of the fiber bundle construction, we al-
ready introduced such a differential structure, the metric and the associated
Levi-Civita connection Γ i

jk. This is the structure that arises when we consider
the parallel transport of a vector of the tangent space and, roughly speaking,
it tells us about the geometry of a manifold.

This construction can be generalized for an arbitrary non-trivial bundle
M, when the base is no longer locally homeomorphic to Euclidean space.
Moreover, we can define a connection associated with the general notion of
parallel transport without any reference to a metric. Generally, it contains
information as to how a path in the base space maps onto the corresponding
collection of fibers. Such a structure can be introduced if we consider a path
between two different points x and x′ in the base space X. They can be
“lifted” up to the points p and p′ in the bundle M and then we can compare
two tangent spaces Tp(M) and Tp′(M). Since locally the bundle has the
structure of a direct product Ui × F , where Ui is a subset in the base X,
a tangent vector v ∈ Tp(M) can be decomposed into two components: one
along the fiber (“vertical” direction) and one along the base (“horizontal”
direction), respectively.

Now we note that the vertical component of a vector v points along a
single fiber and this direction is fixed by the action of the structure group G.
The horizontal direction is certainly not unique and there are many ways to
choose it. However, the transport in the horizontal direction is exactly what
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we need, since it maps a path in M from a point p to another point p′ onto
a path from one fiber to another.

The connection is defined as an assignment to each point of the fiber
p ∈ M, a horizontal subspaceHp(M) of the tangent space Tp(M) = Vp(M)+
Hp(M). Since the structure group G is responsible for transport along the
fiber via the right multiplication

p �→ p′ = pg, g ∈ G ,

the horizontal subspaces Hp(M) and Hpg(M) on the same fiber are linked
together by a differential map.

From the point of view of physics, the subjects of primary interest are
principal bundles with a Lie group G as a fiber. If the field takes values in
some Lie algebra g of G, then the connection can be introduced as a one-form
ω on M also taking values in g. This gives rise to the gauge potential as it is
known in physics.

Let us take a patch Ui of the n-dimensional base space parameterized
by local coordinates xµ and consider there a Lie algebra-valued one-form
A = Aa

µT
adxµ, where T a are the generators of a Lie group satisfying the

algebra [T a, T b] = fabcT
c. The local section on Ui is si : Ui → π−1(Ui).

Given s there is a map s∗, which pulls the form on the bundle back to a form
on Ui. Then the pullback s∗ω of the connection ω down to the base is exactly
the form A.

Indeed, we can define a canonical 1-form ω0 = g−1dg on the group G,
which is an isomorphism between each point of the vertical tangent space
Vp(M) and the Lie algebra g. Here the operation d is the exterior derivative
on the bundle and g ∈ G is a local coordinate in the bundle.

Then the connection is defined as a horizontal projection π : Tp(M) →
Hp(M) mapped onto a Lie algebra: ω0 : Hp(M) → g. Thus, the superposition
of ω0 ◦ π is a one-form

ω = ω0 + g−1π∗Ag = g−1dg + g−1π∗Ag , (3.62)

and we can check that ω formally satisfies the definition of the connection
above, and the pullback within a local section s (cf. (3.61)) yields s∗ω = A.

Note that the connection ω is uniquely defined on the bundle, since the
decomposition of the tangent space Tp(M) onto vertical and horizontal sub-
spaces is unique. Therefore the potential A must satisfy some restrictions
when we pull back the connection down to different patches Ui and Uj :

g−1
i dgi + g−1

i π∗A(xi)gi = g−1
j dgj + g−1

j π∗A(xj)gj = ω .

In the overlap region Ui∩Uj the transition functions gij of (3.56), here denoted
Uij , connect the local coordinates according to gj = Ujigi and therefore the
gauge potential transforms when we change the fiber coordinates according
to
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Aj = U−1
ij AiUji + U−1

ij dUji . (3.63)

This relation is called the affine transformation of the form A. In the con-
text of gauge theory it is known as the gauge transformation of the vector-
potential Aµ.

The notion of curvature of a differentiable manifold can also be general-
ized when we consider a fiber. To do so we have to define the operation of
covariant exterior differentiation D of the connection one-form ω. We can do
it in a rather intuitive way by saying that such a derivative Dω must trans-
form under the action of the group G in the same way as the form ω itself.
For example, if ω is invariant with respect to a transformation of the group
G, ω′ = ω, then the covariant derivative must also be invariant: (Dω)′ = Dω.
Then we can identify the covariant derivative and the ordinary exterior deriv-
ative d above. If a one-form transforms as a vector, ω′ = gω, g ∈ G, then the
covariant derivative must transform as (Dω)′ = g(Dω) and we can write

Dω = dω +A ∧ ω , (3.64)

where the one-form A obeys the affine transformation law (3.63). In the same
way, covariant derivatives of quantities transforming as tensors with respect
to the group action could be constructed.

The exterior covariant derivative must produce a form of one degree higher
than ω and obey a certain group transformation property. If we consider a
vector-potential one-form A transforming according to (3.63), its covariant
derivative defined as in (3.64) transforms as

F ≡ DA = dA+A ∧A, (DA)′ = g−1(DA)g = g−1Fg . (3.65)

The curvature two-form Ω on the bundle M is defined as the covariant
derivative of the connection one-form: Ω = Dω. The pullback s∗Ω down to
a local patch Ui on the base is a two-form F = DA that locally represents
the gauge field strength tensor. Again, the local changes of sections s′ = gs
in the principal bundle induce compatibility conditions in the overlap region
Ui ∩ Uj (cf. (3.63))

Fj = U−1
ij FiUij ,

which is known as a gauge transformation of the field strength tensor.
The marvelous property of the curvature form is that it provides a topo-

logical classification of bundles. We have seen above that given a base X and
a fiber F = G, they can be assembled into different bundles, like in the case of
the cylinder versus the Möbius strip. Similarly to the classification of the ho-
motopic maps above, which were given in terms of homotopy classes, we can
produce a classification of principal bundles in terms of characteristic classes.
The basic element of this classification is the observation that a closed but not
exact r-form ω on a differentiable manifold is equivalent to the forms ω+dα,
where α is (r − 1)-form. To define the equivalence classes of the differential
forms, we have to consider the space of all closed forms Zr = {ω | dω = 0}.
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These have the subspace of exact forms Br = {ω | ω = dα}, which must be
excluded. Then the elements [ω] of the coset space Hr = Zr/Br represent the
equivalence classes of differential forms. Clearly, these classes are defined in
the same manner as the equivalence classes [α] of a topological manifold dis-
cussed above. This analogy can be expanded since the equivalence classes [ω]
also have a group structure. The corresponding group is called the DeRham
cohomology group.

Recall that each of the homotopy classes is characterized by an integer, the
winding number n (see (3.20)). A similar characteristic can be introduced to
characterize the equivalence classes of the differential forms. Let us consider
an integral over a closed differential form ω′ on a manifold X with an empty
boundary ∂X = 0. Then the Stokes theorem (3.37) yields∫

X

ω′ =
∫
X

(ω + dα) =
∫
X

ω +
∫

∂X

α =
∫
X

ω . (3.66)

Thus, properly normalized, such an integral can be used as a characteristic
of the cohomology class.

Let us return to the closed two-form of a curvature. An equivalence class
is formed by the different connection one-forms, which corresponds to the
same curvature. Now we can introduce a quantity that is an invariant of the
Lie algebra g in the fiber, a characteristic polynomial

det(1 +Ω) = 1 + trΩ +
1
2
[
(trΩ)2 − trΩ2

]
+ . . .

This polynomial allows us to define a form on the base X, which is called
the Chern form

det
(

1 +
λ

2π
F

)
=

∞∑
k=0

λk ck , (3.67)

where F is a Lie-algebra valued curvature two-form and the coefficient 1/2π
is introduced in order to have a convenient normalization. The coefficients of
the expansion ck are invariant polylinear closed forms on X.

Let us write the explicit expressions for the first few of these forms:

c1 =
1
2π

trF , c2 =
1

8π2
[trF ∧ trF − tr(F ∧ F )] , (3.68)

c3 =
1

48π3
[trF ∧ trF ∧ trF − 3tr(F ∧ F ) ∧ trF + 2tr(F ∧ F ∧ F )] .

The coefficients of these forms ck, which originate from the factor 1/2π in the
definition of the characteristic polynomial (3.67), provide the normalization
of the integrals over compact space without boundary:∫

X

ck = n, with n ∈ Z . (3.69)
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The so-called Gauss–Bonnet formula relates these integers with the Euler
characteristic of the compact space X.

The integrals over the forms ck on compact even-dimensional manifolds
define the Chern characteristic classes7. These integers are precisely the topo-
logical characteristics of the bundle, according to the Gauss–Bonnet theorem.

Let us consider two examples. The monopole bundle that we shall discuss
below has the structure group U(1) over the base space S2. Then we have
two Chern classes: c0 = 1 (trivial bundle) and c1 = F/2π, the integral over
which must be an integer associated with the magnetic charge.

The second example concerns the Chern classes for the principal bundle
over S4 with group SU(2). Then the curvature takes values in the su(2)
algebra and can be written as F = 1

2σ
aF a, where the σa are Pauli matrices,

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (3.70)

Therefore tr F = 0, we have c0 = 1, c1 = 0, and the bundle is characterized
by the second Chern class8

c2 =
1

32π2
F a ∧ F a . (3.71)

This is known as the instanton bundle.
We stop here our discussion of the basic ingredients of differential geom-

etry. The connection of the bundle and its curvature is exactly the notion
that provides a bridge between gauge theory and geometry. If we restrict our
consideration to the case of the Abelian theory, the structure group must be
taken as G = U(1), as the base space we choose four-dimensional Minkowski
space M4, and the fiber is the group space of g = {eiα} ∈ U(1), that is the
circle S1 parameterized by the group coordinate α.

If a bundle admits a global section, the base can be covered by just one
chart. Such a trivial bundle can be characterized by the zero Chern class c0
and has a global structure as a direct product of the baseX and the Lie group
G. In general, the triviality of the bundle depends on the contractibility of
the base. For example, if we take the base to be just R

3, it can be covered
by a single chart and therefore both the potential and the field strength
tensor are defined globally in this case. This is exactly the case of ordinary
Maxwell electrodynamics, where the field strength two-form F is closed and
exact: DF = 0 and f = dA, where A is continuous and differentiable on the
whole base manifold. Thus, the topology is trivial and there is no place for a
monopole.
7 Strictly speaking, for the principal bundles with the structure group O(n) they

are called Pontryagin classes, while the Chern classes arise if we are dealing with
the structure group U(n).

8 For the sake of brevity, we do not discuss the sign arising from the orientation
of the manifold.
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3.3.3 Wu–Yang Monopole Bundle

Let us change the base space of Maxwell electrodynamics a little. Namely,
we extract just one point, the origin {0}, from R

3. This minor change affects
the situation in a very drastic way. The point is that topologically, the space
R

3/{0} is homotopic to the two-sphere S2 of unit radius. It can be parame-
terized by a polar angle θ ∈ [0, π[ and an azimuthal angle ϕ ∈ [0, 2π[. Now we
can define a basis of the tangent space Tp(S2) as components of the gradient
{∂/∂θ, ∂/∂ϕ} and the basis of the dual tangent space of 1-forms as {dθ, dϕ}.
Thus the exterior derivative (cf. (3.30)) is

d = dϕ
∂

∂ϕ
+ dθ

∂

∂θ
.

Now we can cover the base space by two hemispheres RN and RS (see
Fig. 3.1 at the beginning of this chapter), which are our patches with local
coordinates on the base. However in our discussion, it would be more conve-
nient to take the limit ε→ 0, i.e., to consider the equatorial circle S1 as the
overlap region.

Again, the elements of the Abelian gauge group g = {eiα} ∈ U(1) form a
fiber of the principal bundle over R

3/{0}. The group parameter α is a cyclic
coordinate along the fiber and we have two charts RN ×S1 and RS ×S1 with
bundle coordinates {θ, ϕ, αN} and {θ, ϕ, αS}, respectively. The pull back of
the connection one-form to these local patches yields the potential one-form
A (cf. (1.41)):

A = A(θ) ∧ dr =

{
AN = n

2 (1 − cos θ) dϕ on RN ∈ S2

AS = −n
2 (1 + cos θ) dϕ on RS ∈ S2 ,

(3.72)

and the gauge field strength two-form is

F = dA =
n

2
sin θdθ ∧ dϕ . (3.73)

Now if we take into account that the basis of common spherical coordinates
on S2 is given by two unit vectors êϕ = sin θ dϕ, êθ = dθ, we see that
this two-form F corresponds to the radial magnetic field of a monopole. As
before, the form F is closed, dF = d2A = 0, but now it is not exact since the
exterior derivatives dAN and dAS are defined only locally in the patches RN

and RS , respectively. However, in the overlap region RN ∩RS the potentials
are connected via the gauge transformation AN = AS + ndϕ and we can
define transition functions there. They are elements of the structure group
U ∈ U(1) that connects the fiber coordinates as eiαN = UeiαS . We can
identify the overlap region with the equator of the sphere S2. There θ = π/2
and U are functions of the azimuthal angle ϕ only. They can be written as
U = einϕ, where n is an integer.
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The wave function of a charged particle in a monopole field cannot be
defined globally either. In each of the two patches we have a single-valued
function ψN and ψS , respectively (cf. (3.7)). They are sections of the associ-
ated bundle, and are related in the overlap region as ψN = UψS .

The topological meaning of the transition functions of the monopole bun-
dle is that they define a map from the equatorial circle S1 of the base manifold
S2 onto the structure group U(1). We have seen above (see (3.19) and the cor-
responding discussion) that these maps can be classified according to the first
homotopy group π1(U(1)) = Z and that the integer n is a winding number
of the corresponding homotopy class.

On the other hand, we mentioned above that the topology of the monopole
bundle can also be characterized by the first Chern number

c1 =
1
2π

∫
S2

F =
1
2π

⎛⎝∫
RS

dAS +
∫

RN

dAN

⎞⎠
=

1
2π

∫
S1

(
AN −AS

)
=

1
2π

2π∫
0

dϕ · n = n , (3.74)

where we used the Stokes theorem (3.37). Thus, the magnetic charge of an
Abelian monopole in this description coincides with the first Chern number
c1. If n = 0 the bundle is trivial, i.e., it has the global form S2×S1. The case
of unit topological charge n = 1 is much more interesting. This is the case of
the Hopf bundle, which we discuss below.

3.3.4 Hopf Bundle

Recall that there are three coordinates that parameterize the monopole bun-
dle: two angles θ and ϕ on the sphere S2 and the fiber coordinate α ∈ S1.
However, the set of 3 coordinates can be used to parameterize a unit sphere
S3.

Let us consider the geometry of such a space. It is customary to work
with Cartesian coordinates on S3, which can be introduced as

x1 = cos
θ

2
cosα , x3 = sin

θ

2
cos(ϕ+ α)

x2 = cos
θ

2
sinα , x4 = sin

θ

2
sin(ϕ+ α) . (3.75)

Clearly, xµx
µ = 1. Then we can consider the tangent space to S3 with the

basis {∂/∂xµ} and define a metric on the sphere S3. It is non-diagonal in
terms of the angular variables above:

ds2 = gµνdx
µdxν =

1
4
dθ2 + dα2 + sin2 θ

2
dϕ2 + 2 sin2 θ

2
dϕdα . (3.76)
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Therefore, it is convenient to introduce the orthogonal coordinates θ, α, ξ =
ϕ+ α, which diagonalize the metric:

ds2 =
1
4
dθ2 + cos2

θ

2
dα2 + sin2 θ

2
dξ2 . (3.77)

The Hopf bundle is a map S3(θ, ϕ, α) → S2(θ, ϕ), which can be con-
structed if we introduce two complex coordinates [69,278]

z1 = x1 + ix2 = cos
θ

2
eiα, z2 = x3 + ix4 = sin

θ

2
ei(ϕ+α) , (3.78)

and compose these coordinates into a two-component spinor

z =

(
z1

z2

)
=

(
cos θ

2e
iα

sin θ
2e

i(ϕ+α)

)
, z†z = 1 . (3.79)

The advantage of this construction is that now we can define a non-
singular monopole connection on S3. Indeed, let us consider the connection
one-form on S3, which can be constructed from the spinor coordinates (3.79)
(see the related discussion p. 98):

ω = −iz†dz = x1dx2 − x2dx1 + x3dx4 − x4dx3

= dα+ sin2 θ

2
dϕ = dα+

1
2
(1 − cos θ)dϕ , (3.80)

where we have used the parameterization (3.75) and take into account that
d(xµx

µ) = 0. If we use the orthogonal coordinates, the connection 1-form
becomes

ω = cos2
θ

2
dα+ sin2 θ

2
dξ =

1
2
ωθdθ + cos

θ

2
ωαdα+ sin

θ

2
ωξdξ , (3.81)

that is, we found non-singular components of the connection on S3

ωθ = 0, ωα = cos
θ

2
, ωξ = sin

θ

2
. (3.82)

This is a particular realization of the connection form on the bundle (3.62)
that we discussed above. The curvature two-form Ω is then

Ω = dω = −idz† ∧ dz = 2(dx1 ∧ dx2 + dx3 ∧ dx4)

=
1
2

sin θdθ ∧ dϕ .
(3.83)

This form is exact and closed on S3 and obviously corresponds to (3.73) for
the particular case n = 1. Obviously it is nothing but half of the volume form
of the sphere S2, which is parameterized by the two coordinates θ and ϕ.
Therefore,
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S2

Ω = 2π .

Now let us go down to the base space S2. The map S3 → S2 (so-called
Hopf fibration) is given by the following transformation (Hopf map)

nk = z†σkz , (3.84)

where the Pauli matrices σa are defined according to (3.70). Indeed, substi-
tuting (3.75) into (3.84), we obtain

n1 = 2(x1x3 + x2x4) = sin θ cosϕ ,
n2 = 2(x1x4 − x2x3) = sin θ sinϕ ,
n3 = (x2

1 + x2
2 − x2

3 − x2
4) = cos θ . (3.85)

Obviously, the components of the unit vector n are identical to the Carte-
sian coordinates on the sphere S2. The magic of the transformation (3.84) is
that it completely removes the dependence on the third coordinate on S3, the
cyclic variable α. In other words, the transformation (3.84) maps a circle S1

onto a point on S2, and the Hopf bundle has the structure group S1 = U(1).
The section of the fiber bundle can be taken if we fix a particular value

of the angle α. Let us take the local patches to be two hemispheres RN and
RS , as above. Then we must take a section in such a way that the metric on
S3 (3.76) reduces to the metric of the 2-sphere ds2 = dθ2 + sin2 θdϕ2 in the
north (θ/2 → θ) and south (π/2 − θ/2 → θ) hemispheres of S2 respectively.
From (3.76) it is clear that this reduction to S2 is provided by the restriction
on α to be equal to 0 and −ϕ, respectively. However, if we take α = 0 or
α = −ϕ, the globally defined connection one-form (3.80) is reduced to the
local connections (3.72) above:

A =

{
AN = 1

2 (1 − cos θ) dϕ on RN ∈ S2 ,

AS = − 1
2 (1 + cos θ) dϕ on RS ∈ S2 .

(3.86)

The transition functions of the bundle are defined in the overlap region RN ∩
RS as a map S1 → S1 to be given by (cf. (3.59))

gNS = φN ◦ φ−1
S =

z2/|z2|
z1/|z1|

= eiϕ ,

gSN = φS ◦ φ−1
N =

z1/|z1|
z2/|z2|

= e−iϕ . (3.87)

We can look at this map from a different point of view. Note that the
sphere S3 coincides with the group manifold of the group SU(2). Thus we
reformulate the Hopf map (3.84) in terms of elements of this group, the
matrices U(θ, ϕ, α) ∈ SU(2) (we use a slightly different parameterization
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in Appendix A, where general properties of the SU(2) group matrices are
described)

U(θ, ϕ, α) =
(
z∗1 z∗2
−z2 z1

)
=

(
cos θ

2e
−iα sin θ

2e
−i(ϕ+α)

− sin θ
2e

i(ϕ+α) cos θ
2e

iα

)
. (3.88)

It is straightforward to see now that the relation z†z = |z1|2 + |z2|2 = 1
corresponds to the unitarity of these matrices: U†U = UU† = 1. Then the
Hopf fibration from S3 to S2 is given by

σk · nk = U−1σ3U , (3.89)

which is an analog of (3.84).
On the other hand, this is a rotation in the group space, which takes

a spherically symmetric “hedgehog” σk · nk to the third axis in the group
space. In the following, we shall analyze such a transformation, which actu-
ally relates non-Abelian and Dirac monopoles, in more detail. Here, we only
note that the rotation to the third axis (3.89) is defined up to a left U(1)
multiplication:

U −→ gU = eiσ3αU, g = eiσ3α ∈ U(1)
σk · nk −→ U−1e−iσ3ασ3e

iσ3αU = U−1σ3U = σk · nk , (3.90)

which changes the phase of the two-component spinor z (3.79). Obviously this
is a transformation of the gauge group U(1). Thus, the Hopf map identifies
each gauge orbit in S3 with a single point on S2 and we have constructed a
quotient space SU(2)/U(1).

According to (3.80) the Lagrangian of interaction between a charged par-
ticle and a monopole (1.38) in terms of the geometrical variables z can be
written as [4, 105]:

Lint = inz
dz†

dt
= i
n

2
tr
(
σ3U

d

dt
U−1

)
, (3.91)

where the integer n specifies the magnetic charge according to (3.73). This
form of the Lagrangian is known as the Wess–Zumino term. It is particularly
convenient for analyzing the underlying topological properties of the model.

Recall that the gauge group acts as z → zeiα, which corresponds to
the transformation (3.90) above. Then the Lagrangian of interaction (3.91)
transforms as

Lint −→ Lint + nα̇ , (3.92)

which corresponds to (2.3). The extra term causes no trouble, since the charge
quantization condition is automatically satisfied with n being an integer.

To conclude this section, we note that the above discussion of topol-
ogy, which is basically aimed at establishing the basis for understanding the
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mathematical properties of monopoles, provides a new understanding of the
relations between topology, geometry and physics. Actually, the message is
that an Abelian monopole could exist only if the geometry of our Universe
were different from the standard Euclidean description. Then the sad negative
conclusion, which comes from all possible experiments aimed at discovering
monopoles, could be considered as an argument in support of the “triviality”
of the observable part of the Universe.

However the situation is more subtle, because so far we do not pay much
attention to the consistent relativistic treatment of the theory. We shall ad-
dress this question in the next chapter.



4 Abelian Monopole:
Relativistic Quantum Theory

There are two completely distinct periods in the long history of the monopole
problem. Soon after the pioneering work by Dirac [200], the interest in this
field of research faded away although some enthusiasts continued working on
it. Actually, for more than 40 years the monopole problem was considered to
be rather esoteric, beyond mainstream theoretical physics of that time. Such
an attitude was caused in part by negative results of all the experiments
searching for monopoles, and it was reinforced by the cumbersome character
of the theoretical constructions that were connected with the corresponding
generalization of quantum electrodynamics. As a matter of fact, this problem
still remains unsolved and within an Abelian theory the monopole looks like
a stranger. Nevertheless, some important results were obtained during this
period. Certainly, the second “monopole-related” paper by P. Dirac [201]
is an example of this. In 1948 Dirac returned to a re-investigation of this
problem, considering a relativistic generalization of quantum theory including
two different charges, electric and magnetic ones. His approach was based on
the Hamiltonian formulation of generalized Maxwell electrodynamics.

There are a few alternatives to the Dirac method to construct relativistic
two-charge electrodynamics (QEMD). A very interesting development is con-
nected with the mathematically refined approach by J. Schwinger [459,461],
who developed a non-local Hamiltonian formalism and introduced corre-
sponding commutation relations. An alternative approach aimed at avoiding
the difficulties connected with using the non-physical string variables was
employed by T.M. Yan [537]. The guiding idea of this work is connected with
a reformulation of the Schwinger approach on a classical level and making
use of a non-local action functional. This allows us to apply path integral
techniques to quantize such a non-local model [541].

A somewhat more radical approach originated from work by S. Mandel-
stam [361] and by N. Cabibbo and E. Ferrari [148]. Within this framework,
the dynamical variables are not vector potentials, but rather the electromag-
netic field strength tensor and its dual, which are considered to be function-
als of trajectories of charged particles. It was shown that the corresponding
non-local action can be used to construct a variational formulation of the
two-charge electrodynamics [439].
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From a modern point of view, all these constructions are subjects of rather
historical interest, although some of the ideas have been implemented in
different contexts1. Moreover, it has been shown [41,135] that all the different
formulations of generalized electrodynamics with monopoles are in practice
equivalent. Thus, we briefly give an account of the argumentation by P. Dirac
[201] and then consider the formalism developed by D. Zwanziger and his
collaborators in the papers [136,137,548–550]. For further details, we refer the
interested reader to the excellent review by M. Blagojević and P. Senjanović
[41], which was intensively used throughout this chapter. Here we only note
that the most self-consistent mathematical description can be constructed
within the framework of the Wu–Yang formalism [529], which has no problem
in treating singularities by its very definition.

4.1 Two Types of Charges

A starting point in the construction of a generalized form of Abelian electro-
dynamics is a postulated system [201] of dynamical Lorentz–Maxwell equa-
tions, which describe in a covariant form a closed system of interacting elec-
tromagnetic fields and charges:

∂µF
µν = j(e)ν , ∂µF̃

µν = j(g)ν , (4.1)

me
du

(e)
µ

dτ (e)
= eFµνu

(e)ν , mg
du

(g)
µ

dτ (g)
= gF̃µνu

(g)ν ,

where u(i)
µ = dx

(i)
µ /dτ (i) is the relativistic 4-velocity of an electric (i = e)

or a magnetic (i = g) charge, whose trajectory xµ(τ (i)) is parameterized by
the proper time τ (i). The relativistic four-currents of point-like charges are
defined as

j(e)µ = e
∫
dx(e)

µ δ
(4)(x− x(e)) = e

∫
u(e)

µ δ
(4)(x− x(e))dτ (e) ,

j(g)
µ = g

∫
dx(g)

µ δ
(4)(x− x(g)) = g

∫
u(g)

µ δ
(4)(x− x(g))dτ (g) , (4.2)

with both currents conserved:

∂µj
µ(e) = ∂µj

µ(g) = 0 .

These postulated equations look very symmetric and elegant. The real
fun begins when we try to derive an action, whose stationary point cor-
responds to the system (4.1), or attempt to represent the electromagnetic
energy-momentum tensor via potentials that would be necessary in order
1 This is especially the case of the dynamics of the Dirac string, which seems to

be the first non-local object considered in quantum theory.
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to apply the canonical quantization scheme. Indeed, the standard definition
Fµν = ∂µAν − ∂νAµ is not compatible with the field equations of the dual
field strength tensor, since ∂µF̃µν = εµνρσ∂

µ∂ρAσ ≡ 0. Therefore, this defin-
ition must be modified, at least in one point on the surface surrounding the
magnetic charge.

In such a simple case, this modification actually leads to the appearance of
the singular string that is already familiar to us. In 3+1-dimensional space it
is lying on a two-dimensional sheet yµ(τ, σ) that is parameterized by temporal
and spatial coordinates τ and σ, respectively. Since this string is attached to
a magnetic charge, yµ(τ, 0) = x

(g)
µ (τ). Thus, it is convenient to define the

dynamical variable of the string nµ(τ, σ) as

yµ(τ, σ) = nµ(τ, σ) + x(g)
µ (τ) ,

with the boundary condition nµ(τ, 0) = 0.
Thus, the Dirac approach [201] is to define the field tensor as

Fµν = ∂µAν − ∂νAµ − G̃µν ,

where the singular part G̃µν (the dual of Gµν) is associated with the field of
the string and is required to satisfy the relation ∂µGµν = j(g)

ν . Making use of
the magnetic current definition (4.2), we can write this tensor as

Gµν(x, y) = g
∫
dτdσ

(
∂yµ
∂τ

∂yν
∂σ

− ∂yµ
∂σ

∂yν
∂τ

)
δ(x− y(τ, σ)) . (4.3)

Evidently, this definition of the field tensor solves the problem of obtaining
an action functional, the stationary point of which is given by the system of
equations (4.1):

S = −1
4

∫
d4xF 2

µν +
∫
d4xAµj(e)µ +me

∫
dτ (e) +mg

∫
dτ (g) . (4.4)

Indeed, variation of this action with respect to the potential Aµ, as usual
gives the first field equation ∂µF

µν = j(e)ν , and the second field equation
for the dual field strength tensor appears as a constraint imposed by the
definition (4.3). Moreover, the variation of the action (4.4) with respect to
the trajectories of the magnetic charges leads to the equation of motion

mg
du

(g)
µ

dτ (g)
= gF̃µνu

(g)ν ,

as anticipated.
However, the variation of the action (4.4) with respect to the electric

charge trajectories gives

me
du

(e)
µ

dτ (e)
= e (∂µAν − ∂νAµ)

∣∣
x=x(e)u

(e)ν , (4.5)
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which is not exactly the equation of motion of an electric charge that was
postulated in the system (4.1). The form of the Lorentz force acting on the
electric charge can be reproduced only if Gµν(x(e)) = 0. According to the
definition (4.3), this condition can be satisfied if x(e)

µ (τ) �= yµ(τ, σ), that is,
the trajectory of the electric charge must not touch the string. This restriction
is known as “Dirac’s veto” [201].

Note that “Dirac’s veto” is not an external constraint imposed on the
dynamics of the system, but it follows from the variational formalism. It
can be obtained after variation of the action (4.4) with respect to the string
variable nµ, which yields

∂Fµν

∂yµ
= 0 . (4.6)

Since the field strength tensor obeys the equation ∂µF
µν = j(e)ν , this

relation means that the current of an electric charge vanishes on the string:
j
(e)
ν (y) = 0. Thus, a sufficient condition for self-consistency of the system of

equations, which corresponds to the stationary point of the action (4.4), can
be achieved only if “Dirac’s veto is fulfilled”. On the other hand, this system
does not contain dynamical equations for the string itself. This corresponds to
the non-physical nature of the string variables; recall that in Chap. 1 we saw
that the position of the singular string is defined up to a gauge transformation
of the electromagnetic potential Aµ(x).

In principle, the Dirac string can be attached not to a magnetic, but
to an electric charge. This mutual interchange between electric and mag-
netic characteristics reflects the dual symmetry of the system of dynamical
Maxwell–Lorentz equations (4.1). However, this symmetry, which is obvious
at the level of the field variables, becomes subtle when we go to the potentials
of the electromagnetic field. Indeed, the interaction term Lint = Aµj

(e)
µ in the

Lagrangian (4.4) describes the minimal interaction between an electric charge
and the electromagnetic field Aµ. Recovering the dual invariance at this level
is possible within the framework of the two-potential formalism suggested in
the 1960s in the papers [148,548,550].

4.2 Two-Potential Formulation of Electrodynamics

We can try to construct a naive dual-invariant Lagrangian formulation of
Abelian electrodynamics with two types of charges, by making use of a non-
standard definition of the electromagnetic field strength tensor, which shall
include not only the 4-vector potential Aµ, but also a pseudovector Ãµ [148]:

Fµν = ∂µAν − ∂νAµ − εµνρσ∂
ρÃσ ,

F̃µν = ∂µÃν − ∂νÃµ + εµνρσ∂
ρAσ . (4.7)

This obviously allows us to introduce dual rotations of the potentials
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D :

{
Aµ → Aµ cos θ − Ãµ sin θ ,
Ãµ → Aµ sin θ + Ãµ cos θ ,

(4.8)

which are compatible with (1.76). However, the number of physical degrees
of freedom of the electromagnetic field does not change, i.e., the potentials
Aµ and Ãµ are not independent dynamical variables, but must be connected
via an additional constraint. In the simplest possible case it may be written
as

∂µAν − ∂νAµ + εµνρσ∂
ρÃσ = 0 ,

which actually eliminates one of the potentials completely. We can come to
same result in a somewhat more elegant way if we note that the condition

eÃµ − gAµ = 0

allows complete elimination of the potential Ãµ after the dual transformation
(4.8) with the parameter θ = − arctan(g/e). Thus, effectively, this transfor-
mation reduces the system of equations (4.1) to the case of standard one-
charge electrodynamics [60, 380, 493]. Therefore, we consider another way to
construct a local two-potential Lagrangian formulation of electrodynamics
developed by D. Zwanziger [548,550].

First, note that a general solution of the equation of the dual field strength
∂µF̃

µν = j(g)ν formally can be written as

Fµν = ∂µAν − ∂νAµ +
1
2
εµνρσ (nα · ∂α)−1

nρj(g)σ , (4.9)

where nα is an arbitrary fixed unit four-vector, which can be chosen, for
example, to be nα = (0,n), and the integral operator (nα · ∂α)−1 is defined
as a resolvent of the equation

(nα · ∂α)
(
nβ · ∂β

)−1
(x) = δ(4)(x) .

Clearly, the physical observables shall be independent of the vector nα and
variation of the direction of nα corresponds to the gauge degrees of freedom
of the theory. One can visualize this vector as the direction in space along
which all Dirac strings are directed.

Obviously, the two local terms in the expression (4.9) correspond to the
solution of the homogeneous Maxwell equation in vacuum. The non-local term
corresponds to a particular solution in the presence of an external current
of magnetic charge j(g)µ, where the vector nα defines the position of the
singularity line. When this vector nα vanishes, one automatically recovers
the standard formulation.

A particular representation of the operator (nα∂α)−1 can, for example,
be taken as [41,550]

(n · ∇)−1(x) = [aθ(n · x) − (1 − a)θ(−n · x)]
2∏

k=1

δ(τττ (k) · x) , (4.10)
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where τττ (k) are two unit vectors, which are orthogonal to n and to each other,
and the parameter a defines the type of singularity. Choosing a = 0, we arrive
at the semi-infinite Dirac string, while the case a = 1/2 corresponds to the
infinite Schwinger string in the expression (1.61)2.

Furthermore, a general solution of the first field equation ∂µF
µν = j(e)ν

can be formally written as

F̃µν = ∂µÃν − ∂νÃµ − 1
2
εµνρσ (nα · ∂α)−1

nρj(e)σ , (4.11)

where the pseudovector Ãµ is the second potential. Obviously, the potentials
Aµ and Ãµ are independent dynamical variables, but they are connected by
some non-local relation. The difference from the naive two-potential formu-
lation discussed above is that now the dual transformations could rotate the
system (4.1) to standard electrodynamics only if u(e)

µ = u
(g)
µ , that is if we

consider a dyon having both electric and magnetic charges.
To complete the definition of the two-potential electrodynamics, note that

the non-local terms in the definition of the field strength tensor, (4.9) and
(4.11), can be excluded. Indeed, an arbitrary antisymmetric second rank ten-
sor can be written as

Fµν = 1
2 n̂

α
[
n̂µFαν − n̂νFαµ − εµνρσn̂

ρF̃ σ
α

]
. (4.12)

Since the formal definitions (4.9) and (4.11) lead to the relations

n̂µFµν = n̂µ [∂µAν − ∂νAµ] ,

n̂µF̃µν = n̂µ
[
∂µÃν − ∂νÃµ

]
, (4.13)

the decomposition (4.12) immediately provides us with a local two-potential
form of the electromagnetic field strength tensor [41,550]

Fµν = n̂α
[
n̂µ (∂αAν − ∂νAα) − 1

2εµνρσn̂
ρ
(
∂αÃ

σ − ∂σÃα

)]
,

F̃µν = n̂α
[
n̂µ

(
∂αÃν − ∂νÃα

)
+ 1

2εµνρσn̂
ρ (∂αA

σ − ∂σAα)
]
. (4.14)

Substitution of the relations (4.14) into the field equations leads to a
rather cumbersome system of coupled equations
2 An alternative representation is

(n · ∇)−1(x) =
1

2

[
1

(ni∂i) + iε
+

1

(ni∂i) − iε

]
.

A four-dimensional, useful generalization of (4.10), is given as

(nα∂α)−1(x) = 1
2

∫ ∞

0

ds [δ(x + sn) − δ(x − sn)].

This formula will be used in the following calculations.
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(n̂α∂α)(n̂β∂β)Aµ − (n̂α∂α)(∂µn̂
βAβ) − n̂µ(n̂α∂α)(n̂βAβ)

+ n̂µ�(n̂αAα) − (n̂α∂α)εµνρσn̂
ν∂ρÃσ = j(e)µ ,

(n̂α∂α)(n̂β∂β)Ãµ − (n̂α∂α)(∂µn̂
βÃβ) − n̂µ(n̂α∂α)(n̂βÃβ)

+ n̂µ�(n̂αÃα) + (n̂α∂α)εµνρσn̂
ν∂ρAσ = j(g)

µ , (4.15)

which generalize the well-known relation �Aµ−∂µ∂
νAν = jµ. Fixing a gauge,

we can simplify these awkward equations (4.15) a lot.
Now we can finally write a local and dual invariant Lagrangian, the vari-

ation of which with respect to the dynamical variables leads to the system of
equations (4.15):

L = Lem + Lint + Lm

= −1
2

[n̂µ (∂µAν − ∂νAµ)]2 − 1
2

[
n̂µ
(
∂µÃν − ∂νÃµ

)]2
− 1

4
εµνρσn̂

ν∂ρÃσn̂α∂αA
µ +

1
4
εµνρσn̂

ν∂ρAσn̂α∂αÃ
µ

− j(g)
µ Ãµ − j(e)µ Aµ + Lm , (4.16)

where Lint = −j(g)
µ Ãµ − j(e)µ Aµ is an interaction Lagrangian and Lm is a

Lagrangian of the matter field, which, for example, in the case of spinor
particles is

Lm = ψ̄ (iγµ∂µ −m)ψ , (4.17)

and the currents of electric and magnetic particles are

j(e)µ = eψ̄eγµψe , j(g)
µ = gψ̄gγµψg ,

respectively. For a dyon of a massm, a covariant derivativeDµ, which includes
both potentials, appears in the dynamical equation for the matter field:

(iγµDµ −m)ψ ≡
[
iγµ
(
∂µ + ieAµ + igÃµ

)
−m

]
ψ = 0 . (4.18)

In Sect. 4.6 we shall consider in more detail some properties of this equa-
tion, which will be used in an analysis of quantum effects in the monopole
background field.

Finally, we would like to note that the kinetic part Lem of the Lagrangian
(4.16) does not have the common form Lem ∼ F 2

µν . The action (4.16), which
is local, but depends on the vector nµ, can be re-written in terms of the field
variables. It turns out to be equal to the non-local Schwinger description
[135]. In other words, this is a way to establish a correspondence between the
Schwinger and Zwanziger formulations.

4.2.1 Energy-Momentum Tensor and Angular Momentum

The Lagrangian (4.16) can be used to derive an expression for a conserved
canonical energy-momentum tensor [550]. Following the standard procedure,
let us consider an arbitrary variation of the Lagrangian (4.16)
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δL = ∂µ

(
∂L

∂(∂µAν)
δAν

)
+ ∂µ

(
∂L

∂(∂µÃν)
δÃν

)
+ ∂µ

(
∂L

∂(∂µψ)
δψ

)
. (4.19)

Under infinitesimal displacements the Lagrangian density changes as δL =
aµ∂µL, where the 4-vector aµ is a parameter of the transformation. In the
same way

δAµ = aν∂νAµ , δÃµ = aν∂νÃµ , δψ = aν∂νψ ,

and therefore

aµ∂µL = aα∂µ

(
∂L

∂(∂µAν)
∂αAν +

∂L

∂(∂µÃν)
∂αÃν +

∂L

∂(∂µψ)
∂αψ

)
, (4.20)

that is the conserved canonical energy-momentum tensor is

∂µT
µν = 0 , (4.21)

Tµν =
∂L

∂(∂µAλ)
∂νAλ +

∂L

∂(∂µÃλ)
∂νÃλ +

∂L

∂(∂µψ)
∂νψ − ηµνL ,

and the model is obviously translational invariant.
The situation with rotational, and with relativistic invariance in general, is

a bit more complicated. The problem is that the Lagrangian (4.16) includes
a four-vector nα, which under transformations Λαβ of the Lorentz group
transforms as nα → n′α = Λαβn

β , or, in infinitesimal form

nα → nα + ωαβn
β , (4.22)

where ωαβ is an antisymmetric tensor. The coordinates transform in the same
way, that is δxµ = ωµνx

ν , and therefore the transformations of the fields are

Aµ(xν) → Aµ(xν) + xαω
αβ∂βAµ(xν) + ωµαA

α(xν)

≡ Aµ(xν) +
1
2
ωαβm

αβ
(A)Aµ(xν) ,

Ãµ(xν) → Ãµ(xν) + xαω
αβ∂βÃµ(xν) + ωµαÃ

α(xν)

≡ Ãµ(xν) +
1
2
ωαβm

αβ

(Ã)
Ãµ(xν) ,

ψ(xν) → ψ(xν) + xαω
αβ∂βψ(xν) +

1
4
γµωµνγ

νψ(xν)

≡ ψ(xν) +
1
2
ωαβm

αβ
(ψ)ψ(xν) . (4.23)

For the sake of brevity, let us introduce an abbreviation φa(x) =
(Aµ, Ãµ, ψ). Then, the variation of the Lagrangian density (4.16), which is
given as L(x) = L(φa(x), ∂φa(x), n), can be written as
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δL = ∂µ

∑
a

(
∂L

∂(∂µφa)
δφa

)
, (4.24)

that is, for the infinitesimal Lorentz transformations (4.23) we have

xµω
µν∂νL =

1
2
∂µ

∑
a

(
∂L

∂(∂µφa)
ωαβm

αβ
a φ

a

)
+ nµω

µν ∂L

∂nν
. (4.25)

Now we can define the tensor of angular momentum by analogy with
ordinary electrodynamics as:

Mµνρ =
∑

a

∂

∂(∂ρφa)
mµν

a φ
a − (xµηνρ + xνηµρ)L

= xµT ρν − xνT ρµ + Sµνρ , (4.26)

where we make use of the definition of the energy-momentum tensor Tµν

(4.21) and define the usual tensor of an intrinsic angular momentum

ωµνS
µνρ =

∂L

∂(∂ρAα)
ωαβAβ +

∂L

∂(∂ρÃα)
ωαβÃβ +

1
4
∂L

∂(∂ρψ)
γαω

αβγβψ .

The relation (4.25) then yields

∂ρM
µνρ = nµ ∂L

∂nν
− nν ∂L

∂nµ
. (4.27)

Thus, at a first glance, such an energy momentum tensor which we in-
troduced in the canonical way, is not conserved. Obviously, the underlying
reason is that the Lagrangian density (4.16) depends on a fixed vector nµ,
that is the rotational invariance of the model is violated.

Let us recall that we already encountered a problem of the same nature
when we considered the algebra of the operators of non-relativistic angu-
lar momentum (2.12). We have shown there that the correct treatment of
the corresponding singularity leads to cancellation of the anomalous terms
(2.15). We could come to the same conclusion, if we take into account that
the spatial rotations in electrodynamics are defined up to a gauge transforma-
tion that effectively restores rotational invariance of the theory [135]. Later
we shall return to the general proof of relativistic invariance of two-charge
electrodynamics.

Let us consider the question as to under which conditions the anomalous
right-hand side of the expression (4.27) could vanish. Exploiting the relation
(4.16) we can rewrite (4.27) in the form

nµ ∂L

∂nν
− nν ∂L

∂nµ

= (−nµnαεαβρν + nνnαεαβρµ) (nσ · ∂σ)−1
jβ(e) (nτ · ∂τ )−1

jρ(g) ,
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where we make use of the general solutions (4.9) and (4.11) of the field equa-
tions.

In the simplest case of a couple of dyons with charges (e1, g1) and (e2, g2),
respectively, this relation is proportional to the combination of charges

µ = e1g2 − e2g1 ,

which obviously vanishes if e1/g1 = e2/g2, or if in the general case of i parti-
cles ei/gi = constant [550]. However, we have seen that when this condition is
satisfied, the dual rotation of the variables allows us to transform the model
to standard electrodynamics of effective charges qi =

√
e2i + g2i [60,380,493].

Thus, the model has no room for genuine monopoles, and we will not consider
this situation further.

The definition of the angular momentum tensor (4.26) that we obtained
above, by simple analogy with standard electrodynamics makes it possible to
write the symmetrized energy-momentum tensor3 [550]:

θµν =
1
2

(
FµνFµν + F̃µνF̃µν

)
+

1
2

[
ψ̄γµ

(
∂ν + ieAν + igÃν

)
+ γν

(
∂µ + ieAµ + igÃµ

)]
ψ

− nµnαεαβρν (nσ · ∂σ)−1
jβ(e) (nτ · ∂τ )−1

jρ(g) . (4.28)

The first two terms here exactly correspond to the naive energy-momen-
tum tensor that could be obtained by a straightforward dual rotation of the
standard electrodynamics of a massless spinor particle. The last non-local
term is due to the anomalous part of the expression (4.27).

4.3 Canonical Quantization

In order to construct a self-consistent canonical quantization scheme of two-
charge electrodynamics, it is necessary to identify the physical degrees of
freedom of the electromagnetic field. The problem is that the two-potential
dual invariant reformulation of electrodynamics is possible only at the cost
of formal invariance of the model with respect to the extended gauge group
U(1)(e) × U(1)(g), that is

Aµ → Aµ − i

e
U−1

(e) ∂µU(e) = Aµ + ∂µλ(e) ,

Ãµ → Ãµ − i

g
U−1

(g)∂µU(g) = Ãµ + ∂µλ(g) ,

ψ → U(e)U(g)ψ = exp{ieλ(e) + igλ(g)}ψ . (4.29)

3 Here we again consider spinor matter fields.
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Therefore, even fixing a “double” Lorentz gauge ∂µAµ = ∂µÃµ = 0 we would
still have four transversal degrees of freedom of the electromagnetic field,
twice as many as we need.

To tackle this problem, D. Zwanziger [550] noted that there is an im-
portant difference between standard electrodynamics, where a potential Aµ

satisfies a second-order wave equation, and the two-potential formulation. In
the latter approach, the number of physical degrees of freedom of the elec-
tromagnetic field does not change if the potentials Aµ and Ãµ satisfy not the
equations (4.15), but two other equations of first-order. The gauge condition
must reduce equations (4.15) to these two first-order equations.

Indeed, were it not for terms �(n̂αAα) and �(n̂αÃα), the left-hand sides of
(4.15) would factorize into two differential operators of first-order. Therefore,
the natural choice is to fix the generalized axial gauge

n̂αAα = n̂αÃα = 0 , (4.30)

which solves the problem of separating the physical degrees of freedom of the
electromagnetic field in the two-potential formalism. Indeed, the projection of
the equations (4.15) onto a unit time-like four-vector τµ, which is orthogonal
to nµ, yields

(n̂α∂α)
[
(n̂β∂β)(τµAµ) − τµεµνρσn̂

ν∂ρ)Ãσ
]

= τµj(e)µ ,

(n̂α∂α)
[
(n̂β∂β)(τµÃµ) + τµεµνρσn̂

ν∂ρ)Aσ
]

= τµj(g)
µ , (4.31)

where we take into account the gauge condition (4.30). Since the expressions
(4.31) contain only derivatives in directions orthogonal to the vector τµ, there
are only two degrees of freedom left.

D. Zwanziger used a similar approach in order to construct a scheme
of canonical quantization of two-potential electrodynamics. He suggested to
supplement the Lagrangian density (4.16) by a gauge-fixing term

Lg =
1
2

{
[∂µ(n̂νAν)]2 +

[
∂µ(n̂νÃν)

]2}
, (4.32)

that is the Lagrangian of the electromagnetic field can be written as

Lem + Lg = −1
4
εµνρσn̂

ν∂ρÃσn̂α∂αAµ +
1
4
εµνρσn̂

ν∂ρAσn̂α∂αÃ
µ

− 1
2
[(n̂ν∂νAµ)2 − 2(n̂ν∂νAµ)(∂µn̂ρAρ) (4.33)

+ (n̂ν∂νÃµ)2 − 2(n̂ν∂νÃµ)(∂µn̂ρÃρ)] .

It is easy to see that the variation of Lg with respect to the potentials
gives the equation
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�

(
n̂νAν + n̂νÃν

)
= 0 ,

which obviously plays the role of the axial gauge (4.30).
Now the complete Lagrangian of the system of interacting fields and

charges L = Lem+Lint+Lm+Lg provides the factorized dynamical equations
(cf. (4.15)):

(n̂α∂α)
[
(n̂ν∂ν)Aµ − ∂µ(n̂νAν) − n̂µ(∂νAν) − εµνρσn̂

ν∂ρÃσ

]
= j(e)µ ,

(n̂α∂α)
[
(n̂ν∂ν)Ãµ − ∂µ(n̂νÃν) − n̂µ(∂νÃν) + εµνρσn̂

ν∂ρAσ

]
= j(g)

µ .

(4.34)

Let us consider the quantization scheme of a free electromagnetic field
without sources. Then the system (4.34) can be written in compact form as

(n̂α∂α)
[
(n̂ν∂ν)V a

µ − ∂µ(n̂νVν)a − n̂µ(∂νVν)a − εabεµνρσn̂
ν∂ρ(V σ)b

]
= 0 ,

(4.35)
where we introduced a generalized matrix potential (Vµ)a ≡ (Aµ, Ãµ), a =
1, 2. Thus we have two equations of first-order in time derivatives for the 8
independent variables Aµ and Ãµ.

We now have to identify the pairs of canonically conjugate variables. To
do this, we write the Lagrangian in the standard form

L =
∑
πaφ̇a −H , (4.36)

where the multiplet φa now contains the fields Aµ, Ãµ. Since the correspond-
ing Hamiltonian is [550]

H =
1
2

{
[∇ × A]2 + [∇ × Ã]2 (4.37)

−
(
n̂ · ∇A0 − n̂ · [∇ × Ã]

)2

+
(
n̂ · ∇Ã0 + n̂ · [∇ × A]

)2

+ (∇n̂ · A)2 + (∇n̂ · Ã)2
}
,

a straight comparison with (4.33) yields

φ1 = A1 , φ2 = Ã1 , φ3 = A3 , φ4 = Ã3 , (4.38)

Ã2 = −∂−1
3 π1 , A2 = ∂−1

3 π2 , A0 = ∂−1
3 π3 , Ã0 = ∂−1

3 π4 ,

where, for the sake of simplicity, we choose the vector n directed along the
third axis.
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Thus the equal-time canonical commutation relations

[φa(x), φb(y)] = [πa(x), πb(y)] = 0 , (4.39)
[πa(x), φb(y)] = −iδabδ(x − y) ,

provide non-local commutation relations between the potentials [550]:

[Aµ(x), Aν(y)] =
[
Ãµ(x), Ãν(y)

]
= −i(δ0µn̂ν + δ0ν n̂µ)(n̂α∂α)−1(x − y) ,[

Aµ(x), Ãν(y)
]

= iεµνρ0n̂
ρ(n̂α∂α)−1(x − y) . (4.40)

Both electric and magnetic fields satisfy the standard electrodynamical rela-
tions

[Em(x), En(y)] = [Bm(x), Bn(y)] = 0 ,
[Bm(x), Bn(y)] = iεmnk∇kδ(x − y) , (4.41)

without anomalous contributions.
Let us recall that although there are eight canonically conjugated vari-

ables, the pairs of canonical coordinates (n̂µAµ), (n̂µÃµ) and conjugated
momenta must satisfy the free equations. Therefore there are actually only
four dynamical variables over the configuration space, i.e., only two physical
degrees of freedom left.

4.3.1 Relativistic Invariance of Two-Charge Electrodynamics

Obviously, the price paid for using such a perverted two-potential formulation
in quantum electrodynamics instead of the standard quantization scheme, is
that the commutation relations (4.40) depend on a fixed vector n. Moreover,
we have seen that in two-charge electrodynamics, the standard tensor of
angular momentum is not conserved. Thus, generally speaking, we have to
prove that such a generalization is compatible with the relativistic invariance
of the theory.

Let us recall that according to the Schwinger formulation [458], the con-
dition of Lorenz-invariance is

[θ00(x), θ00(y)] = −i
(
T 0k(x) + T k0(y)

)
∂kδ

(4)(x− y) . (4.42)

At first glance, this is not satisfied. Indeed, if we choose n0 = 0, the contribu-
tion of the last term in (4.28) to the naive commutation relations, which
are defined without a proper point-splitting regularization, would be (cf.
(2.13)) [41]

[θ00(x), θ00(y)] = −i
(
T 0k(x) + T k0(y)

)
∂kδ(x− y) (4.43)

+εijkj
i
(e)(x)n

j (nσ · ∂σ)−1 (x, y)jk(g)(y)
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−εijkj
i
(e)(y)n

j (nσ · ∂σ)−1 (y, x)jk(g)(x) .

However, we already noted that in the monopole theory, spatial rotations
are defined up to a complementary unitary transformation that rotates the
vector n in space [301]. The details of this mechanism of restoration of the
effective rotational invariance of a non-relativistic quantum theory were dis-
cussed in Chap. 1 (p. 19). With minor changes, the same arguments can also
be used to prove the effective relativistic invariance of the model with mono-
poles. It was shown by Schwinger [459] that the commutation relations of the
type (4.42) are satisfied in two-charge quantum electrodynamics.

Moreover, the charge quantization condition again arises from the phase
factor of the corresponding Abelian gauge transformation. Here we will not
discuss the argument by Schwinger in more detail. We shall turn instead
to more general and elegant considerations in terms of the path integral
formulation of the theory, as was suggested in [136, 137]. This formalism is
especially helpful, because it easily allows us to write a formal expression for
propagators in complete analogy with standard QED. Hence, we can try to
make use of the common language of Feynman diagrams.

Following [41, 136], let us consider a simplified version of a scalar model,
extending the Lagrangian (4.16)

L = Lem(A, Ã, n) +Dµφ
∗Dµφ−m2φ∗φ , (4.44)

where φ is a complex scalar field representing a dyon, Lem(A, Ã, n) is the
Zwanziger action of free fields appearing in (4.16), and the covariant deriva-
tive is Dµφ = (∂µ + ieAµ + igÃµ)φ.

We can write the partition function of the model as

Z(ηµ, ξµ) =
∫

DADÃDφ∗Dφ exp
{
i

∫
d4x
[
L+ jµ(e)ηµ + jµ(g)ξµ

]}
. (4.45)

Here the currents are

j(e)µ =
ie

2
[
φ∗∂µφ− (∂µφ

∗)φ
]
− 2e(eAµ + gÃµ)φ∗φ , (4.46)

j(g)
µ =

ie

2
[
φ∗∂µφ− (∂µφ

∗)φ
]
− 2g(eAµ + gÃµ)φ∗φ ,

and ηµ(x) and ξµ(x) are the external sources.
Let us recall that relativistic invariance of two-charge quantum electrody-

namics means that the corresponding functional integral must be independent
on the direction of the vector nµ. To demonstrate this, let us first evaluate
the Gaussian integral over the scalar fields in (4.45):

Z(ηµ, ξµ) =
∫

DADÃ exp
{
i

∫
d4x Lem(A, Ã, n)

}
× exp

{
−Tr ln[(pµ − Jµ)2 −m2]/(p2µ −m2)

}
,

(4.47)



4.3 Canonical Quantization 123

where
Jµ ≡ e(Aµ + ηµ) + g(Ãµ + ξµ) , (4.48)

and the momentum operator is as usual defined as pµ = −i∂µ. Now we can
apply the Fock–Schwinger proper time formalism. The operator identity

ln
A

B
= −

∫
dτ

τ

[
exp

iAτ

2
− exp

iBτ

2

]
allows us to rewrite the exponent in (4.47) as4

Tr ln[(pµ − Jµ)2 −m2]
p2µ −m2

(4.49)

= −
∫
dτ

τ

∫
d4x
〈
x
∣∣∣ exp

{ iτ
2

[(pµ − Jµ)2 −m2]
}
− exp

{ iτ
2

(p2µ −m2)
}∣∣∣x〉 .

Gaussian integration of the second exponent in this expression gives a
trivial result that only affects the normalization factor of the path integral.
To evaluate the remaining functional integral over the first exponent in (4.49),
we make use of the well-known Feynman relation between the matrix element
appearing in (4.49) and the path integral over an auxiliary trajectory z(τ):

U(τ, x, y) = 〈x| exp
{
iτ

2
[(pµ − Jµ)2 −m2]

}
|y〉

=
∫

z(0)=x
z(τ)=y

Dz exp

⎧⎨⎩−i
τ∫

0

dτ ′
[
1
2
ż2µ(τ ′) − Jµ(z)żµ(τ ′) +

1
2
m2

]⎫⎬⎭ . (4.50)

Thus [136,137]

Z(ηµ, ξµ) =
∫

DADÃ exp[i
∫
d4x Lem(A, Ã, n)]

× exp
{∫

dτ

τ
exp
(
− im

2τ

2

)}∫
Dzf(z) exp

⎧⎨⎩i
τ∫

0

dτ ′ Jµ(z)żµ

⎫⎬⎭ ,
(4.51)

where f(z) = exp
{
− i

2

∫ τ

0
dτ ′ż2µ(τ ′)

}
and the paths of integration are closed:

z(0) = z(τ).
We can now expand the last exponent in (4.51) involving the external

currents Jµ into a series. Then the partition function can be written as

4 Recall that here the trace operator is a functional trace, that is we must evaluate
the corresponding matrix element of the operator involved in a complete basis
〈x|, |x〉 and then sum over all states. In the case under consideration, we must
integrate over the momentum of free-particle states having the form of plane
waves.
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Z(ηµ, ξµ) =
∞∑

k=0

Z(k)
n , (4.52)

where

Z(k)
n =

1
k!

∫
DADÃ exp[i

∫
d4x Lem(A, Ã, n)]

×
k∏

i=1

[
dτi
τi

∫
Dz(τi)f(z(τi))

]∑
ρ

Cρ exp
{
− i

2
m2τi

}

× exp
{
i

∫
d4x

[
j(e)µ (Aµ + ηµ)j(g)

ν (Ãν + ξν)
]

ρ

}
.

(4.53)

Here Cρ is a combinatoric coefficient and the classical currents of particles
moving along closed trajectories zi(τi) are (cf. (4.2))

j(e)µ =
∑

i

ei

∮
dzi

µδ
(4)(x− zi) ,

j(g)
µ =

∑
i

gi

∮
dzi

µδ
(4)(x− zi) . (4.54)

The dependence of the partition function on the vector nµ is now hidden in
the Lagrangian Lem(A, Ã, n). Consequently, integration of each of the terms
of the expansion (4.53) over the field variables Aµ and Ãµ yields∫

DADÃ exp
{
i

∫
d4x Lem(A, Ã, n)

}
× exp

{
i

∫
d4x

[
j(e)µ (Aµ + ηµ)j(g)

ν (Ãν + ξν)
]}

= exp
[
−1

2

∫ ∫ (
j(e)µ Dµν

AAj
(e)
ν + j(g)

µ Dµν

ÃA
j(e)ν

+ j(e)µ Dµν

AÃ
j(g)
ν + j(g)

µ Dµν

ÃÃ
j(g)
ν

)]
. (4.55)

Here we define the propagators of free fields Aµ and Ãµ. In momentum
representation they can be written as [436,512,547,550]:

Dµν
AA(k) = Dµν

ÃÃ
(k) = i

[
−ηµν +

kµnν − nµkν

n · k

]
1

k2 + iε
,

Dµν

AÃ
(k) = Dµν

ÃA
(k) = iεµνρσ nρkσ

n · k
1

k2 + iε
. (4.56)

The propagator of the scalar field has a standard form and vertices of the
interaction between the scalar (dyon) and electromagnetic fields are multi-
plied by e and g. However, the charge quantization condition means that the
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weak coupling regime with respect to the electric charge corresponds to the
strong coupling regime with respect to the magnetic charge, and vice versa.
Therefore the diagram techniques for expansion over the magnetic coupling
inevitably becomes formal, since there is no perturbation theory with respect
to the charge g. This is a pathology that, within QED with a magnetic charge,
makes the standard renormalization scheme completely meaningless. Never-
theless, there have been some attempts to calculate amplitudes of elementary
quantum-electrodynamical processes with monopoles by making use of the
propagators (4.56). The simplest example is the evaluation of the quantum
amplitude of scattering of an electron by a magnetic charge [436].

Let us now return to the proof of relativistic invariance of the functional
integral (4.51). To simplify our consideration, we shall consider again the
interaction between two point-like dyons. Then the explicit form of the Green
functions (4.56) suggests that the nµ-dependent part of the partition function
has the form

expSn = exp

⎧⎨⎩−i(e1g2 − e2g1)
∮
Γ1

dzµ
1

∮
Γ2

dzν
2 εµνρσ

nρ∂σ

n · ∂
1

(z1 − z2)2 + iε

⎫⎬⎭ ,
(4.57)

where the contours of integration, Γi, i = 1, 2, are closed trajectories of the
particles. Exploiting Stokes theorem we can transform the first integral over
the contour Γ1 into an integral over the surface Σ1:

expSn = exp
{
i(e1g2 − e2g1)

∫
Σ1

dSρσεµνρσ (4.58)

×
∮
Γ2

dzµ
2

[
∂ν

(
1

(z1 − z2)2 + iε

)
+ inν(n · ∂)−1δ(z1 − z2)

]}
.

The first term in the exponent is obviously nµ-independent. Now we can
make use of the integral representation (4.10) of the operator (n · ∂)−1 to
see that the second term can be interpreted as the number of intersections
between the closed world line Γ2 of the second dyon and an oriented three-
surface Σ1 spanned by the path of the first dyon. Obviously, this is an inte-
ger for all trajectories, except those completely in the surface Σ1. The latter
belong to a manifold of measure zero in functional space. Thus, the parti-
tion function of two-charge electrodynamics (4.52) is nµ-independent if the
Schwinger–Zwanziger charge quantization condition (2.131) is fulfilled. Thus,
under this condition the model remains relativistically invariant.

4.4 Renormalization of QED with a Magnetic Charge

By analogy with the standard QED, we can try to renormalize the gener-
alized model with two types of charges. However, we immediately run into



126 4 Abelian Monopole: Relativistic Quantum Theory

trouble, since the charge quantization condition means that one of the cou-
plings inevitably must be strong, so we cannot apply the usual perturbative
expansion in electric and magnetic couplings simultaneously. Therefore the
standard procedure of renormalization in two-charge quantum electrodynam-
ics becomes just formal and questionable.

Let us illustrate this statement, which is common to all evaluations of am-
plitudes of different processes in QED with monopoles, with the well-known
problem of vacuum polarization [43,135,419,459,520]. It is obvious that the
fundamental question is: how are the electric and magnetic coupling constants
modified by quantum corrections, i.e., what are the β-functions correspond-
ing to electric and magnetic couplings? It is clear that the the pole of the
photon propagator (4.56), despite its rather unusual structure, corresponds
to a single photon that can be emitted by an electric or magnetic source.
However, the loop corrections to the photon propagator now include both
usual electron diagrams and contributions from virtual pairs of monopoles
and dyons.

The procedure of renormalization of electric and magnetic charges was
the subject of intensive discussions for a long time (see, for example, the
reviews [41,45]). According to the conclusion reached by Schwinger [459], and
supported in [191,419], both electric and magnetic charges are renormalized
in a similar way, that is

e2r = Zee
2
0 , g2r = Zgg

2
0 , Ze = Zg < 1 . (4.59)

By contrast, Coleman [43] and other authors [158,242,496] concluded that

Ze = Z−1
g , (4.60)

that is, when the energy increases, the effect of vacuum fluctuations lead
not only to the standard electric charge screening, but simultaneously to the
effect of anti-screening of the magnetic charge.

In essence, the argument by Schwinger was as follows. For the sake of
simplicity, let us consider scalar electrodynamics. There are photon propa-
gators of three different types. The explicit form of the propagator Dµν

AB(k)
corresponds to a photon that is emitted at a vertex of one type and absorbed
at a vertex of a different type. Its contribution to the self-energy of the scalar
matter field and the corresponding vertex functions are equal to zero.

At the same time, there is a non-vanishing contribution of the type
〈0|BB|0〉, which comes from a photon that is emitted and absorbed by mag-
netic vertices. The latter is identical to the contribution of the standard
photon propagator 〈0|AA|0〉 up to the substitution e2 → g2. Therefore, the
vertices and propagators of the matter fields are renormalized just as in nor-
mal QED with an effective charge q2 = e2+g2 and the only non-trivial effects
are connected with vacuum polarization due to dyons.

On the one-loop level, the renormalized photon propagator has the form

D̃µν = Dµν +DµρΠ
ρλDλν , (4.61)
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where the vacuum polarization tensor includes the contributions:

Π(ee)
µν (x) = 〈0|j(e)µ (x)j(e)ν (0)|0〉 ,

Π(gg)
µν (x) = 〈0|j(g)

µ (x)j(g)
ν (0)|0〉 ,

Π(eg)
µν (x) = 〈0|j(e)µ (x)j(g)

ν (0)|0〉 ,
Π(ge)

µν (x) = 〈0|j(g)
µ (x)j(e)ν (0)|0〉 . (4.62)

As in the case of standard QED, the condition of conservation of electric and
magnetic currents fix the form of the Fourier transform of the polarization
tensor to be

Πµν(k2) = −i(ηµνk
2 − kµkν)Π(k2,m2) , (4.63)

where m is the mass of the virtual particle. Thus, substituting (4.56) into
(4.61), and keeping only gauge invariant terms, we can write

D̃(ee)
µν = − iηµν

k2

(
1 −Π(ee) −Π(gg)

)
− i Tµν

(n · k)2Π
(gg) ,

D̃(gg)
µν = − iηµν

k2

(
1 −Π(ee) −Π(gg)

)
− i Tµν

(n · k)2Π
(ee) ,

D̃(eg)
µν = − i

k2
Sµν

(
1 −Π(ee) −Π(gg)

)
+ i

Tµν

(n · k)2Π
(eg) ,

D̃(ge)
µν = − i

k2
Sµν

(
1 −Π(ee) −Π(gg)

)
+ i

Tµν

(n · k)2Π
(ge) , (4.64)

where

Sµν = εµνρσ
nρkσ

(n · k) , Tµν = n2ηµν − nµnν ,

Π(ee) = e2Π(k2); Π(gg) = g2Π(k2) , Π(eg) = Π(ge) = egΠ(k2) ,
(4.65)

and Π(k2) is the standard reduced one-loop vacuum polarization tensor. We
shall write its explicit form below.

Note that, as we approach the photon pole, k2 → 0, the terms in (4.64)
that are proportional to Tµν become negligible compared to the first terms.
Let us define the renormalization constant

Z = 1 −Π(ee)(0) −Π(gg)(0) = 1 − (e2 + g2)Π(0) . (4.66)

Then the photon propagators (4.64) at zero momentum transfer become

D̃(ee)
µν ≈ D̃(gg)

µν ≈ − iηµν

k2
Z ,

D̃(eg)
µν ≈ −D̃(ge)

µν ≈ − iSµν

k2
Z , (4.67)

that is, the renormalized charges can be defined according to (4.59). The
conclusion by Schwinger about the similar character of the renormalization
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of both electric and magnetic charges follows from (4.67). Moreover, due to
the charge quantization Condition, the constant Z must be a rational number
smaller than one [459].

This result is rather general, since it follows directly from the form of
the photon propagator (4.56) and the definition of the renormalized charge,
(4.59). However, let us note that if the relations (4.59) are fulfilled, the charge
quantization condition will not be independent of the renormalization. That
would be a puzzle and cause trouble. On the other hand, if the conclusion
reached by Coleman (4.60) and others is correct, the quantization condition
does not depend on the renormalization point, i.e., the electric and magnetic
β-functions run in opposite ways.

Let us try to understand the difference between the two approaches pre-
sented in [191, 419, 459] and [43, 158, 242, 496], respectively. The Schwinger
approach indirectly relies on the treatment of both electric and magnetic
charges on the same footing. Coleman and others argue that, according to
the experimental data and predictions of non-Abelian gauge theories, the
monopole must be much heavier than its electric counterpart and therefore
its contribution to the vacuum polarization amplitude in the low-energy limit
would be strongly suppressed.

Note that even within the framework of pure QED there still remains an
unsolved question: can one treat the quantum effects caused by monopoles
or dyons in the same manner, because the magnetic coupling is strong: eg ∼
1? Calucci and Iengo [158] attempt to solve this problem by making use
of the lattice formulation of the theory. We will not go into details of this
consideration [157, 159], which is based on the loop representation of the
partition function of two-charge electrodynamics. Note just that it looks like
the reason for the disagreement between the relations (4.59) and (4.60) is
connected with the treatment of the n-dependent term in the action [41].
In the Calucci–Iengo representation [158] the charge quantization condition
removes this term in just the same way as was done above when we proved
the relativistic invariance of the model. Then the relation (4.60) is recovered.

4.5 Vacuum Polarization by a Dyon Field

As we have seen above, there is a serious inconsistency in QEMD when it
is formally constructed according to the standard prescriptions. The charge
quantization condition must be satisfied for the theory to be self-consistent
but, at the same time, this condition means that we cannot apply the per-
turbative expansion in electric and magnetic couplings simultaneously.

However, there still remains the possibility of using the loop expansion of
the partition function, which relies on the smallness of the Planck constant.
In this way, we can obtain some results even without making use of the
standard Feynman diagram technique but, for example, by applying a rather
old-fashioned approach that is based on the exact solution of the relativistic
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wave equations in external fields [242]. Indeed, in this case, the one-loop
correction to the energy of the electromagnetic field can be calculated by
“brute force”, that is, by direct summation of the corresponding one-particle
modes over all quantum numbers n (see, e.g., [31]):

∆E =
1

2V

∑
n

(
ω2

n|φn|2 + |∇φn − ieAkφn|2 +m2|φn|2 + e2A2
0|φn|2

)
, (4.68)

where φn are the known solutions (2.47) of the scalar relativistic wave equa-
tion for a spinless charged particle in an external dyon field [5] and the scalar
potential of a dyon is A0 = Q/r.

Let us recall that these solutions describe bound states, as well as the
continuum (see page 38). Since we suppose that the mass of the monopole or
dyon is very large in comparison with the mass of the charged particle, in the
evaluation of the effects of the vacuum polarization at the one-loop level, we
can restrict ourselves to the consideration of the contribution that is caused
by electrically charged virtual particles.

Let us substitute the solutions (2.47) and (2.49) into the expression (4.68).
Note that the spherical symmetry of the configuration allows us to calculate
the sum over the magnetic quantum number m by exploiting the relations
[531]:

j∑
m=−j

|Yµlm(θ, ϕ)|2 =
2j + 1

4π
, (4.69)

j∑
m=−j

|∇Yµlm(θ, ϕ) − ieAkYµlm(θ, ϕ)|2 =
2j + 1

4π
[j(j + 1) − µ2] .

Now we can split the expression (4.68) into two parts corresponding to
the contributions of the bound states and the continuum, respectively. Since
the explicit form of the radial wave functions of the discrete part of the spec-
trum (2.49) shows that their contribution to the sum (4.68) is exponentially
suppressed, we can neglect those terms and consider only the sum over the
continuum states. Invoking (4.69), we can roughly estimate the zero-point
energy density as

∆E =
1

4π2

∞∑
j=µ

(2j + 1)

∞∫
0

dk

ω

(
(ω2 +m2)|Fkj(r)|2 (4.70)

+
e2Q2 + j(j + 1) − µ2

r2
|Fkj(r)|2 + |∂rFkj(r)|2

)
,

where Fkj(r) are the radial functions (2.49). Note that in the limiting case
Q = 0, this relation coincides with the one-loop correction to the energy
density of a charged particle in a monopole magnetic field obtained in [242].
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Using the Watson–Sommerfeld integral formula

∞∑
n=0

F (n) =
∮
C

dy
F (y)

1 − exp(2πiy)

=

∞∫
−1/2

dyF (y) + 2

∞∫
0

dx

1 + exp(2πx)
Im F (−1/2 + ix) , (4.71)

we can perform the summation over the quantum number j:

∆E =
∞∑

j=µ

(2j + 1)F (l(j), Q) = 2

∞∫
0

dl(l + 1/2)F (l, Q) (4.72)

+ 4

∞∫
0

dx

1 + exp(2πx)
Re
[
(x− iµ)F

(
− 1

2 +
√

2iµx− x2 − e2Q2
)]
,

where we have introduced the abbreviation

F (l, Q) =
1

4π2

∞∫
0

dk

ω

(
(ω2 +m2)|Fkj(r)|2

+
e2Q2 + j(j + 1) − µ2

r2
|Fkj(r)|2 + |∂rFkj(r)|2

)
. (4.73)

The next step is to consider the asymptotic behavior of the radial func-
tions of (4.70)

Fkj(r)r
r→∞≈ 1

r
(G cos θ + F sin θ) ,

where θ = kr−(eQω/k) ln(2kr)− 1
2πl+δ and the coefficients G, F are defined

by the expansion

G =
j(j + 1) − µ2

2kr
− e

2Q2

2kr

(
1 − ω

2

k2

)
−
(
eQ

4(kr)2
− eQ(j(j + 1) − µ2)

2(kr)2
+
e3Q3

2(kr)2

(
1 − ω

2

k2

))
ω

k
+ . . . ,

F = 1 +
eQ

2kr
ω

k
+
j(j + 1) − µ2

4(kr)2
− (j(j + 1) − µ2)2

8(kr)2
+

5
8
e2Q2

(kr)2
ω2

k2

− e2Q2

4(kr)2
+
e2Q2

(
j(j + 1) − µ2

)
4(kr)2

(
1 − ω

2

k2

)
− e4Q4

8(kr)2

(
1 − ω

2

k2

)2

+ . . . (4.74)

The recipe of regularization of the divergent integral (4.73), is to subtract
the analogous vacuum expression for vanishing charges: Q = 0, g = 0. Then,
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substituting the asymptotic expansions (4.74) into (4.72), after some algebra
we obtain, to leading order in 1/kr

∆E =
1

8π2r4

∞∑
j=µ

(2j + 1)
[
[j(j + 1) − µ2 + 2e2Q2]

(
ln

2Λ
m

− 1
)]
, (4.75)

having omitted all the Q and g independent terms and performing an integra-
tion over the variable x = kr. The last step is to sum over the quantum num-
ber j. This can be performed by again making use of the Watson–Sommerfeld
formula:

∆E ≈
(ln 2Λ

m − 1)
2π2r4

∫ ∞

0

dx

1 + exp(2πx)

×Im
[
(ix+ µ)

(
(ix+ µ)2 + 2e2Q2 − 1

4
− µ2

)]
. (4.76)

Keeping only the charge-dependent terms, we find

∆E ≈ α

6π

(
ln

2Λ
m

− 1
)
E2

2
+
α

6π

(
ln

2Λ
m

− 1
)
B2

2
, (4.77)

where α = e2/4π. The final step of our calculation is to include the terms
corresponding to the energy density of the electromagnetic field in the tree
approximation. Then, we obtain

E =
E2

2

(
1 +

α

6π
ln

2Λ
m

− α

6π

)
+
B2

2

(
1 +

α

6π
ln

2Λ
m

− α

6π

)
. (4.78)

Thus, the effect of vacuum polarization in an external dyon field is that both
electric and magnetic fields are multiplied by the same divergent coefficient.
Formally, this is in agreement with the Schwinger conclusion (4.59) that we
discussed above.

As in the case of usual QED, the logarithmic divergence in (4.78) can be
eliminated by a standard renormalization of the external electric and mag-
netic fields E, B and the electric charge of the scalar field e:

e2R = e2Z , E2
R = E2Z−1, B2

R = B2Z−1 , (4.79)

where the renormalization factor

Z = 1 − α

6π
ln

2Λ
M

corresponds to the usual renormalization constant of scalar QED and its
generalization (4.66) considered above. Thus, the electric charge of a dyon is
screened by the vacuum polarization effects as it should be.

Let us define the “dielectric” (ε) and “magnetic” (µ) vacuum permittivi-
ties [242] as
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ε = µ−1 =
(

1 +
α

6π
ln

2Λ
m

− α

6π

)
.

Then we can write

E = ε
E2

2
+ µ−1B

2

2
. (4.80)

We can also introduce renormalized quantities

εR = µ−1
R = 1 − α

6π
, (4.81)

which define the finite corrections to the energy density E of the dyon elec-
tromagnetic field originating from the vacuum polarization. The regularized
expression for E , taking into account the one-loop correction to the first order
in α takes the form:

E =
1
2

(
εRE

2
R + µ−1

R B
2
R

)
. (4.82)

The physical interpretation of this result is that the contribution of the one-
loop corrections to the energy density of the electric and magnetic fields of the
dyon leads to a shielding of the electric charge of the dyon and, taking into
account the definition (4.81), to the effect of antishielding of the magnetic
charge g.

4.6 Effective Lagrangian of QED
with a Magnetic Charge

In the previous section, we considered the vacuum polarization induced by
electron-positron virtual pairs in a dyon external field. Now, let us consider
what in some sense is the opposite problem, i.e., we shall investigate how
one-loop corrections connected with a virtual pair of dyons could modify
the vacuum energy. As is well-known (see, for example, [1]) in the case of
a weak, almost homogeneous electromagnetic field, such a correction can
be evaluated again without using the perturbative expansion in a coupling
constant. Actually, our goal is to write an effective Lagrangian of QEMD
[337], which is a generalization of the known form of the Euler–Heisenberg
non-linear Lagrangian.

Let us consider the simple case of weak, constant, parallel electric and
magnetic fields E and B. We impose the conditions eE/m2 � 1 and
eB/m2 � 1, such that the creation of particles is not possible. As in the
previous section, the one-loop correction can be calculated by summing the
one-particle modes — the solutions of the Dirac equation in the external
electromagnetic field — over all quantum numbers5.

5 Here, in order to make the comparison with ordinary QED more transparent, we
will consider not scalar but spinor excitations.
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Let us recall the basic elements of such calculations. For example, if there
is just a magnetic field, B = (0, 0, B), the corresponding equation of motion
of an electron is [

iγµ (∂µ + ieAµ) −m(e)
]
ψ = 0 , (4.83)

where the electromagnetic potential is Aµ = (0,−By, 0, 0). The solution to
this equation gives the energy levels of an electron in a magnetic field [1, 5]

εn =
√
m2 + eB(2n− 1 + s) + k2 , (4.84)

where n = 0, 1, 2 . . . and s = ±1. Furthermore, k is the electron momentum
along the field. In this case, the correction to the Lagrangian is [1, 6]

∆LB =
eB

2π2

∞∫
0

dk

[
(m2 + k2)1/2 + 2

∞∑
n=1

(m2 + 2eBn+ k2)1/2

]

= − 1
8π2

∞∫
0

ds

s3
e−m2s

[
(esB) coth (esB) − 1 − 1

3
e2s2B2

]
, (4.85)

where the terms independent of the external field B have been dropped and
a standard renormalization of the electron charge has been made.

It is known [5] that if we consider simultaneously homogeneous magnetic
and electric fields, then (4.83), as well as its classical analogue, can be sepa-
rated into two uncoupled equations, each in two variables. Indeed, in this case
we can take Aµ = (Ez,−By, 0, 0), and the interaction of an electron with
the fields E and B is determined independently. For such a configuration of
electromagnetic fields, the correction to the Lagrangian is [1, 6]

∆L =
eB

2π2

∞∑
n=1

∞∫
0

dk ε(E)
n (k) . (4.86)

Here, ε(E)
n is the correction to the energy of an electron (4.84) in the combined

external magnetic and electric fields, which to the first order is proportional
to e2E2. Thus the total Lagrangian is L = L0 + ∆L, where L0 = (E2 −
B2)/2 is just the Lagrangian of the free electromagnetic field in the tree
approximation, and can be written as

L =

⎛⎝1 +
α

3π

∞∫
0

ds

s
e−m2s

⎞⎠ E2 − B2

2
+∆L′ . (4.87)

The logarithmic divergence can again be removed by the standard renor-
malization of the external fields and the electron charge (4.79). The only
difference from the case of scalar electrodynamics that we considered above
is that the renormalization constant now is
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Z−1 = 1 + (α/3π)

∞∫
0

(ds/s)e−m2s .

Thus, the finite part of the correction to the Lagrangian, ∆L′, can be written
in terms of physical quantities as (see, e.g., [1])

∆L′ = − 1
8π2

∞∫
0

ds

s3
e−m2s [(esE)(esB) cot(esE) coth(esB) − 1] , (4.88)

which in the limit E = 0 reduces to the renormalized form of (4.85).
Since we consider the case of weak electromagnetic fields, we can expand

the expression (4.88) in the parameters eE/m2 � 1, eB/m2 � 1, which
yields the well-known Euler–Heisenberg correction [264]:

∆L′ ≈ e4

360π2m4

[
(B2 − E2)2 + 7(B · E)2

]
. (4.89)

Let us consider how the situation changes, if we allow for virtual pair
creation of dyons in the external electromagnetic field. We recall that the
dynamics of a spinor particle in the external field of a dyon is described by
the (4.18) [

iγµ
(
∂µ + ieAµ + igÃµ

)
−M

]
ψ = 0 ,

where M is the dyon mass.
Here the notations are slightly different from the two-potential formu-

lation considered above. The potential Aµ and its dual Ãµ are defined by
Fµν = ∂µAν − ∂νAµ = εµνρσ∂

ρÃσ where Fµν is the electromagnetic field
strength tensor.6

The potentials in the case of constant parallel electric and magnetic fields
can be expressed as

Aµ = (Ez,−By, 0, 0), Ãµ = (Bz,Ey, 0, 0) . (4.90)

It is easily seen that the solution to the equation of motion for a dyon in
an external electromagnetic field can be obtained from the solution to the
equation for an electron by the dual transformation

eE → QE + gB , eB → QB − gE . (4.91)

Using this substitution we obtain the following expression for the quan-
tum correction to the Lagrangian, due to the vacuum polarization caused
by dyons:

6 This definition is consistent only if �Aµ = �Ãµ = 0, i.e., for constant electro-
magnetic fields or for free electromagnetic waves.
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L =

⎛⎝1 +
Q2

12π2

∞∫
0

ds

s
e−M2s − g2

12π2

∞∫
0

ds

s
e−M2s

⎞⎠ E2 − B2

2
+∆L′ , (4.92)

where a total derivative has been dropped.
The procedure of renormalization of electric and magnetic charges and

the fields can be done in complete analogy with the problem of vacuum po-
larization by a dyon field that we considered above. The difference is that
now we have to take into account both electric and magnetic charges of a vir-
tual particle in a loop. Thus, we can introduce two different renormalization
factors [41]:

Z−1
e = 1 +

Q2

12π

∞∫
0

ds

s
e−M2s , Z−1

g = 1 − g2

12π

∞∫
0

ds

s
e−M2s , (4.93)

which corresponds to the decomposition Z = ZeZ
−1
g of the renormalization

constant of (4.66). In this case, the fields and charges are renormalized as

E2
R = Z−1

e ZgE
2 , B2

R = Z−1
e ZgB

2 ,

e2R = ZeZ
−1
g e2 , g2R = Z−1

e Zgg
2 . (4.94)

Considering now the case of weak electromagnetic fields by analogy with
(4.89), we can write the finite part of the renormalized correction to the
Lagrangian ∆L′ as

∆L′ =
1

360π2M4

{
[(Q2 − g2)2 + 7Q2g2](B2 − E2)2

+ [16Q2g2 + 7(Q2 − g2)2](B · E)2 + 6Qg(Q2 − g2)(B · E)(B2 − E2)
}
.

(4.95)

Let us recall that this expression describes nonlinear corrections to
the Maxwell equations that correspond to photon-photon interactions. The
principal difference between the formula (4.95) and the standard Euler–
Heisenberg effective Lagrangian (4.89) consists in the appearance of P and
T non-invariant terms proportional to (BE)(B2 − E2). It should, however,
be noted that this term is invariant under charge conjugation C, since then
both Q and g would change sign [438].

Let us make one more remark on the loop corrections. If we would consider
the corrections connected with the contribution of the virtual dyons only (and
not the electrons), then the dual invariance of the model would mean that the
charges Q and g would not separately have any meaning, the physics would
be determined by the effective charge

√
Q2 + g2. However, in the case under

consideration, we are dealing with two effects simultaneously, that is, we have
two different contributions from vacuum polarization by electron-positron
and dyon pairs, respectively. Then it is not possible to reformulate the theory
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Fig. 4.1. T-violating contribution to the electron-photon vertex due to the dyon
loop

in terms of just one effective charge by means of a dual transformation.
Moreover, the Dirac charge quantization condition connects just the electric
charge of the electron and the magnetic charge of the dyon: eg = n/2, whereas
the electric dyon charge Q is not quantized. Its quantization becomes natural
in the quantum field theory, which we shall consider later.

We can further simplify the expression (4.95), taking into account the
difference between the monopole and electron masses. Indeed, it is widely
believed, based both on experimental bounds and predictions of non-Abelian
theories, that the dyon mass would be large. Thus, forM � m, we can write
the dominant contributions of (4.89) and (4.95) as

∆L′ ≈ e4

360π2m4

[
(B2 − E2)2 + 7(B · E)2

]
+
Qg(Q2 − g2)

60π2M4
(B · E)(B2 − E2) ,

(4.96)
where the P and T invariant terms contributing to vacuum polarization by
dyons have been dropped because they are suppressed by factors M−4.

Finally, let us make two remarks. First, we note that the expression (4.96)
yields the matrix element for low-energy photon-photon scattering, which
contains P and T non-invariant terms [337]. This results in interference be-
tween two one-loop diagrams corresponding to loops with dyons and those
with simply electrically charged particles, causing an asymmetry between the
processes of photon splitting γ → 2γ and photon coalescence 2γ → γ [336].
The asymmetry is linear in the product of the dyon charges, and proportional
to the fourth power of the electron to dyon mass ratio m/M .
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Second, the violation of T invariance caused by the contribution of the
photon-photon scattering sub-diagram to the sixth-order radiative correc-
tions to the electron-photon vertex (see Fig. 4.1) could induce an electric
dipole moment of the electron. The corresponding estimate yields [337]

de ∼ e2Qg(Q2 − g2)
(4π2)3

m

M2
. (4.97)

This estimate can be used to obtain a new bound on the dyon mass. Indeed,
recent experimental progress in the search for an electron electric dipole mo-
ment [120,174,302] gives a rather strict upper limit: de < 9×10−28e cm. If we
suppose that Q ∼ e, then from (4.97) we obtain M ≥ 2× 106 m ≈ 103 GeV.
This coincides with the bound obtained from the experimental data of the
e+e− collider LEP by De Rújula [449] for virtual monopoles. Thus, we can
definitely conclude that a monopole (dyon) is not a natural object in QED
and its mass belongs at least to the electroweak scale.



Part II

Monopole in Non-Abelian Gauge Theories



5 ’t Hooft–Polyakov Monopole

5.1 SU(2) Georgi–Glashow Model
and the Vacuum Structure

5.1.1 Non-Abelian Wu–Yang Monopole

We have seen in the previous chapters that a magnetic monopole could be
introduced into the Abelian electrodynamics on the classical level, if the
vector potential is not defined globally or if there are singular objects in the
theory. However, even in this case, the quantum theory of the monopole is
full of contradictions that one can hardly avoid within the framework of an
Abelian model.

The situation changes drastically if we take into account that the Abelian
electrodynamics is part of a unified model, i.e., the generator of the elec-
tromagnetic U(1) subgroup is embedded into a non-Abelian gauge group of
higher rank. Indeed, let us consider the simplest possible version of such an
embedding, the SU(2) Yang–Mills model. Suppose that the Dirac potential
(1.43) with the string directed along the positive direction of the z-axis is as-
sociated with the Cartan subgroup of SU(2). In other words, it is embedded
into SU(2) as1 Aµ = ADirac

µ σ3/2. Thus, the components of the non-Abelian
potential Aµ = Aa

µσ
a are

A1
µ = 0 , A2

µ = 0 ,

A3
r = 0 , A3

θ = 0 , A3
ϕ = −g

r

1 + cos θ
sin θ

. (5.1)

As before, we can also write A3
µ = −g(1 + cos θ)∂µϕ, where the four-vector

∂µϕ =
1

r sin θ
(0,− sinϕ, cosϕ, 0)

is singular along the entire z-axis (see the related discussion of (1.41) in
Chap. 1).

1 We have adopted a notation in which Greek indices should always be understood
to run from 1 to 4 and Roman indices from 1 to 3.
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Let us recall that under gauge transformations the non-Abelian vector
potential transforms as

Aµ → A′
µ = UAµU

−1 +
i

e
U∂kU

−1 , (5.2)

where the matrix of SU(2) gauge transformations is defined by (3.88). The
group parameters θ and ϕ in the standard parameterization are identified
with the polar and azimuthal angles on the sphere S2. The third angle para-
meter α is defined2 on the sphere S3.

Let us suppose α = 0 and consider the gauge transformations rotating
the unit vector on the sphere S2 to the third axis in isospace:

U(θ, φ) = eiσ3
ϕ
2 eiσ2

θ
2 e−iσ3

ϕ
2 =

(
cos θ

2 − sin θ
2e

−iϕ

sin θ
2e

iϕ cos θ
2

)
. (5.3)

Obviously, the range of the rotation angle ϕ varies from the value 4π for
θ = 0 to 0 for θ = π; recall that in the general case of the SU(N) group, the
unit element is equal to a rotation by the angle 2πN .

After some straightforward, but lengthy calculations, the gauge transfor-
mation (5.2) gives [76,86,270]

A′
n = Aa

n

σa

2
= εamn

rm
r2
σa

2
. (5.4)

This potential is obviously regular everywhere but the origin, that is the
string singularity of the original expression (5.1) disappears due to some
miracle! One can understand the mechanism of that miracle by taking into
account that the gauge transformation (5.3) itself is singular. Indeed, the
third isotopic component of the affine part of the gauge transformation[

− i
e
U∂kU

−1

]
3

=
1
e
(1 + cos θ)∂kϕ ,

possesses a singularity of the same type as the original string singularity of the
embedded Dirac potential (5.1). The exact cancellation of both singularities
is possible if the charge quantization condition (2.6) is satisfied.

The gauge transformation of the potential (5.1) leads us to the expression
(5.4), which is just the classical solution of the pure SU(2) Yang–Mills theory
discovered by Wu and Yang in 1969 [528]. They also mentioned that such a
solution is connected with the magnetic monopole, because the substitution
of the Wu–Yang potential (5.4) into the definition of the non-Abelian field
strength tensor

Fµν = ∂µAν − ∂νAµ + ie[Aµ, Aν ] =
1
2
F a

µνσ
a , (5.5)

2 We shall discuss the space of parameters of the gauge group SU(2) in Sect. 5.3.1
below.
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yields

F a
mn = εmnk

rark

er4
∼ 1
r2
. (5.6)

This suggests that such a solution could be a source of a non-Abelian Coulomb
magnetic field. However, if we try naively to calculate the color magnetic
charge that corresponds to this field, the integral over the color magnetic
field on the surface of an infinite spatial sphere vanishes∫

dSkB
a
k =

∫
dSk

rark

er4
= 0 .

The problem could be solved, if for some reason there would be a special di-
rection r̂k in the spatial asymptotic and the non-Abelian field strength tensor
could be projected onto this direction. On the other hand, the singularity at
the origin of the Wu–Yang solution leads to some trouble with the definition
of the energy of the configuration. We will see that the coupling of the gauge
field with the Higgs field and related mechanism of spontaneous symmetry
breaking shall cure both these problems.

5.1.2 Georgi–Glashow Model

The modern era of the monopole theory started in 1974, when ’t Hooft and
Polyakov independently discovered monopole solutions of the SO(3) Georgi–
Glashow model [270, 428]. The essence of this break-through is that while a
Dirac monopole could be incorporated in an Abelian theory, some non-Abelian
models, like that of Georgi and Glashow, inevitably contain monopole-like
solutions.

For many years, starting from the pioneering paper by Dirac, the most
serious argument to support the monopole concept, apart from his emotional
belief that “one would be surprised if Nature had made no use of it” [200], was
the possible explanation of the quantization of the electric charge. However,
as time went on and the idea of grand unification emerged, it seemed that
the latter argument had lost some power.

Indeed, the modern point of view is that the operator of electric charge
is the generator of a U(1) group. The charge quantization condition arises
in models of unification if the electromagnetic subgroup is embedded into a
semi-simple non-Abelian gauge group of higher rank. In this case, the electric
charge generator forms nontrivial commutation relations with all other gen-
erators of the gauge group. Therefore, the electric charge quantization today
is considered as an argument in support of the unification approach.

However, it turns out that both the “old” and “new” explanations of the
electric charge quantization are just two sides of the same problem, because
it was realized that any model of unification with an electromagnetic U(1)
subgroup embedded into a semi-simple gauge group, which becomes sponta-
neously broken by the Higgs mechanism, possesses monopole-like solutions!
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An example of such a model is the well-known Georgi–Glashow model
[234] with the classical Lagrangian density, which describes coupled gauge
and Higgs fields:

L = −1
2
Tr FµνF

µν + Tr DµφD
µφ− V (φ)

= −1
4
F a

µνF
aµν +

1
2
(Dµφa)(Dµφ

a) − V (φ) . (5.7)

Here, Fµν = F a
µνT

a, φ = φaT a and we use standard normalization of the
generators of the gauge group: Tr (T aT b) = 1

2δab, a, b = 1, 2, 3, which for the
gauge group G = SU(2) satisfy the algebra

[T a, T b] = iεabcT
c. (5.8)

The generators3 could be taken in the fundamental representation, T a = 1
2σ

a

or in the adjoint representation, (T a)bc = −iεabc. In this chapter, we will
choose the adjoint representation, but in some cases we will use convenient
matrix notations. Also note that there is a typical “birth-mark” that allows
us to distinguish a mathematician from a theoretician: whereas, for some rea-
sons, the former prefers to work with a field in anti-Hermitian representation
of a group, the latter definitely likes Hermitian objects. For the SU(2) group,
for example, an anti-Hermitian basis may be taken as T a = − i

2σ
a. Then

the structure constants of the su(2) algebra are real. Here we shall use the
“physical” Hermitian basis.

The covariant derivative is defined as

Dµ = ∂µ + ieAµ , (5.9)

which yields

Dµφ = ∂µφ+ ie[Aµ, φ] , or Dµφ
a = ∂µφ

a − eεabcA
b
µφ

c , (5.10)

and the potential of the scalar fields is taken to be

V (φ) =
λ

4
(φaφa − v2)2 , (5.11)

where e and λ are gauge and scalar coupling constants, respectively. The field
strength tensor is

F a
µν = ∂µA

a
ν − ∂νA

a
µ − eεabcA

b
µA

c
ν , (5.12)

3 Note that the SO(3) group is locally isomorphic to the simply connected covering
group SU(2). However, in the monopole theory the global difference between
these two groups is very important, because the topological properties of the
corresponding group spaces are different. We discuss this situation in Sect. 5.3.1.



5.1 SU(2) Georgi–Glashow Model and the Vacuum Structure 145

or in matrix form

Fµν = ∂µAν − ∂νAµ + ie[Aµ, Aν ] ≡ 1
ie

[Dµ, Dν ] . (5.13)

The field equations corresponding to the Lagrangian (5.7) are

DνF
aµν = −eεabcφ

bDµφc , DµD
µφa = −λφa(φbφb − v2) . (5.14)

Moreover, the Bianchi identities Dν F̃ a
µν ≡ 0 for the dual non-Abelian field

strength tensor generalize the second pair of the field equations.
The symmetric stress-energy tensor Tµν , which follows from the Lagran-

gian (5.7) and the field equations (5.14), is

Tµν = F a
µρF

aρ
ν + (Dµφ

a)(Dνφ
a) − gµνL

= F a
µαF

ναa +Dµφ
aDνφ

a − 1
2
gµνDαφ

aDαφa − 1
4
gµνF

a
αβF

αβa

− gµν
λ

4
(
φ2 − v2

)
, (5.15)

and is conserved by virtue of the field equations:

∂µT
µν = 0 .

From (5.15) we can easily obtain the static Hamiltonian, aka the total energy
of the system:

E =
∫
d3xT00 =

∫
d3x

[
1
4
F a

µνF
µνa+

1
2
(Dµφ

a)(Dµφa)+
λ

4
(φaφa−v2)2

]
=
∫
d3x

1
2

[Ea
nE

a
n +Ba

nB
a
n + (Dnφ

a)(Dnφ
a)] + V (φ) , (5.16)

where
Ea

n ≡ F a
0n and Ba

n ≡ 1
2
εnmkF

a
mk , (5.17)

are “color” electric and magnetic fields. We see that the energy is minimal if
the following conditions are satisfied:

φaφa = v2 , F a
mn = 0 , Dnφ

a = 0 . (5.18)

These conditions define the Higgs vacuum of the system and the constant v
is the scalar field vacuum expectation value.

The perturbative spectrum of the model can be found from analyzing
small fluctuations around the vacuum. Let us suppose that the system under
consideration is static, Ea

n = 0. Then the energy of the vacuum is equal to
zero. Furthermore, let us consider a fluctuation χ of the scalar field φ around
the trivial vacuum |φ| = v, where only the third isotopic component of the
Higgs field is non-vanishing:
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φ = (0, 0, v + χ) . (5.19)

Substitution of the expansion (5.19) into the Lagrangian (5.7) yields, up to
terms of the second-order

(Dnφ
a)(Dnφ

a) ≈ (∂nχ
a)(∂nχ

a) + e2v2
[(
A1

n

)2
+
(
A2

n

)2]
, (5.20)

and
V (φ) ≈ λ

2
v2χ2 . (5.21)

Thus, the vacuum average of the scalar field is non-vanishing and the model
describes spontaneous symmetry breaking. Further analysis given in Chap. 7
shows that the perturbative spectrum consists of a massless photon A3

µ cor-
responding to the unbroken U(1) electromagnetic subgroup, massive vector
fields A±

µ = (1/
√

2)(A1
µ±A2

µ) with mass mv = ev, and neutral scalars having
a mass ms = v

√
2λ.

We will discuss some properties of such fluctuations later. Here we only
note that the electric charge of the massive vector bosons A± is given by the
unbroken U(1) subgroup. In general, this is a subgroup H of the gauge group
G, the action of which leaves the Higgs vacuum invariant. Obviously, this is a
little group of the rotation in isospace about the direction given by the vector
φa. The generator of it, (φaT a)/v, must be identified with the operator of
electric charge Q. Thus, the expression for the covariant derivative (5.10) can
be written in the form

Dµ = ∂µ + ieAa
µT

a = ∂µ + iQAem
µ , (5.22)

which allows us to define the “electromagnetic projection” of the gauge po-
tential

Aem
µ =

1
v
Aa

µφ
a, Q =

e

v
φaT a . (5.23)

Taking into account the definition of the generators T a of the gauge group,
we can easily see that the minimal allowed eigenvalues of the electric charge
operator are now q = ±e/2.

5.1.3 Topological Classification of the Solutions

“The fox knows many things,
but the hedgehog knows one big thing”

Archiolus

The spectrum of possible solutions of the Georgi–Glashow model is much
richer than one would naively expect. There are stable soliton-like static
solutions of the complicated system of field equations (5.14) having a finite
energy density on the spatial asymptotic. An adequate description of these
objects needs the topological methods we discussed in Chap. 3.
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Indeed, the very definition (5.18) forces the classical vacuum of the
Georgi–Glashow model to be degenerated. The condition V (φ) = 0 means
that |φ| = v, i.e., the set of vacuum values of the Higgs field forms a sphere
S2

vac of radius v in d = 3 isotopic space. All the points on this sphere are
equivalent because there is a well-defined SU(2) gauge transformation that
connects them.

The solutions of the classical field equations map the vacuum manifold
M = S2

vac onto the boundary of 3-dimensional space, which is also a sphere
S2. These maps are charactered by a winding number n = 0,±1,±2 . . . , which
is the number of times S2

vac is covered by a single turn around the spatial
boundary S2. The crucial point is that the solutions having a finite energy on
the spatial asymptotic could be separated into different classes according to
the behavior of the field φa. The trivial case is that the isotopic orientation
of the fields does not depend on the spatial coordinates and asymptotically
the scalar field tends to the limit

φa = (0, 0, v) . (5.24)

This situation corresponds to the winding number n = 0.
We can also consider another type of solutions with the property that

the direction of isovector and isoscalar fields in isospace are functions of the
spatial coordinates. One could suppose that since the absolute minimum of
the energy corresponds to the trivial vacuum, such configurations would be
unstable. However, their stability will be secured by the topology: if we try
to deform the fields continuously to the trivial vacuum (5.24), the energy
functional would tend to infinity. In other words, all the different topological
sectors are separated by infinite barriers.

To construct the solutions corresponding to the non-trivial minimum of
the energy functional (5.16), we again consider the scalar field on the spatial
asymptotic r → ∞, taking values on the vacuum manifold |φ| = v. However,
we suppose that the isovector of the scalar field is now directed in the isotopic
space along the direction of the radius vector on the spatial asymptotic4

φa −→
r→∞

vra

r
. (5.25)

This asymptotic behavior obviously mixes the spatial and isotopic indices
and defines a single mapping of the vacuum M onto the spatial asymptotic.
A single turn around the boundary S2 leads to a single closed path on the
sphere S2

vac and the winding number of such a mapping is n = 1.
As was mentioned by ’t Hooft [270], the configurations that are charac-

terized by different winding numbers cannot be continuously deformed into
each other. Indeed, we have seen that the gauge transformation (5.3) of the
form U = ei(σkϕ̂k)θ/2 rotates the isovector to the third axis. However, if we

4 In the pioneering paper by Polyakov [428] this solution was coined a “hedgehog”.
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try to “comb the hedgehog”, that is, to rotate the scalar field everywhere in
space to a given direction (so-called unitary or Abelian gauge), the singular-
ity of the gauge transformation on the south pole does not allow us to do
it globally. Thus, there is no well-defined global gauge transformation that
connects the configurations (5.24) and (5.25) and this singularity results in
the infinite barrier separating them.

5.1.4 Definition of Magnetic Charge

The condition of vanishing covariant derivative of the scalar field on the
spatial asymptotic (5.18) together with the choice of the nontrivial hedgehog
configuration implies that at r → ∞

∂n

(
ra

r

)
− eεabcA

b
n

rc

r
= 0 . (5.26)

The simple transformation

∂n

(
ra

r

)
=
r2δan − rarn

r3
=

1
r

(δanδck − δakδnc)
rcrk
r2

= −εabcεbnk
rcrk
r3
,

then provides an asymptotic form of the gauge potential

Aa
k(r) −→

r→∞
1
e
εank

rn
r2
. (5.27)

This corresponds to the non-Abelian magnetic field

Ba
n −→

r→∞
rarn
er4

. (5.28)

Therefore, the boundary conditions (5.25) and (5.27) are compatible with
the existence of a long-range gauge field associated with an Abelian sub-
group that is unbroken in the vacuum. Since this field falls off like 1/r2,
which characterizes the Coulomb-like field of a point charge, and since the
electric components of the field strength tensor (5.12) vanish, this regular
field configuration can be identified with a monopole.

To prove it, we first have to define the electromagnetic field strength
tensor. Recall that the unbroken electromagnetic subgroup U(1) is associated
with rotations about the direction of the isovector φ. Thus, it would be rather
natural to introduce the electromagnetic potential as a projection of the
SU(2) gauge potential Aa

µ onto that direction, see (5.23). Furthermore, as was
mentioned in the paper [177], a general solution of the equation Dµφ

a = 0,
for φaφa = v2 can be written as

Aa
µ =

1
v2e
εabcφ

b∂µφ
c +

1
v
φaΛµ , (5.29)
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where Λµ is an arbitrary four-vector. It can be identified with the electro-
magnetic potential because (5.29) yields for φaφa = v2:

φa

v
Aa

µ = Λµ ≡ Aem
µ .

Inserting (5.29) into the definition of the field strength tensor (5.12) yields

F a
µν = Fµν

φa

v
, where Fµν = ∂µAν − ∂νAµ +

1
v3e
εabcφ

a∂µφ
b∂νφ

c .

(5.30)
This gauge-invariant definition of the electromagnetic field strength tensor

Fµν , given in [49], is close to the original definition of the ’t Hooft tensor [270]:

Fµν = Tr
{
φ̂Fµν − i

2e
φ̂Dµφ̂Dν φ̂

}
= φ̂aF a

µν +
1
e
εabcφ̂

aDµφ̂
bDν φ̂

c , (5.31)

where φ̂a = φa/|φ| is a normalized Higgs field. Obviously, both definitions
coincide on the spatial boundary. The difference is that the ’t Hooft ten-
sor (5.31) is singular at the zeros of the Higgs field, while (5.30) is regular
everywhere. These zeros, as we will see, are associated with positions of the
monopoles.

Note that the definition of an electromagnetic field strength tensor is
always somewhat arbitrary in a non-Abelian gauge theory, for example, one
can also consider Fµν = φ̂aF a

µν [49, 367].
It is rather obvious that in the topologically trivial sector (5.24), the last

term in (5.30) vanishes and then we have

Fµν = ∂µAν − ∂νAµ .

This is precisely the case of standard Maxwell electrodynamics. Of course, in
this sector there is no place for a monopole, because the Bianchi identities
are satisfied: ∂µF̃µν ≡ 0.

However, for the configuration with non-trivial boundary conditions (5.25)
and (5.27), the Higgs field also gives a non-vanishing contribution to the
electromagnetic field strength tensor (5.30). Then, the second pair of Maxwell
equations becomes modified:

∂µF̃µν = kν . (5.32)

Note that if the electromagnetic potential Aem
µ is regular, the magnetic, or

topological current kµ is expressed via the scalar field alone

kµ =
1
2
εµνρσ∂

νF ρσ =
1

2v3e
εµνρσεabc∂

νφa∂ρφb∂σφc . (5.33)

From the first glance this current is independent of any property of the gauge
field. It is conserved by its very definition:
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∂µk
µ ≡ 0 , (5.34)

unlike a Noether current that is conserved because of some symmetry of the
model.

Now we can justify the definition of magnetic charge [76]. According to
(5.33)

g =
∫
d3x k0 =

1
2ev3

∫
d3x εabcεmnk ∂m

(
φa∂nφ

b∂kφ
c
)

= − 1
2ev3

∫
d2Sn εabcεmnk φ

a∂nφ
b∂kφ

c , (5.35)

where the last integral is taken over the surface of the sphere S2 on the spatial
asymptotic. One can parameterize it by local coordinates ξα, α = 1, 2. Then
we can write

∂nφ
a =

∂ξα

∂rn
∂φa

∂ξα
, d2Sn =

1
2
εnmk

∂rm

∂ξα
∂rk

∂ξβ
εαβd

2ξ . (5.36)

After some simple algebra we arrive at

g =
1

2ev3

∫
d2ξ εαβεabc φ

a∂αφ
b∂βφ

c =
1
e

∫
d2ξ

√
g , (5.37)

where g = det(∂αφ̂
a∂βφ̂

a) is the determinant of the metric tensor on the
S2

vac sphere in isospace. The magnetic charge is proportional to an integer
n, which mathematicians refer to as the Brouwer degree. The geometrical
interpretation of this integer is clear: it is the number of times the isovector φa

covers the sphere S2
vac, while ra covers the sphere S2 on the spatial asymptotic

once. Thus [76]:

g =
4πn
e
, n ∈ Z , (5.38)

where the factor 4π is due to integration over the unit sphere. This is the
non-Abelian analog of the Dirac charge quantization condition (2.6).

Another remark about the definition of the magnetic charge is that the
Brouwer degree and homotopic classification are equivalent to the Poincaré–
Hopf index [76]. The latter is defined as a mapping of a sphere S2 surrounding
an isolated point r0, where the scalar field vanishes, i.e., φ(r0) = 0, onto a
sphere of unit radius S2

φ. In other words, the magnetic charge of an arbitrary
field configuration can be defined as a sum of the Poincaré–Hopf indices i of
non-degenerated zeros r(k)

0 of the Higgs field:

g =
4π
e

∑
k

i(r(k)
0 ) . (5.39)

Indeed, if we consider a scalar field that is constant everywhere in space
and satisfies the boundary condition (5.24), it has no zero at all. Thus, the
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Poincaré–Hopf index aka magnetic charge is equal to zero. However, in the
case of the hedgehog configuration, which satisfies the boundary condition
(5.25)

φa = rah(r) , (5.40)

where h(r) is a smooth function having no zeros, there is a single zero at the
origin. Thus, i(0) = 1 and this is a configuration of unit magnetic charge.

This approach allows us to identify monopoles according to the positions
of zeros of the Higgs field. Such an identification is very useful from the
point of view of constructing multimonopole solutions, which we will consider
in the following chapter. However, first we have to find a solution of the
field equations (5.14), that would satisfy the boundary conditions (5.25) and
(5.27).

5.1.5 ’t Hooft–Polyakov Ansatz

We showed that, asymptotically, the monopole field configuration must sat-
isfy the conditions (5.25) and (5.27). Now, we try to define the structure
functions that form the radial shape of the monopole. As usual, this problem
can be simplified, if we take into account the constraints following from the
symmetries of the configuration.

Note that we consider static fields. This condition leaves only rotational
SO(3) symmetry from the original Poincaré invariance of the Lagrangian
(5.7). Therefore, the full invariance group of the system is SO(3) × SO(3),
the product of spatial and isotopic rotations. Moreover, the non-trivial as-
ymptotic of the Higgs field (5.25) corresponds to the symmetry with respect
to the transformation from the diagonal SO(3), subgroup which mixes spatial
and group rotations. Thus, one can make use of the ansatz [270,428]:

φa =
ra

er2
H(ξ) , Aa

n = εamn
rm

er2
[1 −K(ξ)] , Aa

0 = 0 , (5.41)

whereH(ξ) andK(ξ) are functions of the dimensionless variable ξ = ver. The
explicit forms of these shape functions of the scalar and gauge field can be
found from the field equations. However, it would be much more convenient
to make use of the condition that the monopole solution corresponds to a
local minimum of the energy functional. Substituting the ansatz (5.41) back
into (5.16), we have

E =
4πv
e

∞∫
0

dξ

ξ2

[
ξ2
(
dK

dξ

)2

+
1
2

(
ξ
dH

dξ
−H

)2

(5.42)

+
1
2
(
K2 − 1

)2
+K2H2 +

λ

4e2
(
H2 − ξ2

)2]
.

Variations of this functional with respect to the functions H and K yields
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ξ2
d2K

dξ2
= KH2 +K(K2−1) , ξ2

d2H

dξ2
= 2K2H+

λ

e2
H(H2−ξ2) . (5.43)

The functions K and H must satisfy the following boundary conditions:

K(ξ) → 1 , H(ξ) → 0 as ξ → 0 ,
K(ξ) → 0 , H(ξ) → ξ as ξ → ∞ , (5.44)

which correspond to the asymptotics (5.25) and (5.27). Indeed, the substitu-
tion of the ansatz (5.41) into the expressions for the covariant derivative of
the scalar field and the non-Abelian magnetic field yields

Dnφ
a =

δan

er2
KH +

rarn

er4

(
ξ
dH

dξ
−H −KH

)
−→
r→∞ 0 ,

Ba
n =

rnr
a

er4

(
1 −K2 + ξ

dK

dξ

)
− δan

er2
ξ
dK

dξ
−→
r→∞

rnr
a

er4
. (5.45)

Evidently, in the Higgs vacuum the vector potential of the gauge field takes
the form of the Wu–Yang potential (5.4). However, unlike this potential, the
configuration (5.41) is regular everywhere and corresponds to finite energy
both at the origin and at the spatial boundary.

Let us note that in the Higgs vacuum, Dnφ
a = 0 and the electromagnetic

field strength is Fµν = φaF a
µν/v. Clearly, the magnetic charge could be cal-

culated as an integral over the surface of the sphere S2 on spatial infinity
(compare with (5.35)):

g =
1
v

∫
d2SnBn =

1
v

∫
d2SnB

a
nφ

a =
1
v

∫
d3xBa

nDnφ
a , (5.46)

where we make use of the Bianchi identity for the tensor of non-Abelian
magnetic field DnB

a
n = 0. Substituting the ansatz (5.41), we obtain

g =
4π
e

∞∫
0

dξ

ξ2
{
(K2 − 1)(H − ξH ′) − 2ξK ′KH

}

=
4π
e

∞∫
0

dξ
d

dξ

{
1 −K2

ξ

}
=

4π
e
. (5.47)

Again, we see that the boundary conditions (5.44) correspond to a monopole
of unit magnetic charge.

Unfortunately, the system of non-linear coupled differential equations
(5.43) in general has no analytical solution. The only known exception is the
very special case λ = 0 [127, 171, 431]. This is the so-called Bogomol’nyi–
Prasad–Sommerfield (BPS) limit, which deserves a special consideration.
However, before we come to this limit, we have to describe the general prop-
erties of the non-Abelian monopole.
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Fig. 5.1. The profile functions K(ξ) and H(ξ)/ξ are shown for the ’t Hooft–
Polyakov monopole at λ = 0, (BPS limit) λ = 0.1 and λ = 1

Numerical solutions of the system (5.43) were discussed in the papers
[85, 315]. It turns out that the shape functions H(ξ) and K(ξ) approach
rather fast to the asymptotic values (see Fig. 5.1).

Thus, there is a Higgs vacuum outside of some region of the order of the
characteristic scale Rc, which is called the core of the monopole. One could
estimate this size by simple arguments [55]. The total energy of the monopole
configuration consists of two components: the energy of the Abelian magnetic
field outside the core and the energy of the scalar field inside the core:

E = Emag +Es ∼ 4πg2R−1
c + 4πv2Rc ∼ 4π

e2
(
R−1

c +m2
vRc

)
.

This sum is minimal if Rc ∼ m−1
v . In other words, inside the core at distances

shorter than the wavelength of the vector boson m−1
v ∼ (ve)−1, the original

SU(2) symmetry is restored. However, outside the core this symmetry is
spontaneously broken down to the Abelian electromagnetic subgroup. In this
sense there is no difference between the ’t Hooft–Polyakov and the Dirac
monopole outside the core [49].

Numerical calculations [85, 315] show that the mass of the monopole,
which in the classical static case is identical to its energy, depends on the
scalar coupling constant as

M =
4πv
e
f

(
λ

e2

)
. (5.48)
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The smooth function f
(
λ/e2

)
is a monotonically increasing function, inter-

polating between the limits [315]

f(0) = 1 , f(∞) = 1.787 . (5.49)

The reason why the mass becomes independent of the values of the coupling
constant λ for λ � 1 is that in this limit the scalar field approaches the
asymptotic form faster than the vector field. The correction to the monopole
mass connected with the scalar field is of the order ∆E ∼M(mv/ms), which
is negligible for large values of ms. A high precision numerical analysis of the
monopole mass was performed recently [221].

5.1.6 Singular Gauge Transformations and the Connection
between ’t Hooft–Polyakov and Dirac Monopoles

We showed above that in the Higgs vacuum, the gauge symmetry is spon-
taneously broken down to the Abelian subgroup. This means that outside
the monopole core, there is no difference between the ’t Hooft–Polyakov and
the Dirac monopoles. At a first glance, there is a disagreement because even
though the magnetic charge in each case has a topological root, the origin
seems to be different. Indeed, in the former case it looks like the topological
current (5.33) and the topological charge associated with it are connected
with the mapping of the scalar field onto the spatial asymptotic and could be
defined in a formal way even in the absence of the gauge field Aa

µ. In contrast
to this, in the case of the Dirac monopole, the topological properties of the
gauge field completely defined the Abelian magnetic charge that is associated
with the first Chern class.

This puzzle could be solved, if we note that the gauge transformation of
type (5.3) could change the homotopy class of the configuration5 [76]. Indeed,
we have already mentioned that the singular gauge transformations (5.3)
could rotate the “hedgehog-like” Higgs field (5.25) on the spatial asymptotic
S2 to the unitary gauge:

φ̂a = (sin θ cosϕ, sin θ sinϕ, cos θ) → U−1φ̂aU = (0, 0, 1) . (5.50)

This transformation is well-defined everywhere on the sphere S2, except for
the south pole θ = π. This is exactly the singularity that corresponds to
the Dirac string in the Abelian theory [76]. Indeed, in the Higgs vacuum the
vector potential has the form of the Wu–Yang potential (5.4). As we have
shown, if we perform the gauge transformation (5.3), the singularity of the
term U−1∂nU exhibits the Dirac string:

5 However, it cannot, of course, change the topology!
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An = Aa
n

σa

2
= εamn

rm
r2
σa

2

→ U−1AnU − i

e
U−1∂nU =

1
2r

1 − cos θ
sin θ

ϕ̂nσ3 . (5.51)

In this Abelian gauge, the monopole potential is just the celebrated Dirac
potential embedded into the SU(2) group.

Note that the singular character of the gauge transformation (5.3) requires
us to be very careful in the calculations. It is a good idea to make use of a
regularized expression. Such a procedure (see Appendix A) demonstrates that
the magnetic field of the non-Abelian monopole is purely Coulomb-like and
has no string-like singularity, neither in the Abelian nor in the “hedgehog”
gauges [49,131].

It was noted in [76, 86] that the gauge-invariant electromagnetic field
strength tensor (5.30)

Fµν = ∂µAν − ∂νAµ +
1
v3e
εabcφ

a∂µφ
b∂νφ

c ,

is composed of two parts that are not separately invariant with respect to
the gauge transformations (5.3). These two parts are connected with the con-
tributions of the gauge and the Higgs field, respectively. Thus, the singular
gauge transformation changes the homotopy class of the configuration; the
Brouwer degree of the mapping is equal to 0 in the Abelian gauge, whereas in
the “hedgehog” gauge it is equal to 1. Of course, the topological (alias mag-
netic) charge does not change, because the singularity of the gauge transfor-
mation (5.3) corresponds to a non-trivial contribution to the electromagnetic
field strength. The difference is that in the unitary gauge, the contribution of
the scalar field to the magnetic charge completely vanishes. In other words,
the gauge transformation (5.3) has “transferred” the magnetic charge from
the scalar to the gauge field. Below, we justify this conclusion by demonstrat-
ing the equivalence between the topological properties of the Higgs and the
gauge fields.

5.1.7 Dyons

Note that the solution given by the ’t Hooft–Polyakov ansatz (5.41) corre-
sponds to the condition Aa

0 = 0. One could consider a more general case,
where this time component of the vector potential is not equal to zero, but
is also a function of the spatial coordinates [304]:

Aa
0 =

ra

er2
J(r) . (5.52)

This field configuration corresponds to the non-Abelian dyon, which has both
magnetic and electric charges. Indeed, by analogy with (5.46), the electric
charge of the system of the fields can be defined as
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q =
1
v

∫
dSnEn =

1
v

∫
dSnE

a
nφ

a =
1
v

∫
d3xEa

nDnφ
a . (5.53)

Here, we invoked the field equations (5.14), according to which DnE
a
n = 0,

and made use of the relation εabcφ
bD0φ

c = 0, which is valid for the ansatz
under consideration. The magnetic charge of the dyon is as before given by
the formula (5.46). However, on the classical level there is no reason for the
electric charge (5.53), unlike the magnetic charge, to be quantized.

The system of differential equations for the radial shape functions of the
dyon is different from (5.43):

ξ2
d2K

dξ2
= K(H2 − J2) +K(K2 − 1) ,

ξ2
d2H

dξ2
= 2K2H +

λ

e2
H(H2 − ξ2) ,

ξ2
d2J

dξ2
= 2K2J . (5.54)

This system can be solved numerically. Note that the asymptotic behavior of
the profile function J(r) is very similar to that of the scalar field (see (5.44)):

J(r) → 0, as r → 0 , J(r) → Cr as r → ∞ . (5.55)

The arbitrary constant C is connected with the electric charge of the dyon
(5.53) [304]. The charge vanishes if C = 0.

Indeed, substituting the ansatz (5.41) into the integral (5.53), by analogy
with (5.47) we obtain

q =
4π
e

∞∫
0

dξ

ξ2
{
2JHK2 + ξ2J ′H ′ + JH − ξ(J ′H +H ′J)

}

=
4π
e

∞∫
0

dξ
d

dξ

{
ξH

d

dξ

(
JH

ξ

)}
=

4πC
e

= Cg , (5.56)

where the magnetic charge of the dyon g is as before given by the formula
(5.46). However, on the classical level there is no reason for the electric charge
(5.53), unlike the magnetic charge, to be quantized and the constant C in
(5.56) remains an arbitrary parameter.

Finally, we note that the time component of the vector-potential (5.52)
is in isospace parallel to the direction of the Higgs field. Moreover, one can
consider it as an additional triplet of the scalar fields. This is the so-called
Julia–Zee correspondence φa � Aa

0 .
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5.2 The Bogomol’nyi Limit

Let us try to find a lower bound on the monopole mass. We start from the
energy of the static monopole configuration (5.16) and write it in a general
form as [49,171]

E =
∫
d3x

{
1
2

[Ea
nE

a
n +Ba

nB
a
n + (Dnφ

a)(Dnφ
a)] + V (φ)

}
=

1
2

∫
d3x (Ea

n −Dnφ
a sinα)2 +

1
2

∫
d3x (Ba

n −Dnφ
a cosα)2

+ sinα
∫
d3xEa

nDnφ
a + cosα

∫
d3xBa

nDnφ
a +
∫
d3xV (φ) . (5.57)

Here, α is an arbitrary real angular parameter. Obviously, the minimum of
the energy corresponds to the situation when the potential of the scalar field
vanishes and the the following equations hold [127,171,431]:

Ea
n = Dnφ

a sinα , Ba
n = Dnφ

a cosα . (5.58)

These are the Bogomol’nyi–Prasad–Sommerfield (BPS) equations.
Note that the electric and magnetic charges of the configuration are given

by (5.53) and (5.46), respectively. Thus, we can write

E =M ≥ v(q sinα+ g cosα) . (5.59)

The energy, as a function of α, has an extreme at tanα = q/g, which provides
us with a lower bound on the dyon mass

M ≥ v
√
q2 + g2 = v|q + ig| . (5.60)

This condition, known as the Bogomol’nyi bound, will be a key to what fol-
lows.

The situation is simple to analyze if the electric charge q vanishes. We
now substitute the ’t Hooft–Polyakov ansatz (5.41) into the BPS equation:

Ba
n = Dnφ

a . (5.61)

The result is the system of coupled differential equations of first-order

ξ
dK

dξ
= −KH , ξ

dH

dξ
= H + (1 −K2) , (5.62)

which have an analytical solution in terms of elementary functions:

K =
ξ

sinh ξ
, H = ξ coth ξ − 1 . (5.63)

Note, that the solution to the first-order BPS equation (5.61) automatically
satisfies the system of field equations of the second-order, (5.14). Of course,
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the Euler–Lagrange equations (5.14) could have other solutions that corre-
spond to some local minima of the action, but the vacuum state with minimal
energy in the given topological sector must be just the Bogomol’nyi state.

As was mentioned in [507], the BPS equation together with the Bianchi
identity means that DnDnφ

a = 0, which precisely corresponds to the field
(5.14). Therefore, the condition

Dnφ
aDnφ

a = (∂nφ
a)(∂nφ

a) + φa(∂n∂nφ
a) =

1
2
∂n∂n(φaφa)

holds. The energy of the monopole configuration in the BPS limit is inde-
pendent on the properties of the gauge field and completely defined by the
Higgs field alone [58,507]:

E =
1
2

∫
d3x∂n∂n(φaφa) =

4πv
e

∞∫
0

dξ
d

dξ

[
ξH

d

dξ

(
H

ξ

)]

=
4πv
e

(
coth ξ − 1

ξ

)(
1 − ξ2

sinh2 ξ

) ∣∣∣∞
0

=
4πv
e
.

Making use of the Julia–Zee correspondence, it is easy to see that in the
BPS Limit, the dyon solution could be constructed by a simple rotation of
the pure monopole solution (5.63) [49,127,431]:

H → H =
1

cosα
(ξ coth ξ − 1) , J = tanα (ξ coth ξ − 1) , (5.64)

while the gauge field profile function remains unchanged:

K =
ξ

sinh ξ
.

This rotation affects the vacuum expectation value of the scalar field as v →
v/ cosα.

Clearly, the parameter α is related to the electric charge of a dyon. Indeed,
according to the definition of the angle α above, this electric charge is

q = g tanα .

Comparing this equation to (5.56), we can identify the constant that ap-
pears in the latter relation as C = tanα. Recall that the state with q = 0
corresponds to the absolute minimum of the energy. Below, we discuss the
connection between the generation of electric charge of a dyon and the so-
called gauge zero mode.

In comparison with the ’t Hooft–Polyakov solution, the behavior of the
Higgs field of the monopole in the BPS limit has changed drastically. As we
can see from (5.63), alongside with the exponentially decaying component it
also obtains a long-distance Coulomb tail
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φa → vr̂a − ra

er2
as r → ∞ . (5.65)

The reason for this is that in the limit V (φ) = 0, the scalar field becomes
massless. Because an interaction, which is mediated by a massless scalar field,
always leads to attraction, the picture of the interaction between the mono-
poles is very different in the BPS limit, as compared with the naive picture
based on electromagnetic interaction. As we will see in Chap. 6, this long-
range monopole-monopole interaction is composed of two parts originating
from the long-range scalar force and the standard electromagnetic interaction,
which could be either attractive or repulsive [366]. Mutual compensation of
both contributions leaves the pair of BPS monopoles static but the monopole
and anti-monopole would interact with double strength.

Many of the remarkable properties of the BPS equation (5.61) are con-
nected with its property of integrability. As was pointed out by Manton [367],
integrability of the BPS system is connected with a one-to-one correspon-
dence between the system of BPS equations and the reduced equations of
self-duality of the pure Euclidean Yang–Mills theory. Indeed, the Julia–Zee
correspondence means that

Dnφ
a � DnA

a
0 ≡ F a

0n ,

Ba
n = Dnφ

a � F̃0n = F a
0n . (5.66)

Therefore, if we suppose that all the fields are static, the Euclidean equations
of self-duality F a

µν = F̃ a
µν reduce to the equations (5.61) and the monopole

solutions in the Bogomol’nyi limit could be considered as a special class of
self-dual fields.

Of course, it would not be quite correct to make a direct identification be-
tween these fields and instantons, because the instanton configuration could
be independent from Euclidean time only in the limit of infinite action. Nev-
ertheless, this analogy opens a way to apply in the d = 3+1 monopole theory
the same very powerful methods of algebraic and differential geometry that
were used to construct multi-instanton solutions of the self-duality equations
in d = 4 [39]. In particular, in the case of the BPS monopole, the solution
of the self-duality equations could be constructed on the ansatz of Corrigan
and Fairlie [179]. We will discuss these very exciting topics in Chap. 6.

The analogy between the Euclidean Yang–Mills theory and the BPS equa-
tions can be traced up to the solutions. It was shown [443, 444] that the so-
lutions of these equations are exactly equal to an infinite chain of instantons
directed along the Euclidean time axis t in d = 4. It has also been shown by
Manton [367] that such a multi-instanton configuration can be written in the
’t Hooft ansatz with the help of a superpotential ρ(r, t) as:

Aa
n = εanm∂m ln ρ+ δan∂0 ln ρ , Aa

0 = −∂a ln ρ , (5.67)

where the sum over the infinite number of instantons is performed in the
superpotential:
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ρ =
n=∞∑

n=−∞

1
ξ2 + (τ − 2πn)2

, where ξ = ver, τ = vet .

Here, the distance between the neighboring instantons is equal to 2π in units
of τ and the size of the instanton is equal to one in units of ξ.

Rossi noted [443] that this sum over instantons could be calculated analyt-
ically. Indeed, the superpotential can be decomposed into two sums over Mat-
subara frequencies ωn = 2πn, which are well-known from statistical physics:

ρ =
1
2ξ

{
n=∞∑

n=−∞

1
ξ + iτ − 2iπn

+
n=∞∑

n=−∞

1
ξ − iτ + 2iπn

}
. (5.68)

Introducing the complex variable z = ξ + iτ , we can write

ρ =
1
2ξ

{
n=∞∑

n=−∞

1
z − iωn

+
n=∞∑

n=−∞

1
z∗ + iωn

}
=

1
2ξ

{
coth

z

2
+ coth

z∗

2

}
=

1
2ξ

sinh ξ
cosh ξ − cos τ

. (5.69)

Substitution of this result into the potential (5.67) corresponds to the
“dyon in the ’t Hooft gauge”. This solution is periodic in time. However, the
time-dependent periodic gauge transformation of the form [367]

U = exp
{
i

2v
r̂aσaω

}
, where tanω =

sin τ sinh ξ
cosh ξ cos τ − 1

, (5.70)

transforms the infinite chain of instantons (5.67) into the form:

Aa
n = εanm

rm

er2

(
1 − ξ

sinh ξ

)
, Aa

0 = vr̂a
(

coth ξ − 1
ξ

)
. (5.71)

This is exactly the monopole solution of the BPS equation (5.63), but with
the time component of the gauge potential replacing the scalar field. This is
the so-called “dyon in the Rossi gauge”. Thus, the Julia–Zee correspondence
establishes an exact relation between a single BPS monopole and an infinite
instanton chain.

As mentioned above, the action of the infinite number of instantons is
divergent:

S =
∑

n

S1 =
∑

n

8π2n

e2
→ ∞ . (5.72)

However, the mass of the monopole being defined as an action per unit of
Euclidean time is, of course, finite [443]:

dS

dt
=

8π2

e2
ve

2π
=

4πv
e

≡M . (5.73)
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To sum up, the BPS monopole is equivalent to an infinite chain of instantons
having identical orientation in isospace and separated by an interval τ0 = 2π.
An alternative configuration is a chain of correlated instanton–anti-instanton
pairs, which corresponds to an infinite monopole loop.

5.2.1 Gauge Zero Mode and the Electric Dyon Charge

In the BPS limit the Julia–Zee dyonic solutions have a very interesting in-
terpretation [238, 513]. First we note that for the static ansatz (5.41), (5.52)
and the choice A0 = 0, the kinetic energy of the configuration

T =
∫
d3xTr (EnEn +D0φD0φ) , (5.74)

is equal to zero. Moreover, in this case the Gauss law

DnEn − ie [φ,D0φ] = 0 , (5.75)

can be satisfied trivially, with En = D0φ = 0.
Let us now consider time-dependent fields An(r, t), φa(r, t), but suppose

that their time-dependence arises as a result of a gauge transformation of the
original static configuration:

An(r, t) = U(r, t)An(r, 0)U−1(r, t) − i

e
U(r, t)∂nU

−1(r, t) . (5.76)

Here, U(r, t) = eieωt with ω(r) a parameter of the transformation. If the time
interval δt is very small, we can expand

U(r, δt) ≈ 1 + ieωδt+ . . . (5.77)

Now it follows from (5.76) that

An(r, δt) ≈ An(r) + (ie[ω,An(r)] − ∂nω) δt , (5.78)

and we have
∂0An = ie[ω,An(r)] − ∂nω = −Dnω . (5.79)

In a similar way we obtain for the time-dependence of the scalar field:

∂0φ = ie [ω, φ] . (5.80)

These gauge transformations simultaneously affect the time component
of the gauge potential, which for the monopole configuration (5.41), (5.52) is
a pure gauge:

A0(r, t) = − i
e
U(r, t)∂0U−1(r, t) = −ω . (5.81)

Since the gauge transformations (5.79) and (5.80) do not change the po-
tential energy of the configuration, the parameter ω can be identified with
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the gauge zero mode. This is one of four collective coordinates (they are
also called moduli) of the one-monopole configuration [513]. The other three
specify the position of the monopole in space. Their appearance reflects an
obvious breaking of translational invariance of the original Lagrangian (5.7)
by the monopole configuration: the position of the monopole in R

3 can be
chosen arbitrarily.

However, defined in this way, the gauge zero mode is not physical, since
the gauge transformations (5.79) and (5.80) do not affect the non-Abelian
electric field:

Ea
n = ∂0An −DnA0 = −Dnω +Dnω ≡ 0 ,

D0φ = ∂0φ+ ie[A0, φ] = ie [ω, φ] − ie [ω, φ] ≡ 0 . (5.82)

Thus, as before, the Gauss law is satisfied trivially and the kinetic energy of
the monopole (5.74) is still equal to zero.

Now let us suppose that the time-dependence of the fields again appears
as a result of the gauge transformation (5.79) and (5.80), but that the corre-
sponding gauge zero mode (∂0An, ∂0φ) satisfies the background gauge condi-
tion:

Dn(∂0An) − ie [φ, (∂0φ)] = 0 . (5.83)

Then the Gauss law (5.75) is satisfied, if A0 = 0 and there is a non-trivial so-
lution of the equations (5.79), (5.80) and (5.83) [238], where ω is proportional
to φ and an additional time dependence is allowed:

ω = Υ̇ (t)φ ,

which corresponds to the gauge transformation

U(r, t) = exp{ieΥ (t)φ(r)} ≈ 1 + ieΥ̇φδt . (5.84)

Here Υ (t) is an arbitrary function of time. Indeed, in this case we have ∂0An =
Υ̇Dnφ and ∂0φ = 0, and, since in the Bogomol’nyi limit DnDnφ = 0, the
background gauge condition (5.83) is satisfied by the ansatz (5.84). However,
this solution corresponds to the generation of a non-Abelian electric field

En = ∂0An = Υ̇ (t)Dnφ = Υ̇ (t)Bn , D0φ = 0 , (5.85)

so the kinetic energy of the monopole (5.74) is no longer zero:

T = 1
2 Υ̇

2

∫
d3xDnφ

aDnφ
a

= 1
2 Υ̇

2

∫
d3xBa

nB
a
n = 2πvgΥ̇ 2 = 1

2MΥ̇
2 ,

(5.86)

where we make use of the definition of the magnetic charge (5.46) and take
into account that the mass of the BPS monopole is
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M =
4πv
e
.

Since the potential energy of the configuration is time-independent, the
gauge transformations (5.79) and (5.80), supplemented with the condition
A0 = 0, define a physical collective coordinate Υ (t), that is a gauge zero mode.
Its excitation corresponds to the generation of an electric charge Q = Υ̇ g.
Thus, such a gauge-induced time-dependence of the fields transforms the
monopole into a dyon.

Note that this collective coordinate is an angular variable, which is defined
on a circle S1. Indeed, the points Υ = 2πn, n ∈ Z correspond to the same
gauge transformation U(r, t), which is unity on the spatial asymptotic [238].
However, the points Υ = 0 and, for example Υ = 2π, correspond to dif-
ferent topological classes. We discuss this situation in more detail below, in
Sect. 5.3.4.

To sum up, the one-monopole configuration in the BPS limit could be
characterized by four zero modes (moduli) that form the so-called moduli
space M1. It is clear from the discussion above that M1 = R

3 × S1.
Note that we can come back to the Julia–Zee description of a dyon config-

uration just by inverting the discussion above: we could start from a system of
time-dependent fields and apply the gauge transformations (5.79) and (5.80)
to compensate for that dependence. The price we would have to pay, would
be the appearance of a non-zero time component of the gauge potential A0.
This corresponds to the static ansatz (5.52).

5.3 Topological Classification of Non-Abelian Monopoles

5.3.1 SO(3) vs SU(2)

It is very important for our consideration to note that there is an essential
difference between SO(3) and its simply connected covering group SU(2),
even though the corresponding Lie algebras are identical. The group SO(3)
is locally isomorphic to the group SU(2), but there is a global topological
difference between them. Since in the monopole theory this feature plays a
very important role, we shall discuss it in some detail.

First, we show that the group manifold of SU(2) has the topology of the
hyper-sphere S3. Let us parameterize it by three angular parameters θ, ϕ, α.
The interpretation of first two parameters is rather obvious: the azimuthal
angle 0 ≤ ϕ ≤ 2π, such that ϕ = 2π is equivalent to ϕ = 0, and the polar
angle 0 ≤ θ ≤ π, such that the values θ = 0 and θ = π correspond to two
different points, each of which is the same for all values of ϕ. These points
are just the north and south poles of the conventional sphere S2, which is
described by these two parameters.

The third angular parameter is more subtle. It is defined over the interval
0 ≤ α ≤ π. This can be visualized if one imagines subsequent sections of
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S3 (with unit radius) as three-dimensional hyperplanes. The sections are, of
course, spheres S2 with radius ∼ sinα.

We must now show that the group manifold of SU(2) is S3. The trans-
formations of the SU(2) group correspond to the rotations of spinors. Let
us recall that the fundamental representation of SU(2) is given by the set
of 2 × 2 Pauli matrices σσσ = (σ1, σ2, σ3). They can be used to parameterize
the standard transformation of a rotation in three-dimensional space, which
is given by an element of SU(2):

U(n) = exp
(
iω

2
n · σσσ

)
, (5.87)

where n is a unit vector that fixes the direction of the axis of rotation, and
ω is the rotation angle about this axis. An expansion of the exponent yields

U(n) = cos
ω

2
+ i (n · σσσ) sin

ω

2
. (5.88)

Obviously, the rotation angle ω = 4π corresponds to the identity transfor-
mation. However, in order to parameterize all the transformations generated
by (5.87), it would be enough to take the angle of rotation ω in the interval
[0, 2π], because the rotation about n by an angle 2π+δ is exactly the rotation
about the reflected vector −n by the angle −δ.

Thus, the direction of the vector n is given by two angles θ and φ, which
parameterize a sphere S2 of unit radius. The angle of rotation ω could be
identified with the third parameter α on the hypersphere S3. Its boundary
points 0 and 2π must be put into correspondence to the north and the south
poles of S3, respectively.

One can use almost the same parameterization in the case of the group
SO(3), which corresponds to the rotations of three-dimensional vectors. The
only difference is that in this case two rotations about a unit vector n by
angles ω and 2π + ω are identical, because a rotation by the angle 2π is an
identity transformation. Thus, the group manifold of SO(3) is still a sphere
S3, but all its antipodal points are identified.

There is a difference between the group manifolds of SU(2) and SO(3).
Any closed contour in SU(2) can be continuously deformed to a point, i.e., the
first homotopy group of SU(2) is trivial: π1(SU(2)) = 0. However, alongside
contours of that type, which correspond to the winding number 0, there are
closed paths in SO(3) that begin and end at the antipodal points of S3. These
paths cannot be continuously deformed to a point and they have a winding
number of 1. Thus, the first homotopy group of SO(3) is π1(SO(3)) = Z2,
where Z2 is the additive group of integers consisting of two elements [0,1]. Of
course, two subsequent loops in SO(3), both having winding number 1, are
equal to the trivial path. Therefore, for the SO(3) group, the inverse element
of the homotopy group (see p. 80) is equal to the identity: 0 + 1 = 1 + 0 = 1
and 1 + 1 = 0.
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Thus, the covering group SU(2) has the center Z2, which is a discrete
subgroup consisting of two elements [–1,1] commuting with all elements of
SU(2). Mathematicians refer to this as an isomorphism between the quotient
SU(2)/Z2 and SO(3).

5.3.2 Magnetic Charge and the Topology
of the Gauge Group

The Wu–Yang formalism, which was described in Chap. 3, provides a straight-
forward explanation of the topological roots of an Abelian monopole. Recall
that within this framework, a magnetic charge has been identified with the
first Chern class c1 or the winding number. This is the number of times the
gauge group is covered, while the equator S1 of the boundary of Euclidean
three-dimensional space, S2, is covered once.

This description can be generalized to the case of an arbitrary non-Abelian
gauge group H [43, 55, 355]. Let us consider the gauge field taking values in
the Lie algebra of H. As before, let us consider this field on the spatial
asymptotic S2. In order to construct a non-trivial bundle over the base S2,
let us cover this sphere by two hemispheres RN and RS , and introduce gauge
potentials AN

µ and AS
µ , which are non-singular in the respective hemispheres.

A single-valued gauge transformation U relates the two potentials in the
overlap region. Since U is a function of an angular coordinate on the sphere
(for example, the azimuthal angle ϕ), this is a mapping of a loop S1 (the
equator) from the spatial asymptotic into a closed path in the group manifold
H.

A particular non-trivial example is H = SO(3). As we saw above,
π1(SO(3)) = Z2, i.e., the winding number of a closed path in the SO(3)
group manifold can only have two possible values: n = 0 and n = 1. This
means that there are only two stable topological sectors in an SO(3) gauge
theory: a monopole with unit charge and a trivial sector without monopoles.
This rather surprising conclusion can be proved by a direct analysis of the sta-
bility of the generalized ’t Hooft–Polyakov configuration (5.41) [84,138]. The
result of these calculations shows that for the SO(3) gauge model only the
spherically symmetric configuration with unit charge is stable with respect
to fluctuations of the fields.

In the general case, an arbitrary Lie group H has a simply connected
covering group H̄, i.e., π1(H̄) = 0. In the case of SO(3) considered here, the
covering group is SU(2). Recall that the group H is isomorphic to the factor
group H̄/K, where K is the center of H̄. All contours on the group manifold
H, which begin and end at the identity element of H, correspond to contours
on H̄, which begin at the identity and end at an element of the center K.
Thus, for an arbitrary Lie group the first homotopy group is

π1(H) = π1(H̄/K) = K . (5.89)
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In the Abelian case we have H = U(1) with the additive covering group
of real numbers H̄ = R. Then, the center is the group of integer numbers
K = Z. We saw above that the center of H = SO(3) is K = Z2. In general,
for any simple Lie group K = ZN , where N is an integer.

Once again, we note that this definition of topological charge in terms
of the homotopy group is connected with the asymptotic behavior of the
fields at spatial infinity. However, as noted by Coleman [43], if the gauge field
is non-singular and the gauge transformation U is an element of the group
H, then the winding number is a constant independent of the radius of the
sphere S2. Thus, the magnetic charge is not connected with the behavior
of the fields at spatial infinity, but rather resides on a point-singularity at
the origin (Wu–Yang Abelian monopole), or there is a monopole core where
gauge fields other than H are excited (’t Hooft–Polyakov monopole). In the
former case, the singularity of the gauge field is a guarantee of monopole
stability. On the other hand, if the configuration is regular everywhere in
space, nothing can prevent the monopole from decaying [43,55,138].

5.3.3 Equivalence of Topological and Magnetic Charge

At a first glance, the description of the previous section has nothing in com-
mon with the topological definition of the magnetic charge of the ’t Hooft–
Polyakov monopole (5.35) that we discussed above. Indeed, the latter was
connected with the asymptotic behavior of the Higgs field, while the winding
number of the gauge field is entirely associated with the first homotopy group
π1(H). However, both definitions are identical.

Let us consider an arbitrary generalization of the Georgi–Glashow model
with the gauge group G spontaneously broken down to a subgroup H. An
example could be G = SU(3) and H = U(1) × U(1). The potential of the
Higgs fields V (φ) has a minimum at φ0, which is invariant under the action
of H. Furthermore, it would be convenient to assume that the gauge group
G is compact and simply connected, i.e., π1(G) = 0.

As before, in order to construct topologically non-trivial configurations
with finite energy, we consider the field configuration with Higgs field φ ap-
proaching its vacuum value at spatial infinity. The vacuum manifold M is
defined as the set of values of Φ that minimize the potential V (φ) [49]:

M = {φ : V (φ) = 0} .

As the fields Aµ and φ are supposed to be transformed under an irre-
ducible representation of the gauge group G, the vacuum manifold M is de-
termined by the structure of the group manifold. As we have seen above, there
are transformations in the group that leave a fixed point of M unchanged.
Such transformations form a subgroup H in G and M is topologically equiv-
alent to the right coset space of H in G:

M = G/H = {φ : φ = Uφ0; U ∈ H} .
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Topologically non-trivial configurations correspond to the mapping from the
spatial boundary S2 into the vacuum M = G/H, which cannot be continu-
ously deformed to the trivial mapping.

The situation is more complicated than it was in the case of G = SO(3).
There we had H = U(1) and M = SO(3)/U(1) ∼= S2. Thus, the topolog-
ical classification of the solutions was given by the mapping of the spatial
asymptotic S2 into the vacuum manifold S2. Now we need to analyze the
more general situation.

A mapping from S2 to the vacuum falls into homotopy classes with a
natural group structure. The corresponding group π2(G/H) is the second
homotopy group of G/H. There is a group homomorphism from π2(G/H) to
π1(H). To see this [55], let us consider a sphere S2 parameterized by the two
angles θ and ϕ. Each point on this sphere has to be mapped into the vacuum
G/H. As before, we suppose that the sphere S2 consists of two hemispheres
with an overlap region at the equator. Then we can consider the smooth
gauge transformations UN (θ, ϕ) and US(θ, ϕ), which rotate the Higgs field
to the vacuum configuration φ0:{

UN (θ, ϕ)φ(θ, ϕ) = φ0 −→ 0 ≤ θ ≤ π
2 : RN

US(θ, ϕ)φ(θ, ϕ) = φ0 −→ π
2 ≤ θ ≤ π : RS

. (5.90)

The overlap region is the equatorial circle θ = π/2, where the quotient of
the transition function is defined:

UN
(
θ =

π

2
, ϕ
)
US−1

(
θ =

π

2
, ϕ
)
≡ U(ϕ) .

Defined in this way, the gauge transformation U(ϕ) leaves the Higgs vacuum
invariant and is therefore an element of the unbroken subgroup: U(ϕ) ∈ H.
Thus, this construction sets a correspondence between each mapping from
S2 into G/H and a mapping of the equatorial circle on S2 into a closed
path in H. Since the composition of the mapping from spatial infinity into
G/H corresponds to the composition of loops in H, this mapping has a
group structure, or in other words, such a correspondence defines a group
homomorphism from π2(G/H) to π1(H).

Moreover, if we consider the transition function that defines a trivial map-
ping with winding number zero, the loop can be continuously deformed to
a point. This mapping corresponds to the unit element of H. In the topo-
logically trivial sector there is a smooth global gauge transformation that
rotates φ to φ0. Since we suppose that G is compact, π2(G) = 0, and this
transformation can be continuously deformed to a trivial gauge transforma-
tion, which is the unit element of G/H. Therefore, the homomorphism takes
the unit elements of π2(G/H) into the unit element of π1(H).
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This consideration indicates that both mappings are equivalent. More
generally, one can prove that there is a natural isomorphism6

π2(G/H) = π1(H) . (5.91)

Thus, the topological classification of mappings from the spatial asymptotic
sphere S2 into the vacuum manifold G/H is equivalent to the topological
classification of paths in H. We saw that elements of the first homotopy
group π1(H) correspond to the topological charge of the configuration. On
the other hand, the elements of the second homotopy group π2(G/H) are
identified with the magnetic charge. Thus, the meaning of the relation (5.91)
is that both these charges are identical.

5.3.4 Topology of the Dyon Sector

In the discussion above, we considered configurations with only magnetic
charge. Let us consider now the topological properties of the dyon sector. We
already mentioned above that if we start from the Julia–Zee ansatz (5.41)
and (5.52), the time component of the vector potential can be eliminated by
a time-dependent gauge transformation whose parameter is the component
Aa

0(r) itself [167,417]:

U(r, t) = exp {ieA0t} = exp {ieAa
0T

at}

= exp
{
i
raT a

r2
J(r)t

}
−→
r→∞ exp {iCt(r̂aT a)} .

(5.92)

Clearly, the identical asymptotic behavior of the fields φ and A0 on the spatial
infinity makes this transformation similar to that of (5.84).

Note that even eliminating the temporal component of the vector poten-
tial, this gauge transformation cannot change the electric field of the dyon
since the spatial components of the vector potential are no longer static (cf.
(5.76)):

An(r, t) = U(r, t)An(r, 0)U−1(r, t) − i

e
U(r, t)∂nU

−1(r, t) . (5.93)

Because the matrix of the SU(2) gauge transformation generated by T a =
σa/2 can be written as

U(r, t) = eiCt(r̂aT a) = cos(Ct) + i(r̂aT a) sin(Ct) ,

Equation (5.92) means that the gauge field Aµ(r, t), up to a gauge transfor-
mation, is on the spatial asymptotic periodic in time with period T = 2π/C:

6 We draw our discussion from the review by Preskill [55]. For a mathematically
more rigorous discussion, see [52].
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Aµ(r, t+ T ) = U(r)Aµ(r, t)U−1(r) − i

e
U(r)∂µU

−1(r) , (5.94)

where
U(r) ≡ U(r, T ) = exp {2iπ(r̂aT a)} . (5.95)

Thus, we supplement the spatial boundary S2 with the circle S1, which cor-
responds to the cyclic collective coordinate discussed in Sect. (5.2.1).

The transformation (5.95) is obviously a mapping of the sphere S3 =
S2×S1 into the SO(3) group manifold S3. This mapping can be characterized
by the so-called second Chern class or Pontryagin index (see the definition of
the Chern classes above, (3.68)):

c2 =
e2

8π2

∫
d4xTrFµνF̃

µν =
e2

4π2

T∫
0

dt

∫
d3x ∂µKµ , (5.96)

where we make use of the definition of the topological current

Kµ = εµνρσ (Aa
ν∂ρA

a
σ − e

3
εabcAa

νA
b
ρA

c
σ) ,

and take into account that Tr(T aT b) = 1
2δab, Tr(T aT bT c) = iεabc. Therefore

∂µKµ = 2εµνρσ ∂
µTr
(
Aν∂ρAσ +

ie

6
AνAρAσ

)
=

1
2
TrFµνF̃

µν . (5.97)

The topological index (5.96) is a gauge invariant quantity. If we suppose
that A0 = 0, this index can be represented in the form [167,417]

c2 = w(T ) − w(0) , (5.98)

where

w(t) =
e2

4π2

∫
d3xK0(t) =

e2

4π2

∫
d3xεmnk Tr

(
Am∂nAk+

ie

6
AmAnAk

)
.

This is the winding number of the gauge transformation (5.95). Note that
this index of the dyon configuration is very similar to the topological charge
of an instanton solution of pure Yang–Mills theory. This similarity has very
deep roots and has been discussed above.

The specifics of the situation in the dyon sector is that the winding number
(5.96) is not a new independent topological characteristic, but is identical
to the magnetic charge (5.35) [167, 417]. To see this7, let us consider the
infinitesimal gauge transformations (5.92) on the spatial asymptotic S2

U(r, t) = exp{iωδt} ≡ exp {iC(r̂aT a)δt} ≈ 1 + iωδt+ . . . (5.99)

7 Here we reproduce a simplified version of the proof given in the paper [167].
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The relation (5.79) means that8

∂An

∂t
=

1
e
Dnω . (5.100)

Let us note that the Pontryagin index (5.96) can be represented as an integral
over non-Abelian electric and magnetic fields:

c2 =
e2

8π2

∫
d4xTrFµνF̃

µν =
e2

4π2

T∫
0

dt

∫
d3xTr(BnEn) (5.101)

= − e2

4π2

T∫
0

dt

∫
d3xTr

(
Bn
∂An

∂t

)
− e2

4π2

T∫
0

dt

∫
d3xTr (Bn(DnA0)) .

The last term here vanishes upon integration by parts, since the Bianchi
identity gives DnBn = 0, and the fields Bn and An decay asymptotically in
such a way that the surface term vanishes. Thus, making use of the definition
(5.79), we have

c2 =
e

4π2

T∫
0

dt

∫
d3xTr (BnDnω) =

e

4π2

T∫
0

dt

∫
dSn Tr(Bnω) . (5.102)

Invoking the definition of ω, (5.99), into this formula and using T = 2π/C,
we have

c2 =
e

4π2

2π
C

C

2

∫
dSnB

a
nr̂

a =
e

4π

∫
dSnB

a
nr̂

a =
eg

4π
. (5.103)

Now we can compare this result with (5.37), which relates the magnetic
charge of the monopole to the Brouwer degree, the topological characteristic
of the Higgs field:

c2 =
eg

4π
= n, n ∈ Z .

Thus, the Pontryagin index is not an additional topological characteristic of
the dyon configuration; it is equal to the Brouwer degree, the integer that
appears in the charge quantization condition.

5.4 The θ Term and the Witten Effect Again

Despite being equivalent to the magnetic charge, the possibility of labeling
the dyon configuration by a Pontryagin index (5.96) leads to very interesting

8 Recall that in our discussion of the corresponding gauge zero modes, we put
U = exp{ieωt}.
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consequences. Its existence means that the Lagrangian of the Georgi–Glashow
model could be supplemented by a so-called θ-term:

Lθ = − θe2

32π2
F a

µνF̃
aµν . (5.104)

Here θ is an arbitrary parameter. It is easy to see that the inclusion of such
a term leads to the appearance of a non-quantized electric charge of the
configuration. This would be in correspondence with the discussion above
and (2.129). A very simple explanation of this effect on the electrodynamical
level was given by Coleman [43]. In the pure Abelian case, the θ term can be
written as

Lθ =
θe2

8π2
E · B .

Now let us suppose that the fields En and Bn can be represented as a com-
position of the background classical field of a static monopole and a quantum
fluctuation aµ around it:

En = ∂na0 , Bn = εnmk∂mak +
g

4π
rn
r3
. (5.105)

Thus, the θ-term becomes∫
d3xLθ =

θe2

8π2

∫
d3x ∂na0

(
εnmk∂mak +

g

4π
rn
r3

)
= − θe

2g

32π3

∫
d3x a0 ∂n

(rn
r3

)
= −θe

2g

8π2

∫
d3x a0 δ

3(x) , (5.106)

which has an interpretation as the interaction Lagrangian of a scalar potential
a0 and a static electric charge q = −θe2g/8π2 located at the origin. Using the
charge quantization condition, we see that the electric charge of a monopole
described by the θ-term is q = −eθ/2π.

A deeper derivation of the same result could be obtained within a non-
Abelian model by making use of the definition of the electromagnetic U(1)
subgroup [524]. As we have seen above, the electric charge of the monopole
is generated by the U(1) gauge transformations (5.79) and (5.84), which are
constant on the spatial asymptotic. These transformations are just infinitesi-
mal rotations U = 1+inaT a about the unit vector na = φa/v, which leave the
Higgs vacuum invariant. Under this transformation, the scalar field remains
invariant but the gauge field changes as

Aa
µT

a → UAa
µT

aU−1 +
i

e
U∂µU

−1 ≈ Aa
µT

a +
1
ev
Dµφ

aT a , (5.107)

that is
δAa

µ =
1
ev
Dµφ

a .

The standard Noether theorem then allows us to define a generator of this
transformation, which has to be identified with the electric charge operator:
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n =
∫
d3x

(
δL

δ∂0Aa
µ

δAa
µ +

δL

δ∂0φa
δφa

)
. (5.108)

Since δφa = 0, only the variation of the gauge field contributes to this ex-
pression. Thus, taking into account the effect of the θ-term, we have:

n =
1
ev

∫
d3xDnφ

aEa
n − θe

8π2v

∫
d3xDnφ

aBa
n =

q

e
− θeg

8π2
, (5.109)

where the electric and magnetic charges of the configuration are (see (5.53)
and (5.35), respectively):

q =
1
v

∫
d3xDnφ

aEa
n; g =

1
v

∫
d3xDnφ

aBa
n .

Now we can use the condition of single-valuedness of the U(1) gauge
transformation. The rotation about the axis na by the angle 2π must produce
an identity transformation, exp {2πin} = 1, which is possible if

q = en+
θe2g

8π2
= en+

eθ

2π
m . (5.110)

Here we used the charge quantization condition eg/4π = m again9. Thus, we
arrived at the Witten formula (2.138), but this time we obtain it within the
framework of a non-Abelian gauge theory.

Finally, we note that the complex parameter τ (2.140), which includes
both the gauge coupling constant and the θ-angle introduced in the last
section of Chap. 2, appears in a very natural way, if we rescale the gauge
field as Aa

µ → 1
eA

a
µ and write the complete Lagrangian of the Georgi–Glashow

model as a sum of (5.7) and (5.104):

L = − 1
4e2
F a

µνF
aµν − θ

32π2
F a

µνF̃
aµν +

1
2
(Dµφa)(Dµφ

a) − V (φ)

= − 1
32π

Im
(
θ

2π
+

4πi
e2

)(
F a

µν + iF̃ a
µν

)2

+
1
2
(Dµφa)(Dµφ

a) − V (φ) .

(5.111)

We shall use this very elegant formula in the following analysis of the re-
markable properties of the supersymmetric extensions of the Georgi–Glashow
model.

9 In the Georgi–Glashow model, m = 1.
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So far, we have considered a single static monopole that has the topologi-
cal charge n = 1. An obvious generalization would be a solution of the field
equation with an arbitrary integer topological charge n. At this stage, we
have to consider two possibilities: a single “fat” (possibly unstable!) mono-
pole, having a charge n > 1, or a system of several monopoles with a total
charge equal to n. Obviously, the second situation could be much more inter-
esting, because in this case one would have to take into account the effects
of interaction between the monopoles, their scattering and decay.

Over the last 20 years, the investigation of the exact multi-monopole confi-
gurations has definitely been at the crossing of the most fascinating directions
of modern field theory and differential geometry. This kind of research may
have caused more enthusiasm from the side of mathematicians, rather than
physicists. The point is that the Bogomol’nyi equation may be treated as
a three-dimensional reduction of the integrable self-duality equations. Thus,
its solution is simpler than the investigation of the multi-instanton configu-
rations that arise in Yang–Mills theory in d = 4.

The property of integrability makes it possible to find the whole set of
multi-monopole solutions. This, however, requires sophisticated mathemat-
ical techniques, for example the Atiyah–Drinfeld–Hitchin–Manin (ADHM)
construction modified by Nahm to the case of BPS monopoles, and other
methods developed over the last years. Of course, any attempt to give a de-
tailed description of this fast developing and very intriguing subject is outside
the scope of the present book. We consider in this chapter only some elemen-
tary aspects of multimonopoles. The reader wishing to know more about this
subject should consult the classic book by Atiyah and Hitchin [39] and the
excellent presentation by Manton and Sutcliffe [54], which contains a very
detailed discussion of recent developments. A comprehensive review of the
mathematical aspects of this problem can be found in [52]. The very detailed
review by Nahm in the collection [45] and the original papers [81,83,507] are
essential reading. The construction of BPS multimonopoles and other topics
are discussed in a very good review by Sutcliffe [58].
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6.1 Multimonopole Configurations
and Singular Gauge Transformations

6.1.1 Singular SU(2) Monopole with Charge g = ng0

As we attempt to construct in a non-Abelian theory a system of several
(anti)monopoles, we run into a problem connected with the self-coupling of
the gauge fields and non-linearity of the field equations. A simple superpo-
sition of the fields of two or more monopoles is no longer a stationary point
of the action. However, as we saw in Chap. 5, in the Yang–Mills–Higgs the-
ory, the gauge invariant electromagnetic field strength tensor (5.30) can be
defined as

Fµν = ∂µAν − ∂νAµ − 1
e
εabcφ̂

a∂µφ̂
b∂ν φ̂

c , (6.1)

where the Abelian potential is projected out as Aµ = Aa
µφ̂

a. Thus, we can
perform a singular gauge Transformation, which rotates this configuration
to an Abelian gauge, where the scalar field is constant: φ̃a = vδa3 and the
gauge field has only one isotopic component, Ãk = A3

k. In such a gauge, the
second term in the definition of the electromagnetic field strength tensor (6.1)
transforms into the singular field of the Dirac string, and the magnetic charge
is entirely associated with the topology of the gauge field.

Recall that gauge transformations, which connect the “hedgehog” and
Abelian gauges, are singular and we have to be very careful in dealing with
them. However, there is an obvious advantage in working in the Abelian
gauge: here the gauge potentials are additive and the field equations are
linear. That is why the authors of the paper [76] suggested to implement
the following program in order to construct a multimonopole configuration:
(i) start with an Abelian gauge, (ii) suppose that the gauge potential Ã3

k is
a simple sum of a few singular Dirac monopoles embedded into the SU(2)
gauge group and then try to define a gauge transformation, which

1. removes the singularity of the potential Ã3
k in the string gauge;

2. provides proper asymptotic behavior of the fields in the Higgs vacuum:
the scalar field must smoothly tend to the vacuum value |φ| = v, while
the gauge potential must vanish as 1/r.

Let us try to implement this program to construct a possible general-
ization of the ’t Hooft–Polyakov solution (5.41) to the case of non-minimal
magnetic charge g = ng0 = 4πn/e [86,223,228]. First, consider a “fat” Dirac
potential, given by the generalization of (1.43), and then embed it into the
SU(2) group. Thus, we start with the Abelian gauge where the electromag-
netic subgroup corresponds to rotation about the third axis of isospace:

Ãk(r) =
n

er

1 − cos θ
sin θ

T3ϕ̂k . (6.2)
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In the following discussion we will consider the Hermitian fundamental rep-
resentation of the SU(2) group, Ta = 1

2σa as before.
Now we can make use of an analogy with the gauge transformation (5.3)

considered above and rotate the Dirac potential to the non-Abelian Wu–Yang
potential (5.4):

Ak =
1
2
Aa

kσ
a = U−1ÃkU − i

e
U−1∂kU, φa = Uφ̃aU−1 , (6.3)

where

U(θ, φ) = e−i(σσσ·ϕ̂ϕϕ(n))θ/2 =

(
cos θ

2 − sin θ
2e

−inϕ

sin θ
2e

inϕ cos θ
2

)
. (6.4)

Here the n-fold rotation in azimuthal angle ϕ is needed to balance the singular
part of the Abelian potential (6.2), ϕ̂ϕϕ(n) = −êx sinnϕ+ êy cosnϕ.

In order to describe the rotated potential in a compact form, we define
the su(2) matrices

τ (n)
r = (r̂(n) · σσσ) = sin θ cosnϕσ1 + sin θ sinnϕσ2 + cos θ σ3 ,

τ
(n)
θ = (θ̂θθ

(n)
· σσσ) = cos θ cosnϕσ1 + cos θ sinnϕσ2 − sin θ σ3 ,

τ (n)
ϕ = (ϕ̂ϕϕ(n) · σσσ) = − sinnϕσ1 + cosnϕσ2 . (6.5)

In this notation we obtain

Ak =
1

2er

(
τ (n)
ϕ θ̂k − nτ (n)

θ ϕ̂k

)
, φa = vr̂(n)

a . (6.6)

As one could expect, when rotated into the “hedgehog” gauge, this configu-
ration is spherically symmetric and the corresponding magnetic field

Bk = n
rk
er3

(6.7)

is exactly the field of a static magnetic monopole with charge g = 4πn/e
at the origin. One can prove that for the configuration (6.6) the condition
Dnφ

a = 0 holds.
Note that the potential (6.6) is not a naive generalization of the Wu–Yang

potential (5.4)

An = n εamn
rm
r2
σa

2
, (6.8)

which was considered in [542]. The configuration (6.8) with n = 2 has some
amusing properties: the corresponding field strength tensor vanishes identi-
cally since the commutator terms precisely cancel the derivative terms. In-
deed, such a potential is a pure gauge:

An = iU−1∂nU, where U = iσar̂a ,
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unlike the potential (6.6). Such a configuration may exist as an unstable
deformation of the topologically trivial sector. Below we shall consider these
deformations.

Recall that the Wu–Yang configuration (5.4), which was constructed via
the gauge rotation of the embedded Dirac potential, is only the asymptotic
limit of the ’t Hooft–Polyakov solution (5.41) at r → ∞. Unlike the former,
the latter corresponds to finite energy of the configuration. It is easy to see
that the configuration (6.6) is singular at the origin as well. A generalization
of the ’t Hooft–Polyakov solution that we are looking for must not only have
proper asymptotic behavior of the fields, but it must also be regular at the
origin.

One can try to exploit an analogy with the ’t Hooft–Polyakov ansatz, i.e.,
modify the asymptotic form of the fields (6.6) by including shape functions
H(r) and K(r), respectively [86,223]:

Ak =
K(r)
2er

(
τ (n)
ϕ θ̂k − nτ (n)

θ ϕ̂k

)
, φa = vH(r)r̂(n)

a . (6.9)

However, substitution of this ansatz into the field equations of the Yang–
Mills–Higgs system (5.14) for |n| ≥ 2 leads to a contradiction with the as-
sumption that a regular solution of the form (6.9) could exist. Thus, we need
to introduce more profile functions to obtain a smooth non-spherically sym-
metric solution of the field equations. However, even that configuration will
be unstable.

Here, we can see a manifestation of the very general Lubkin theorem [355]
(see, for example, the discussion in the Coleman lectures [43] and Nahm re-
view in [45]). According to this theorem, there is a unique spherically symmet-
ric monopole in the SU(2) Yang-Mills–Higgs theory with minimal magnetic
charge. Both analytical and numerical calculations have proved this conclu-
sion [84, 138]. Therefore, the configuration, which has the asymptotic form
(6.9), is a saddle point of the energy functional and it decays into a system
of a few separated single monopoles and antimonopoles with total charge
n = n+ − n−.

6.1.2 Magnetic Dipole

Let us continue our attempts to construct multi-monopole configurations. We
assume that the electromagnetic subgroup is associated with U(1) rotations
about the third isotopic component of the scalar field φ̃a = aδa3. We first
consider a magnetic dipole: a monopole-antimonopole pair located on the z
axis at the points (0, 0,±L) with both strings directed along the positive z
axis as in Fig. 6.1. A simple addition of the corresponding two singular Dirac
potentials yields

Ak(r) =
1
2e

(
1 − cos θ1
r1 sin θ1

− 1 − cos θ2
r2 sin θ2

)
σ3 ϕ̂k . (6.10)
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Fig. 6.1. Magnetic dipole configuration

It was noted by S. Coleman that a crucial feature of this construction is
that the Dirac strings of both monopoles lie along the same axis [43]. This
allows us to define a gauge transformation that removes the singularity of the
potential (6.10) embedded into the SU(2) group [76, 86]. Let us exploit the
analogy with the transition of a monopole embedded into SU(2), from the
singular Dirac monopole in the Abelian gauge to the Wu–Yang non-Abelian
monopole in the “hedgehog” gauge. We see that the gauge transformation
that would remove the string singularity must rotate a unit isovector n̂ as-
sociated with the direction of the string about the third isospace axis by
an angle 4π. However, this vector now originates from the points |z| = L.
Therefore, the gauge transformation that we are looking for must become an
element of unity for |z| > L. A proper choice is [76,86]

U(θ1 − θ2, ϕ) = e−
i
2 ϕσ3 e

i
2 (θ1−θ2)σ2 e

i
2 ϕσ3

=

(
cos θ1−θ2

2 − sin θ1−θ2
2 e−iϕ

sin θ1−θ2
2 eiϕ cos θ1−θ2

2

)
.

(6.11)

A simple calculation shows that the Higgs field after rotation into the “hedge-
hog” gauge is

φ̃a = UφaU−1 = v[sin(θ1 − θ2) cosϕ, sin(θ1 − θ2) sinϕ, cos(θ1 − θ2)] . (6.12)



178 6 Multimonopole Configurations

One can prove that the gauge transformation (6.11) removes the singularity
of the embedded potential (6.10).

A generalization of this procedure also allows us to rotate into a non-
singular gauge some other configurations: a monopole-antimonopole pair con-
nected with a Dirac string, a monopole-monopole pair, or a system of a few
monopoles lying along a line [86]. Moreover, it is possible to generalize this
procedure to the case of an arbitrary gauge group, for example, an SU(3)
magnetic dipole was considered in [406]. The only restriction is that all the
monopole strings must be directed along the same line; otherwise it is im-
possible to remove all the singularities of the multi-monopole potential by
making use of a singular gauge transformation [43]. In other words, after ro-
tation to a “hedgehog” gauge such a multimonopole configuration describes
a system of a few monopoles having identical orientation in isotopic space.
Evidently, such a system is not a solution of the field equations, it is gener-
ally unstable and that is not really the case of the arbitrary multimonopole
system we are looking for.

Another inconsistency of the description above is that these expressions
have a restricted domain of applicability.

Indeed, there was a hidden contradiction in our discussion above. Actually,
so far we are dealing with point-like monopoles, because our configuration
is just a generalization of the non-Abelian Wu–Yang potential. The regular
’t Hooft–Polyakov solution coincides with it only asymptotically. Thus, there
is still a question of the inner structure of the monopoles, or in other words,
the problem of finding a solution that would make the Higgs field vanish at
some points, which are associated with the positions of the monopoles.

The contradiction is that, on the one hand we suppose that each monopole
is characterized by a topological charge connected with the spatial asymp-
totic of the scalar field. On the other hand, when we calculated the field of
a magnetic dipole, we suppose that the monopoles are separated by a finite
distance 2L, and moreover, L� r. A proper approximation would, therefore,
not be a magnetic dipole, but rather a monopole-anti-monopole pair sepa-
rated by a distance that is very large compared to the core. Indeed, there is
a smooth, finite energy magnetic dipole solution to the model (5.7), where
two zeros of the Higgs field are relatively close to each other [327,448].

6.2 Rebbi–Rossi Multimonopoles, Chains
of Monopoles and Closed Vortices

Discussion of the magnetic dipole “from afar” yields some clue to the struc-
ture of the solution we sought for. The configuration space of Yang–Mills–
Higgs theory consists of sectors characterized by the topological charge of
the Higgs field. While the unit charge ’t Hooft–Polyakov hedgehog solution
(5.41) corresponds to a single covering of the vacuum manifold S2

vac by a single
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turn around the spatial boundary S2, multimonopole configurations have to
be characterized by an n-fold covering of the vacuum manifold. Recall that
the ’t Hooft–Polyakov solution is spherically symmetric. It was shown that
SU(2) monopoles with higher topological charge cannot be spherically sym-
metric [251] and possess at most axial symmetry [219, 434, 440, 507] or no
rotational symmetry at all [58].

We shall see that the pattern of interaction between the monopoles is very
different from naive picture of Coulomb long-range electromagnetic interac-
tion of point-like charges. Indeed, there is such an attractive force between
well separated monopole and antimonopole that, in the singular gauge, is me-
diated by the A3 component of the vector field. However, this field is massless
only outside of the monopole core. Furthermore, the massive vector bosons
A± also mediate the short-range Yukawa interaction between the monopoles.

Taubes pointed out that the latter contribution to the net potential de-
pends on the relative orientation of the monopoles in the group space that
is parameterized by an angle δ. Thus, the potential of the gauge interaction
between the wide separated monopole and anti-monopole depends on two
parameters: the distance between the locations of the poles r and relative
angle δ ∈ [−π, π]:

Vgauge = −e
−r

r
+

2e−r

r
cos δ (6.13)

Thus, there is a saddle point configuration at δ = 0 and we may conclude that
there is some equilibrium distance r0 at which the attractive contribution to
the net potential energy of the monopole-antimonopole pair is compensated
by the short-range Yukawa interaction mediated by the massive vector A±
bosons. Furtermore, there is also a scalar interaction between the monopoles
mediated by the Higgs boson, which is always attractive but remains short-
ranged until the scalar coupling constant in not zero. In our consideration we
have to take into account all these contributions.

Using infinite dimensional Morse theory, which relates the topology of
a manifold to the number and types of critical points of a function defined
on this manifold, Taubes proved that in the SU(2) Yang-Mill–Higgs theory
a smooth, finite energy magnetic dipole solution of the second-order field
equations could exist [489]. In his consideration, the space of the field confi-
gurations and the energy functional are considered as the manifold and the
function, respectively.

Recall that the functional space of the finite energy configuration if clas-
sified according to the homotopy classes. For a monopole-antimonopole pair
the map S2 → S2 has a degree zero, thus it is a deformation of the topologi-
cally trivial sector. A generator for this homotopy group is a non-contractible
loop, which describes the creation of a monopole-antimonopole pair from the
vacuum with relative orientation in the isospace δ = −π, separation of the
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pair, rotation of the monopole by 2π and annihilation of the pair back into
vacuum1.

Minimization of the energy functional along such a loop yields an equi-
librium state in the middle of the loop where the monopole is rotated by
π and δ = 0. Taubes argued that this corresponds to the vanishing of the
potential of the interaction (6.13), because of the balance between the short-
range Yukawa interactions and the long-range electromagnetic contribution.
Such an axially symmetric configuration, with two zeros of the Higgs field
located symmetrically on the positive and negative z-axis, corresponds to a
saddlepoint of the energy functional, a monopole and antimonopole in static
equilibrium. On the level of classical theory, this configuration cannot anni-
hilate because the loop is not contractible. Numerical computation confirms
that such a solution really exists [327,448].

New classical axially symmetric solutions, which are associated with
monopole-antimonopole systems in SU(2) YMH theory, were discovered re-
cently [328–330]. In these solutions, the Higgs field vanishes either at some set
of discrete isolated points or at rings. The latter configurations correspond
to the closed vortices while the former are (multi)monopole-antimonopole
bound systems. There is also a third class of solutions, which corresponds
to a single (multi)monopole bounded with a system of vortex rings centered
around the symmetry axis. We review these configurations below.

Since the Higgs field takes values in su(2) Lie algebra, we may consider a
triplet of unit vectors

ê(n,m)
r = [sin(mθ) cos(nϕ), sin(mθ) sin(nϕ), cos(mθ)] ,

ê(n,m)
θ = [cos(mθ) cos(nϕ), cos(mθ) sin(nϕ),− sin(mθ)] ,

ê(n)
ϕ = [− sin(nϕ), cos(nϕ), 0] ,

(6.14)

which describe both rotations in azimuthal angle and in polar angle.
Now we define the su(2) matrices τ (n,m)

r , τ (n,m)
θ , and τ (n)

ϕ as a product of
these vectors with the usual Pauli matrices τa = (τx, τy, τz):

τ (n,m)
r = sin(mθ)τ (n)

ρ + cos(mθ)τz ,

τ
(n,m)
θ = cos(mθ)τ (n)

ρ − sin(mθ)τz ,

τ (n)
ϕ = − sin(nϕ)τx + cos(nϕ)τy ,

where τ (n)
ρ = cos(nϕ)τx + sin(nϕ)τy and ρ =

√
x2 + y2 = r sin θ. This is a

generalization of the basis (6.5).
We parametrize the gauge potential and the Higgs field by the static,

purely magnetic Kleihaus–Kunz ansatz

1 We shall discuss the process of creation of a monopole-antimonopole pair in a
weak external magnetic field in Sect. 7.3.2.
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Aµdx
µ =

(
K1

r
dr + (1 −K2)dθ

)
τ

(n)
ϕ

2e

− n sin θ

(
K3
τ

(n,m)
r

2e
+ (1 −K4)

τ
(n,m)
θ

2e

)
dϕ , (6.15)

φ = Φ1τ
(n,m)
r + Φ2τ

(n,m)
θ , (6.16)

which generalizes the spherically symmetric ’t Hooft–Polyakov ansatz (5.41).
The latter can be recovered if we impose the constraints K1 = K3 = Φ2 =
0, K2 = K4 = K(ξ), Φ1 = H(ξ).

We refer to the integers m and n in (6.14)–(6.16) as θ winding number
and ϕ winding number, respectively. Indeed, as the unit vector (6.14) para-
meterized by the polar angle θ and azimuthal angle ϕ covers the sphere S2

once, the fields defined by the ansatz (6.15) and (6.16) wind n and m times
around the z-axis and ρ-axis, respectively.

There are six structure functions in the Kleihaus–Kunz ansatz; four for
the gauge field (Ki, i = 1 . . . 4) and two for the scalar field (Φ1, Φ2). They
depend on the coordinates r and θ only. Thus, the modulus of the scalar
field is |φ| =

√
Φ2

1 + Φ2
2 and the Higgs vacuum corresponds to the condition√

Φ2
1 + Φ2

2 = v.
The ansatz (6.15) and (6.16) is axially symmetric in the sense that

a spatial rotation around the z-axis can be compensated by an Abelian
gauge transformation U = exp{iω(r, θ)τ (n)

ϕ /2}, which leaves the ansatz form-
invariant. However, the structure functions of the ansatz transform as [327]

K1 → K1 − r∂rω , K2 → K2 + ∂θω ,(
K3 +

cos(mθ)

sin θ

)
→
(

K3 +
cos(mθ)

sin θ

)
cos ω +

(
1 − K4 − sin(mθ)

sin θ

)
sin ω ,(

1 − K4 − sin(mθ)

sin θ

)
→ −

(
K3 +

cos(mθ)

sin θ

)
sin ω +

(
1 − K4 − sin(mθ)

sin θ

)
cos ω ,

Φ1 → Φ1 cos ω + Φ2 sin ω , Φ2 → − Φ1 sin ω + Φ2 cos ω .

(6.17)

To obtain a regular solution, we make use of the U(1) gauge symmetry to
fix the gauge [324]. We impose the condition

Gf =
1
r2

(r∂rK1 − ∂θK2) = 0 .

The gauge fixing term Lη = ηG2
f must be added to the Lagrangian (5.7).

With this ansatz the field strength tensor components become
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Frθ = −1

r
(∂θK1 − r∂rK2)

τ
(n)
ϕ

2e
,

Frϕ = −n

r
sin θ

[(
K1

sin(mθ)

sin θ
+ K1(K4 − 1) − r∂rK3

)
τ

(n,m)
r

2e

+

(
K1

cos(mθ)

sin θ
+ K1K3 + r∂rK4

)
τ

(n,m)
θ

2e

]
,

Fθϕ = n

[
((1 − K2) sin(mθ) + (1 − K4)(K2 + n − 1) sin θ − ∂θ[K3 sin θ])

τ
(n,m)
r

2e

+ ((1 − K2) cos(mθ) − K3(K2 + n − 1) sin θ − ∂θ[(1 − K4) sin θ])
τ

(n,m)
θ

2e

]
,

(6.18)

and the components of the covariant derivative of the Higgs field become

Drφ =
1
r

(
[r∂rΦ1 +K1Φ2] τ (n,m)

r + [r∂rΦ2 −K1Φ1] τ
(n,m)
θ

)
,

Dθφ = [∂θΦ1 −K2Φ2] τ (n,m)
r + [∂θΦ2 +K2Φ1] τ

(n,m)
θ ,

Dϕφ = n sin θ
[(
Φ1

sin(mθ)
sin θ

+ Φ2
cos(mθ)

sin θ
+K3Φ2 − (1 −K4)Φ1

)]
τ (n)
ϕ .

(6.19)

Variation of the Lagrangian (5.7) with respect to the profile functions
yields a system of six second-order non-linear partial differential equations
in the coordinates r and θ, which is rather cumbersome. Nevertheless, these
equations can be solved numerically.

Boundary Conditions

To obtain regular solutions with finite energy density and correct asymp-
totic behavior, we impose the boundary conditions. Regularity at the origin
requires

K1(0, θ) = 0 , K2(0, θ) = 1 , K3(0, θ) = 0 , K4(0, θ) = 1 ,

sin(mθ)Φ1(0, θ) + cos(mθ)Φ2(0, θ) = 0 ,

∂r [cos(mθ)Φ1(r, θ) − sin(mθ)Φ2(r, θ)]|r=0 = 0

that is Φρ(0, θ) = 0 and ∂rΦz(0, θ) = 0.
To obtain the boundary conditions at infinity, we require that solutions

in the vacuum sector (m = 2k) tend to a gauge transformed trivial solution,

φ −→ UτzU
† , Aµ −→ i∂µUU

† ,

and the solutions in the topological charge n sector (m = 2k + 1) tend to

φ −→ Uφ(1,n)
∞ U† , Aµ −→ UA(1,n)

µ∞ U† + i∂µUU
† ,
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where

φ(1,n)
∞ = vτ (1,n)

r , A(1,n)
µ∞ dxµ =

τ
(n)
ϕ

2e
dθ − n sin θ

τ
(1,n)
θ

2e
dϕ ,

is the asymptotic solution of a charge n multimonopole, and SU(2) matrix
U = exp{−ikθτ (n)

ϕ }, both for even and odd m. Consequently, solutions with
even m have vanishing magnetic charge, whereas solutions with odd m pos-
sess magnetic charge n. Thus, if we suppose, for example, that k = 1, the
boundary conditions at the spatial asymptotic yield the rotation of the con-
figuration on the negative semi-axis z by π, with respect to the configuration
placed on the positive semi-axis z. This corresponds to the Taubes conjecture
for a magnetic dipole.

In terms of the functionsKi i = 1 . . . 4, Φ1, Φ2, these boundary conditions
read

K1 → 0 , K2 → 1 −m , (6.20)

K3 → cos θ − cos(mθ)
sin θ

m odd , K3 → 1 − cos(mθ)
sin θ

m even , (6.21)

K4 → 1 − sin(mθ)
sin θ

, (6.22)

Φ1 → 1 , Φ2 → 0 . (6.23)

Note that the gauge transformation (6.17) allows us to tune these boundary
conditions, e.g., the configuration with winding numbers m = 2, n = 1 and
the boundary conditions (6.20)–(6.23) is identical to the configuration with
winding numbers m = 1, n = 1, which satisfy

K1 → 0 , K2 → −1 , K3 → 0 , K4 → −1 ,
Φ1 → cos θ , Φ2 → sin θ .

(6.24)

This corresponds to the particular choice of the parameter ω = θ.
Regularity on the z-axis, finally, requires

K1 = K3 = Φ2 = 0 , ∂θK2 = ∂θK4 = ∂θΦ1 = 0 ,

for θ = 0 and θ = π.
Subject to the above boundary conditions, we constructed numerical solu-

tions with 1 ≤ m ≤ 6, 1 ≤ n ≤ 6 and several values of the Higgs selfcoupling
constant λ [327–330].

Rebbi–Rossi Multimonopoles

Note that asymptotic behavior of the profile functions allows us to check the
equivalence between the topological charge Q, which is defined as a winding
number of the Higgs field, and the magnetic charge g. Indeed,



184 6 Multimonopole Configurations

Q =
1

2ev3

∫
S2

d2ξ εαβεabcφ
a∂αφ

b∂βφ
c

=
2nm
2ev3

∫
dθdϕ [Φ1 sin(mθ) + Φ2 cos(mθ)] =

4πn
2e

[1 − (−1)m] ,

g =
1
v

∫
Tr εijk (FijDkφ) d3r =

2
v

∫
S2

dθdϕ Tr(Fθϕφ)

=
4πn
2e

∫
dθ [m sin(mθ) − ∂θ(sin θK3)] =

4πn
2e

[1 − (−1)m] ,

(6.25)

where we used the definitions (5.35) and (5.47), and substituted the asymp-
totic behavior of the profile functions (6.21), (6.22) and (6.23). Recall that for
a spherically symmetric monopole, we have the charge quantization condition
(5.38): g = 4πn/e.

Thus, the configurations given by the axially symmetric Kleihaus–Kunz
ansatz (6.15) and (6.16) are either deformations of the topologically trivial
sector (even winding number m), or deformations of the core of charge n
multimonopoles with minimal winding number m = 1. The latter configura-
tion corresponds to the finite λ extension of the Rebbi–Rossi BPS multimono-
poles [440]. For these solutions all zeros of the Higgs field are superimposed
at a single point. In Fig. 6.2. we show the energy density and the modulus
of the Higgs field of configurations with topological charges n = 2, 3, 4 as a
function of the coordinates ρ =

√
x2 + y2 and z. Here individual monopoles

cannot be distinguished and the scalar field has a multiple zero at the origin.
When λ > 0, the energy of these monopoles per unit charge is higher than
the energy of n infinitely separated charge one monopoles [324]. Thus, this
configuration is unstable and non-BPS monopoles repulse each other.

m-Chains

Zeros of the Higgs field can be separated if the θ winding number m > 1.
Let us consider n = 1 configurations first. These m-chains possess m nodes
of the Higgs field on the z-axis. Due to reflection symmetry, each node on
the negative z-axis corresponds to a node on the positive z-axis. The nodes
of the Higgs field x0(k) are associated with the location of the monopoles
and antimonopoles (see Fig. 6.3). For odd m (m = 2k + 1) the Higgs field
possesses k nodes on the positive z-axis and one node at the origin. The node
at the origin corresponds to a monopole, if k is even and to an antimonopole,
if k is odd. For even m (m = 2k), there is no node of the Higgs field at the
origin and the topological charge of the configurations (6.25) is zero.

The m = 1 solution is the spherically symmetric ’t Hooft–Polyakov mono-
pole that we discussed in the Chap. 5. Them = 3 and m = 5 chains represent
saddlepoints with unit topological charge. Them = 2 chain is identical to the
monopole-antimonopole pair (the magnetic dipole) discussed in [327,448]. In-
deed, asymptotic expansion of the profile function shows that only the gauge
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Fig. 6.2. The rescaled energy density E(ρ, z) and the modulus of the Higgs field
|φ(ρ, z)| are shown for the Rebbi–Rossi multimonopoles solutions m = 1, n = 2, 3, 4
at λ = 0

field function K3 decays like O(r−1), while other gauge functions decay ex-
ponentially [325,327]. In the singular gauge, where the Higgs field is constant
at infinity, φ = σ3, we obtain [328]

K3 → 1 − cos(mθ)
sin θ

+
d

r
sin θ

and the asymptotic gauge potential precisely corresponds to the field of a
magnetic dipole:

Aµdx
µ → d

sin2 θ

2er
σ3dϕ .

However, this dipole moment originates not only from a distribution of
the magnetic charge, as one may naively expect. The point is that for the
axially symmetric configuration (6.15) and (6.16), the Abelian ’t Hooft tensor
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(5.31) corresponds not only to the topological (magnetic) current kµ (5.33),
but also to the electric current jνel:

∂µFµν = 4πjνel . (6.26)

Evaluation of the ’t Hooft tensor (5.31) with the above ansatz yields

Fθϕ = ∂θAϕ , Fϕr = −∂rAϕ , Frθ = 0 , (6.27)

with the Abelian potential

Aϕ =
n

e

[
−Φ̂1 [K3 sin θ + cos(mθ)] + Φ̂2 [(K4 − 1) sin θ + sin(mθ)]

]
, (6.28)

and Φ̂1 = Φ1/
√
Φ2

1 + Φ2
2, Φ̂2 = Φ2/

√
Φ2

1 + Φ2
2. Evidently, for the ’t Hooft–

Polyakov monopole this potential is reduced to eAϕ = −n Φ̂1 cos θ.
As can be seen from (6.27)–(6.28), contour lines of the vector potential

component Aϕ, correspond to the field lines of the Abelian magnetic field BBB.
Thus, the magnetic dipole moment can be obtained from [330],

µµµ =
∫
d3x

(
r
k0
e

+
1
2
[r × jjjel]

)
, (6.29)

where k0/e and jjjel are the magnetic charge density and the electric current
density, respectively. Therefore, the physical picture of the source of the dipole
moment is that it originates both from a distribution of magnetic charges
and electric currents. Because of the axial symmetry of the configurations,
µ = µez and the contribution of the electric current density to the magnetic
moment is

µcurrent =
1
2

∫
jϕr

2 sin θdrdθdϕ

=
1
4

∫
drdθ

[
r2 sin θ ∂2

rAϕ + sin2 θ ∂θ
1

sin θ
∂θAϕ

]
.

In Fig. 6.3 we present2 the dimensionless energy density and nodes of the
Higgs field for the n = 1 solutions with θ winding number m = 1, . . . , 6. The
energy density of them-chain possessesmmaxima on the z-axis and decreases
with increasing ρ. The locations of the maxima are close to the nodes of
the Higgs field. For a given m the maxima are of similar magnitude, but
their height decreases with increasing m. Increasing λ makes these maxima
sharper and decreases the distance between the locations of the monopoles.
We observe that for a given λ, the distances between the corresponding nodes
increase with increasing m.

2 I am grateful to Burkhard Kleihaus for his kind permission to reproduce this
plot here [328].
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Fig. 6.3. The rescaled energy density E(ρ, z) for the monopole-antimonopole chains
with winding numbers n = 1, m = 1, . . . 6 at λ = 0

We observe that the energy E(m) of an m-chain is always smaller than
the energy of m single monopoles or antimonopoles (with infinite separation
between them), i.e., E(m) < E∞ = 4πmv/e = mM , where M = 4πv/e
is a mass of a single BPS monopole. On the other hand, E(m) exceeds the
minimal energy bound given by the Bogomol’nyi limit Emin = 0 for even m,
and Emin =M for odd m.

A linear dependence of the energy E(m) on m can be modelled by taking
into account only the energy of m single (infinitely separated) monopoles and
the next-neighbor interaction between monopoles and antimonopoles on the
chain. Defining the interaction energy as the binding energy of the monopole-
antimonopole pair,

∆E = 2M − E(2) ,

we obtain as energy estimate for the m-chain

E
(m)
est /M = m+ (m− 1)∆E .
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If λ = 0, we interpret the m-chains as equilibrium states of m non-BPS
monopoles and antimonopoles. Indeed, these configurations are essentially
non-BPS solutions.

To see this in another way, let us consider the limit λ = 0. Then the
energy can be written in the form:

E =
∫ {

1
4
Tr
(
(εijkFij ±Dkφ)

2
)
∓ 1

2
εijkTr (FijDkφ)

}
d3x . (6.30)

The second term is proportional to the topological charge and vanishes when
m is even. The first term is just the integral of the square of the Bogomol’nyi
equations. Thus, for even m the energy is a measure of the deviation of the
solution from self-duality.

Recall that the physical reason for the existence of such a chain is a
balance of the attractive and repulsive contributions to the net potential
energy of the static configurations. However, we can also make use of the
effective electromagnetic interaction associated with the Abelian ’t Hooft
tensor (5.31).

Let us consider the magnetic dipole. Indeed, the numerical results show
that the separation between two nodes of the scalar field, that are identified
with positions of the monopole and antimonopole, respectively, is not too
large. Thus, both photon and scalar particles remain massive and, together
with the vector bosons A±

µ , they all contribute to the short-range Yukawa-
type interactions.

Therefore we may conclude that the saddle point configuration exists
because of the balance of these short-range interactions. In the BPS limit
such a solution is proved to be an equilibrium state [489]; it corresponds to
a saddle point of the energy functional and there are negative modes among
the fluctuations that do not posses the axial symmetry of the Kleihaus–Kunz
ansatz (6.15) and (6.16).

However, the numerical results shows that in the limit λ = 0 the energy
of interaction of the magnetic dipole is Eint = 2M − E0 = 0.3, while the
distance d between the location of the monopole and antimonopole is 4.23
[327]. Thus, the corresponding Coulomb energy, ECoulomb = 1/d ≈ 0.24,
almost saturates the interaction energy and we may try to make use of an
effective electromagnetic interaction to model the configuration. Indeed, the
’t Hooft tensor (5.31) allows us to project all components of the gauge field
onto the scalar field and we can consider the corresponding effective Abelian
forces. Evidently, this interaction is mediated by a massive photon.

At a first glance, there is no place for a repulsive Abelian force: the
electromagnetic interactions between a monopole and an anti-monopole is
attractive. However, the structure of the solution shows that the U(1) mag-
netic field, which is defined by the ’t Hooft tensor (5.31), is generated both
by the monopoles and by the electric current ring (cf. Fig. 6.4). There is
the magnetic field Bj of the current loop, which stabilizes the configuration.
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j

B j
−g

g

B g

Fig. 6.4. Magnetic dipole: the Abelian magnetic fields of the charges and the
current loop

This configuration can exist as an equilibrium electrodynamical state of two
charges and a circular current.

Let us now consider chains consisting of multimonopoles with winding
number n = 2 [329, 330, 421]. Identifying the locations of the Higgs zeros on
the symmetry axis with the locations of the monopoles and antimonopoles, we
observe that when each pole carries charge n = 2, the zeros form pairs, where
the distance between the monopole and the antimonopole of a pair is less than
the distance to the neighboring monopole or antimonopole, belonging to the
next pair.

We observe furthermore, that the equilibrium distance of the monopole-
antimonopole pair composed of n = 2 multimonopoles is smaller than the
equilibrium distance of the monopole-antimonopole pair composed of single
monopoles. Thus the higher attraction between the poles of a pair with charge
n = 2 is balanced by the repulsion only at a smaller equilibrium distance. The
difference from n = 1 chains is that for n = 2 multimonopoles, the maxima of
the energy density no longer coincide with (double) zeros of the Higgs field.
The latter are still placed on the z axis. One may understand the reason by
considering the energy associated with the electromagnetic current, which
has to be much stronger to balance the attraction between two monopoles of
double charge. There is a current contribution that moves the maxima of the
energy density to the ρ-plane.

Closed Vortices

The boundary conditions imposed at the origin on the Higgs field (6.16)
means that Φρ(0, θ) = 0 and

φ(0, θ) = Φz(0, θ)τ (n,m)
z .
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Thus, the scalar field can either vanish there (for an odd θ winding number
m), or be directed along the z-axis (for an even m). In the former case, there
is a single n-monopole placed at the origin, whereas the latter configuration
in the limit of very large scalar coupling approaches the vacuum expectation
value, not only on the spacial boundary, but also in the vicinity of the origin.
Then the solutions with different winding number n link the trivial configura-
tion φ(0, θ) = (0, 0, Φz(0, θ)) and its gauge rotated on the spatial infinity. For
n = 1, 2, these solutions are the monopole-antimonopole chains we discussed
above.

The situation changes dramatically, if the ϕ winding number n > 2. The
solutions of the second type, which appears in that case, are not multimono-
pole chains, but systems of vortex rings. They exist both in the BPS limit
and beyond it, and represent either a system of closed vortices bounded with
a single n-monopole placed at the origin, or without it [329,330].

This situation is a bit surprising, because one could expect that, when
the charge of poles is increasing further beyond n = 2, the similar chain
solutions consisting of multimonopoles with winding number n > 2 should
exist; the monopoles and antimonopoles of the pairs should approach each
other further, settling at a still smaller equilibrium distance.

Constructing solutions with charge n = 3 in the BPS limit (λ = 0),
however, we do not find any chains at all. Now there is no longer sufficient
repulsion to balance the strong attraction between the 3-monopoles and 3-
antimonopoles. Instead of chains, we now observe solutions with vortex rings,
where the Higgs field vanishes on closed rings around the symmetry axis.

To better understand these findings, let us consider unphysical intermedi-
ate configurations, where we allow the ϕ winding number n to continuously
vary between the physical integer values3. Beginning with the simplest such
solution, the m = 2 solution, we observe that the zeros of the solution with
the winding number n continue to approach each other when n is increased
beyond 2, until they merge at the origin. Here the pole and antipole do not
annihilate, however. We conclude that this is not allowed by the imposed
symmetries and boundary conditions. Instead, the Higgs zero changes its
character completely, when n is further increased. It turns into a ring with
increasing radius for increasing n. The physical three-monopole-three-anti-
monopole solution in the BPS limit then has a single ring of zeros of the
Higgs field and no point zeros.

Considering the dipole magnetic moment of the m = 2 solutions, we
observe that it is (roughly) proportional to n. The pair of poles on the z-axis
for n = 2 clearly gives rise to the magnetic dipole moment of a physical dipole.
The ring of zeros also corresponds to a magnetic dipole field, which however,
looks like the field of a ring of mathematical dipoles. This corresponds to the
simple picture that the positive and negative charges have merged, but not

3 An alternative is to include an electromagnetic interaction with an external mag-
netic field directed along z-axis.
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annihilated, and have then spread out on a ring. Thus, we can identify the
m = 2, n = 3 solution with a closed vortex configuration.

While the dipole moment of monopole-antimonopole chains with an equal
number of monopoles and antimonopoles has its origin in the magnetic
charges of the configuration [327, 328, 330], the dipole moment of the closed
vortices is associated with loops of electric currents [330].

Other solutions with even θ winding number reside in the vacuum sector
as well (cf. Fig. 6.5). For m = 2k > 2 solutions with zero scalar coupling, it is
now clear how they evolve, when the ϕ winding number is increased beyond
n = 2. Starting from k pairs of physical dipoles, the pairs merge and form k
vortex rings, which carry the dipole strength of the solutions.

m=2, n=3 configuration: |Ε| at λ=0.5
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m=4, n=3 configuration: Ε at λ=0.5
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m=6, n=3 configuration: Ε at λ=0.5
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m=2, n=3 configuration: |Φ| at λ=0.5
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m=4, n=3 configuration: |Φ| at λ=0.5
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m=6, n=3 configuration: |Φ| at λ=0.5
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Fig. 6.5. The rescaled energy density E(ρ, z) and the modulus of the Higgs field
|φ(ρ, z)| are shown for the circular vortex solutions m = 2, n = 3 (single vortex ),
m = 4, n = 3 (double vortex ) and m = 6, n = 3 (triple vortex ) at λ = 0.5
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The solutions with odd θ winding number have an isolated zero of the
Higgs field at the origin, thus they reside in the topological sector with charge
n. For m = 4k + 1 the situation is somewhat similar to the above. Here a
single n-monopole remains at the origin, whereas all other zeros form pairs,
which for n > 2 approach each other, merge and form 2k rings carrying di-
pole strength. Since, however, a dipole on the positive axis and its respective
counterpart on the negative axis have opposite orientation, their contribu-
tions cancel in the total magnetic moment. Thus, the magnetic moment re-
mains zero, as it must, because of the symmetry of the ansatz [328]. Non-zero
scalar coupling does not change the situation, but the maxima of the energy
density distribution are getting sharper.

For m = 4k−1, on the other hand, the situation is more complicated. Let
us consider the simplest casem = 3 in the limit λ = 0. Again, we consider un-
physical configurations with winding number n continuously varying between
the n = 2 chain solution and the n = 3 configuration. The difference from the
case of an even m is that in the initial state there are 3 poles on the z-axis,
which cannot form pairs, such that all zeros belong to a pair, symmetrically
located around the origin, thus the dipole moment of that configuration is
zero. For m = 3, we observe in the BPS limit that two vortices appear in the
charge n = 3 solution, emerging from the upper and lower unpaired zero, re-
spectively, carrying opposite dipole strength. Increasing the scalar coupling
decreases the radius of the vortices, as well as the distance between then.
However, both rings remain individual.

Once again, we are reminded that the axially symmetric multimonopole
chains and vortices, which were discussed here, correspond to the saddle
point of the action, not to an absolute minimum. This means that these
configurations are unstable. The situation becomes different if we consider
the system of monopoles, especially in the BPS limit. To see this we have to
analyze the effects of the interaction between the monopoles in more detail.

6.3 Interaction of Magnetic Monopoles

6.3.1 Monopole in External Magnetic Field

Let us consider first the ’t Hooft–Polyakov monopole interacting with an ex-
ternal weak magnetic field. We shall consider a monopole initially at rest,
i.e., the time derivatives of the fields vanish. One could expect that, to lead-
ing order, the effect of this perturbation is that an initially static monopole
would start to move with a small constant acceleration4 wk. Thus, up to
second-order oscillation corrections, the configuration (5.41) obtains a time-
dependence of the form [366]:

4 One can treat this motion as an excitation of the translational zero modes of the
scalar and vector fields of the system [314].
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φa(r, t) = φa

(
r − w

t2

2

)
≈ φa(r) − w

t2

2
∇∇∇φa(r) , (6.31)

Ak(r, t) = Aa
k

(
r − w

t2

2

)
T a = Aa

k(r)T a − w
t2

2
∇∇∇Aa

k(r)T a .

Obviously, such a perturbation leads to the generation of an electric field.
In the instantaneous rest frame, we still have an initial ’t Hooft–Polyakov con-
figuration (5.41), where A0(r) = 0. The non-relativistic character of the mo-
tion then means that in the non-accelerating frame A0(r, t) = −wktAk(r, t)
[366].

Differentiation of the perturbed configuration (6.31) with respect to time
gives

∂0φ
a = −wkt ∂kφ

a , ∂0Ak = −wmt ∂mAk , (6.32)

and therefore the non-Abelian electric field is

F a
0k = ∂0Aa

k − ∂kA
a
0 − e εabcA

b
0A

c
k

= −wmt(∂mA
a
k − ∂kA

a
m − e εabcA

b
mA

c
k) = −wmtF

a
mk . (6.33)

Another differentiation of this relation yields, to first order in the perturba-
tion ωωω:

D0F a
0k = −wmF

a
km . (6.34)

This allows us to write the spatial part of the first of the Yang–Mills–Higgs
field equations (5.14) as

(Dm − wm)Fmn = −e εabc φ
bDnφ

c . (6.35)

Next, we note that the first of the relations (6.32) means that

D0φ
a = −wkt Dkφ

a , (6.36)

which after another differentiation with respect to time gives wkDkφ
a. Thus,

in the case of an accelerated monopole, the spatial part of the second of the
field equations (5.14) takes the form

Dm (Dm − wm)φa = −λ(φa − v2)φa . (6.37)

The system of dynamical equations (6.35) and (6.37) that we obtained de-
scribes the dynamics of a ’t Hooft–Polyakov monopole in an external homo-
geneous magnetic field.

We have already seen that the analysis of the monopole properties is very
simple in the BPS limit. This is also the case of the monopole dynamics
because one can easily prove that in the limit λ = 0, the field equations
(6.35) and (6.37) are solved by the ansatz [366]

Ba
k = (Dk − wk)φa , (6.38)
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which is a rather straightforward generalization of the Bogomol’nyi equation
(5.61). Taking into account that the scalar field of the monopole is defined
as φa = vh(r)r̂a, with asymptotic behavior of the shape function h(r) → 1
as r → ∞, we obtain from (6.38), using Bk = Ba

k φ̂
a:

Bk = v∂kh(r) − vh(r)wk . (6.39)

Thus, on the spatial asymptotic, the ansatz (6.38) corresponds to the su-
perposition of the magnetic field of a monopole and a constant weak field
Bext

k = vwk. Furthermore, the magnetic charge and the mass of the BPS
monopole are just g = 4π/e and M = 4πv/e, respectively. Thus, the ex-
ternal force on a monopole is given by the standard Newton force law:
Fk = −Mwk = −gBext.

There is another possible interpretation of the system (6.35) and (6.37).
One can consider it as an original Yang–Mills–Higgs system (5.14), which is
modified due to an external perturbation caused by a homogeneous magnetic
field. This interaction can be described by an extra term

Lint =
1
2v
εmnkF

a
mnφ

aB
(ext)
k , (6.40)

added to the Lagrangian of the Georgi–Glashow model (5.7) [314]. In the BPS
limit, the equations of motion resulting from such a generalized Lagrangian
are identical to the system (6.35) and (6.37).

Note that the effect of the interaction term (6.40), which is linear in the
scalar field, is to lift the degeneration of the Higgs vacuum. Indeed, it can be
considered as a correction to the Higgs potential

V (φ) =
λ

4
(φ2 − v2)2 +

1
v
Ba

nφ
aB(ext)

n , (6.41)

and, therefore, there is a unique minimum of the potential on the spatial
asymptotic at

φa
min = vr̂a

(
1 + e

r̂n
r2
B

(ext)
n

m2
sm

2
v

)
, (6.42)

where we made use of standard notations for the masses of the scalar and
vector excitations (m2

s = 2λv2, m2
v = e2v2). The true vacuum is unique, its

location is given by the direction of the external magnetic field. Note that
there is a certain similarity between the process of metastable vacuum decay
(see, e.g., [505]) and the acceleration of a monopole in an external field.

6.3.2 The Interaction Energy of Monopoles

Now we consider the mechanism of interaction between two widely separated
monopoles. As mentioned above, there is no analytic solution of the system
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of Yang–Mills–Higgs equations that would correspond to a system of two sep-
arated ’t Hooft–Polyakov monopoles, and the monopole-antimonopole chain
solutions that we described above, in the BPS limit corresponds to the static
unstable equilibrium.

Let us consider a system of two monopoles. The simplest possible ap-
proach to estimate the energy of interaction is a straightforward calculation
of the difference between the minimal value of the energy of the whole system
of the fields and the sum of the masses of two identical individual monopoles:

Eint =
1
2

∫
d3x (Ba

k −Dkφ
a)2 + v

∑
i=1,2

gi +
∫
d3xV (φ) − 2M . (6.43)

Here we used the form of the energy functional (5.57) suggested by Bogo-
mol’nyi [127]. Evidently, in the limit of vanishing scalar coupling it reduces
to (6.30).

This approach was applied to calculate the interaction energy of axially
symmetric non-BPS Rebbi–Rossi multimonopoles [324]. It confirms that there
is only repulsive phase in that system. In the paper [328], we evaluated the en-
ergy of interaction of the chain solutions. Then the separation parameter is of
order of a few vacuum expectation values of the scalar field, thus the cores of
monopoles overlap and, for example, the mass of the monopole-antimonopole
pair is smaller than the energy of two widely separated monopoles.

If we consider well separated monopoles, there is some simplification.
We may suppose that the monopole core has a radius that is much smaller
than the distance between the monopoles. Moreover, outside of this core the
covariant derivatives of the scalar field vanish and thus the gauge fields obey
the free Yang–Mills equations. This approximation is a standard assumption
in the analysis of monopole interactions.

A numerical study of the interaction between two well separated mono-
poles using the two-monopole ansatz (6.10) was given in [377]. The idea was
to apply a variational approach, which reduces a trial configuration to the
known Wu–Yang one-monopole solution in the neighborhood of each mono-
pole. Their positions were defined as the zeros of the Higgs field. Further
calculations of that type [389] included the effects of the deformations of the
monopole core in the presence of other monopoles. A different approach was
used in the work [243], where in order to estimate the energy of the interac-
tion of a monopole-(anti)monopole pair, the conserved stress-energy tensor
of such a system (5.15) was analyzed

Tµν = F a
µαF

ναa +Dµφ
aDνφ

a − 1
2
gµνDαφ

aDαφa − 1
4
gµνF

a
αβF

αβa

− gµν
λ

4
(
φ2 − v2

)
. (6.44)

Again, we can consider as a simple example, a widely separated monopole-
(anti)monopole pair centered on the z axis at the points (0, 0,±L). The ap-
proach of the paper [243] was to consider two surfaces σ1 and σ2, surrounding
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each monopole, to make use of an analogy with the standard electrostatic
problem of the interaction between two conducting spheres initially at rest.
The radius of each sphere R corresponds to the core scale, thus, we suppose
R� L. The solution of this electrostatic problem can be given by solving the
static Maxwell equation with the proper boundary condition on the sphere
and an asymptotic condition at r → ∞. This allows us to compute the mo-
mentum transfer across the surface, which amounts to calculating the force
on each sphere.

To define the force Fn on a monopole, let us write the equation of the
stress-energy tensor conservation ∂µT

µν = 0 in integral form:

d

dt

∫
V

d3xPn =
∫
S

dSn T
mn , (6.45)

where the four-momentum density is Pn = T0n and V is the space volume
with boundary S. Thus, identification of the first monopole core with the
volume surrounded by the sphere σ1, together with a proper choice for the
boundary conditions on this sphere, allows us to calculate an instant force
exerted on the core of this monopole

Fn =
∫
σ1

dSn T
mn . (6.46)

However, the conservation of the stress-energy tensor means that it would be
enough to consider the flux through a plane xy between the two monopoles.

The result of both analytical [243,437] and variational [377,389,390] calcu-
lations confirm a rather surprising conclusion, first observed by Manton [366]:
the character of the monopole interaction in the BPS limit changes drasti-
cally. While the energy of interaction between ’t Hooft–Polyakov monopoles
with finite coupling λ turns out to be a rather standard potential energy of
charged particles exerting Coulomb-like magnetic fields, there is no interac-
tion between two BPS monopoles at all, but the monopole-antimonopole pair
attract each other with double strength. Nahm [390] presented a formal proof
that the energy of interaction of two BPS monopoles decays faster than any
inverse power of the distance between them. This conclusion is obvious, if we
note that in the Bogomol’nyi limit (5.61)

Ba
k = ±Dkφ

a ,

and V (φ) = 0. In this case, the stress-energy tensor (6.44) vanishes and hence,
a force on any spatial volume that we choose is just zero. Thus, the multi-
monopole solutions of the Bogomol’nyi equation (5.61) are by construction in
equilibrium. The reason for this unusual behavior is that the normal magne-
tostatic repulsion of the two monopoles is balanced by the long-range scalar
interaction: in the BPS limit the quanta of the scalar field are also massless.
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Indeed, we already noted that there is a crucial difference between the
asymptotic behavior of the Higgs field in the non-BPS and the BPS cases:
there is a long-range tail of the BPS monopole

φa → vr̂a − ra

er2
as r → ∞ . (6.47)

The result is that, in a system of two widely separated monopoles, the as-
ymptotic value of the Higgs field in the region outside the core of the first
monopole is distorted according to (6.47) due to the long-range scalar field
of the other monopole: the mass of the first monopole will decrease and the
size of its core is increased. In other words, the additional long-range force
appears as a result of violation of the original scale invariance of the model
in the BPS limit λ → 0. A corresponding Goldstone particle, a dilaton, is
connected with small fluctuations of the Higgs field

φa = vr̂aeD = vr̂a + vr̂aD + . . . , (6.48)

where D is the dilaton field. Separation of the corresponding kinetic term of
the dilaton action LD = − 1

2v
2∂µD ∂µD allows us to establish an identity

between the dilaton charge and the magnetic charge of the configuration

QD = v
∫
dSn∂nD =

4π
e

= g =
M

v
. (6.49)

Obviously, the mass of the monopole configuration is decreased as ∆M =∫
d3xLD = −QDφ.

If the configuration has not only a magnetic but also an electric charge q,
then the dilaton charge is defined by the dual invariant combination [369,384]

QD =
√
g2 + q2 . (6.50)

As a final remark, let us note that the choice of sign in (5.61) corresponds
to the monopole (plus) or antimonopole (minus) configuration. This choice is
fixed and cannot vary from one space region to another. This is why a solution
of the Bogomol’nyi equation describes a static multi-monopole configuration
that consists of only monopoles or only antimonopoles. There is another
manifestation of the connection that exists between solutions of self-dual
Yang–Mills equations and BPS monopoles: there is no interaction in a system
of self-dual instantons [522].

6.3.3 Classical Interaction of Two Widely Separated Dyons

Now we can apply the discussion of the previous section to the case of the
classical interaction between two dyons that are separated by a distance r.
Let us suppose that they have identical magnetic charges g, but different
electric charges q1 and q2. This problem was studied by Manton [369] (see
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also [92, 93]). Again, the situation is greatly simplified by the assumption of
a large separation between them. Thus, we can neglect the inner structure
and consider each dyon as a classical point-like particle. Since in the BPS
limit the dyons possess both electric and magnetic charges, and the dilaton
charge (6.50), as well, the total interaction of two static dyons is composed of
electromagnetic repulsion or attraction, caused by the electric and magnetic
charges, and attraction caused by the dilaton charges. Thus, the net Coulomb
force is

F12 =
r
r3

(
g2 + q1q2 −

√
g2 + q21

√
g2 + q22

)
. (6.51)

An additional simplification comes from assuming that the electric charge of
the dyon is much smaller than its magnetic charge. Then an expansion in
q2/g2 yields

F12 ≈ − 1
2 (q1 − q2)2

r
r3
.

In this limit, there is no interaction between two dyons with identical electric
charges. In general, only the relative electric charge of the system Q = q1−q2
enters in the energy of interaction.

Now, let us consider a dyon moving with a velocity v1 in the background
field of another dyon, which is placed at rest at the origin [369]. Since the
electromagnetic part of the interaction is described by the Dirac potential
(1.43), the canonical momentum of the first dyon, according to (2.16) and
(2.17), is

P =Mv1 + q1A + gÃ , (6.52)

where the electromagnetic potentials corresponding to the fields of a static
dyon are

A = ga , Ã = −q2a ,
and we use the notation (see (1.41))

a = (1 − cos θ) ∇∇∇ϕ . (6.53)

The scalar potentials that correspond to the static dyon are simply

A0 =
q2
r
, Ã0 =

g

r
.

In addition, we have to take into account the scalar potential connected with
the dilaton charge of the BPS dyon: φ =

√
q22 + g2/r. As we have already

mentioned above, the effect of this potential is to decrease the mass of the
first dyon as5

M →M −QDφ =M − 1
r

√
q21 + g2

√
q22 + g2 .

5 Note that a dyon is slightly heavier than a monopole: M = M0

√
1 + q2/g2.

However, in the case under consideration, q � g. Therefore, the difference is of
second-order and can be neglected.
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Collecting all this together, we arrive at the Lagrangian of the motion of the
dyon in the external field of another static dyon:

L1 =
(
−M + φ

√
q21 + g2

)√
1 − v21 + v1(q1A + gÃ) − q1A0 − gÃ0 . (6.54)

The next step is to incorporate the effect of motion of both dyons. It is
well-known that, if the background field is generated by a moving source,
the corresponding fields have to be written in the form of Lienard–Wiechert
potentials [92,369,492]:

A = ga + q2
v2√

r2 − [r × v2]2
,

Ã = −q2a + g
v2√

r2 − [r × v2]2
,

A0 =
q2√

r2 − [r × v2]2
+ g(a · v2) , Ã0 =

g√
r2 − [r × v2]2

− q2(a · v2) ,

φ =

√
q22 + g2√

r2 − [r × v2]2

√
1 − v2

2 . (6.55)

In the a-dependent terms we made use of the non-relativistic character
of the motion. Furthermore, in this case we can make the approximation√
r2 − [r × v2]2 ≈ r. Substitution of the potentials (6.55) into the Lagrangian

(6.54) yields, up to terms of order q2v2 and v4,

L1 =
1
2
Mv2

1 −
g2

2r
(v1 − v2)2 +Qg(v1 − v2) · a +

Q2

2r
. (6.56)

It is important that, as we can see from the second term of this expression,
the scalar and magnetic interactions depend on the relative velocity of the
dyons in different ways. The third term here describes the minimal interaction
between the relative charge Q and the magnetic charge g, while the last term
is half the standard Coulomb energy of an electric charge Q. (The other half
is associated with the other dyon.)

If we note that all the interaction terms remain the same in the case of the
inverse problem of the dynamics of the second dyon in the background field
of the first one, then the Lagrangian of the relative motion can be obtained
by factorisation of the motion of the center of mass, M(v1 + v2)2/2, from
(6.56) [369]:

L =
(
M

4
− g

2

2r

)
ṙ · ṙ +Qg ṙ · a +

Q2

2r
, (6.57)

where ṙ = (v1 − v2) is the relative velocity of the dyons.
Note that the total electric charge is conserved. The corresponding col-

lective coordinate q = q1 + q2 can also be factored out with the motion of the
center of mass.
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The equations of motion that follow from the Lagrangian (6.57) are(
M

2
− g

2

r

)
r̈ =

g2

r3

{
1
2
r(ṙ · ṙ) − (r · ṙ)ṙ

}
+
Qg

r3
[ṙ × r] − Q2

2r3
r . (6.58)

Note that the dynamical equation does not change if we transform the La-
grangian of the relative motion (6.57) as

L =
1
4

(
M − 2g2

r

)(
ṙ · ṙ − Q

2

g2

)
+Qgṙ · a , (6.59)

where the constant term MQ2/4g2 is dropped out.
Obviously, for g = 0, the (6.58) is identical to the standard equation of

motion of a charged particle in a Coulomb field. In the general case, (6.58)
can be solved by making use of the corresponding integrals of motion. For
example, the energy is composed of three terms: normal kinetic energy, a
velocity-depending term originating from the difference between the dilatonic
and magnetic interaction of the dyons, and the standard potential energy of
interaction of the two charges:

E =
(
M

2
− g

2

r

)
ṙ2 − Q

2

r
. (6.60)

The second integral of motion is the vector of angular momentum

L =
(

1
2
− g2

Mr

)
L̃ −Qg r

r
, (6.61)

where L̃ = M [r × ṙ] is the standard orbital angular momentum. These for-
mulae are obviously generalizations of the expressions (1.4) and (1.11). Since
the relation L · r̂ = −Qg = const . holds again, the same argumentation can
be applied to show that the trajectory of the relative motion of the dyons
lies on the surface of a cone. The motion becomes flat only if the magnetic
charge vanishes.

We have already noted (see Sect. 5.2.1) that the electric charge of a static
dyon is connected with its fourth cyclic collective coordinate Υ as Q ∼ Υ̇ .
Excitation of this collective coordinate can be treated as the appearance of
the kinetic energy (5.86). This analogy now can be generalized in the spirit
of Kaluza–Klein theory [369]. Let us perform the Legendre transform of the
Lagrangian (6.59)

L(r, Υ ) = L(r, Q) + gQΥ̇ ,

where

Q ≡ 2g3

M − 2g2

r

(
Υ̇ + (a · ṙ)

)
. (6.62)

Then the Lagrangian (6.59) can be rewritten in the form
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L =
1
4

(
M − 2g2

r

)
ṙ · ṙ +

g4

M − 2g2

r

(
Υ̇ + (a · ṙ)

)2

, (6.63)

which is structure of the Kaluza–Klein Lagrangian describing geodesic motion
in the four-dimensional space M0 with one compact variable. Note that (6.63)
does not depend explicitly on Υ . Thus, the corresponding equation of motion
is just the conservation law of the relative electric charge Q, (6.62).

To sum up, the relative motion of well-separated BPS dyons is a geo-
desic motion in the space M0 governed by the Taub–NUT (Newman-Unti–
Tamburino) metric

ds2 =
(

1 − 2g2

Mr

)
dr2 +

(
2g2

M

)2

1 − 2g2

Mr

(dΥ + a · dr)2 . (6.64)

This metric is well-known from general relativity; it was obtained as early
as in 1951 (see [381]). The Taub–NUT metric corresponds to the spatially
homogeneous solution of the Einstein equations in empty space. The length
parameter of this metric is 2g2/M .

If the angular momentum (6.61) is quantized at integer values, the ro-
tation group is SO(3). Geometrically, this rotational invariance means that
the conserved vector L implies a set of Killing vector fields on the space M0

that generate an SO(3) symmetry, which is an isometry of the moduli space.
If the charge quantization condition yields half-integer eigenvalues of L, the
rotational invariance induce an SU(2) isometry of the space M0 [238,346].

Finally, we recall that geodesic motion in a space with the Taub–NUT
metric could be used only to describe the relative motion of widely separated
dyons. A general description of the low-energy dynamics of BPS monopoles
on the moduli space is given by the Atiyah–Hitchin metric, whose asymptotic
form is the Taub–NUT metric. In the last section of this chapter we return
to this approximation.

6.4 The n-Monopole Configuration in the BPS Limit

6.4.1 BPS Multimonopoles: A Bird’s Eye View

The exact cancellation of the electromagnetic attraction and the dilaton re-
pulsion in the two-monopole BPS system suggests the conjecture that there
are multimonopole static solutions of the Bogomol’nyi equations. Since Bo-
gomol’nyi found that the explicit spherically symmetric solution with n = 1
is unique [127], any possible multi-monopole configuration with n > 1 cannot
have such a symmetry. Furthermore, it was shown [367] that even a config-
uration of n monopoles lying on a straight line [288, 289, 440] is unstable.
Therefore, the structure of the configuration we would deal with is rather
complicated and it is difficult to build up these solutions.
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Fig. 6.6. Geometry of the transformation that allows us to construct two separated
monopoles starting from a charge one spherically symmetric configuration

Naively, one can visualize the following geometric transformation that
could help to construct a multi-monopole configuration starting from a given
single spherically symmetric BPS monopole. Recall that magnetic charge
is associated with the asymptotic behavior of the scalar field; the vacuum
manifold of a monopole of unit topological charge is a sphere S2

vac.
To construct a two-monopole configuration, we shall remove from this

sphere the equatorial circle S1, as shown in Fig. 6.6, and then identify all
the points on the equators of the two hemispheres with the north and south
poles of the two new spheres, respectively. Construction of an n-monopole
configuration requires a simple iteration of this procedure6.

However, an adequate mathematical description of the geometrical trans-
formation that could solve the multimonopole problem is not so trivial and
emerged only as the result of the work of many mathematicians over a decade.
The problem is not to construct an explicit solution for an arbitrary n-
monopole configuration, but to prove the regularity and completeness of the
solution, i.e., to prove that all possible solutions are generated by this proce-
dure.

To give some clue as to which methods we have to use, let us note that the
naive picture above is closely connected with the mathematical apparatus of
projective geometry. Indeed, making a standard stereographic projection of
the sphere S2 onto a plane, we see that removing the equator of the sphere
corresponds to a cut on the projective plane, which then becomes isomorphic
to a doubly covered Riemann surface. Recall also that identification of the
antipodal points of a sphere Sn transform it into a real projective space RPn.
Thus, it is no surprise that the powerful methods of twistor geometry were
fully exploited to construct the multi-monopole configurations.

Generally speaking, to construct a general explicit n-monopole solution,
one has to make use of the integrability of the Bogomol’nyi equation. There
are three different approaches to this problem, which use:

1. twistor technique (the so-called Atiyah–Ward ansatz [79,180,181,507]);

6 With some imagination one can compare this picture with the well-known process
of biological cell division...
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2. the Atiyah–Drinfeld–Hitchin–Manin (ADHM) construction [80], which
was modified by Nahm [393];

3. the inverse scattering method (Riemann–Hilbert problem), which was
applied to the linearized Bogomol’nyi equation [217,218,220].

For a detailed description of the last approach, we refer the reader to the
comprehensive review [220]. Here, we briefly outline only the first two direc-
tions, which are closely connected to the modern development of differential
geometry.

6.4.2 Projective Spaces and Twistor Methods

The following discussion substantially uses the language of the twistor theory.
Here we recall basic notions of this formalism. For more rigor and a broader
presentation the reader should, for example, consult the book [30].

Let us extend our classification of spaces of Chap. 3. The general notion
of projective spaces can be defined as a transformation of the n-dimensional
real space R

n or the complex space C
n into equivalent n − 1-dimensional

manifolds RPn−1 and CPn−1, respectively. These spaces are defined as the
spaces of all unoriented lines L through the origin of R

n or C
n, respectively.

The simple example is the projective plane RP 2 of the lines through the
origin of R

3. Clearly, such a line L is defined by a point x with coordinates
(x1, x2, x3) and for any a �= 0 a point (ax1, ax2, ax3) corresponds to the
same line. This is an equivalence class, which defines a point in the real
projective space RP 2; each such point is set into correspondence to a line in
R

3. A convenient choice is to consider points on the unit sphere S2, which is
defined by the equation x2

1 + x2
2 + x2

3 = 1.
Now let us consider the directed lines

−→
L through the origin of R

3. The
difference is that such a line intersects the sphere S2 only once, while an
undirected line meets this unit sphere twice, in a pair of antipodal points.
Thus, the projective space RP 2 contains a set of pairs of these points. It
can be constructed if we take only one of the hemispheres of the sphere S2

and identify the antipodal points of the equator. Figure 6.7 illustrates this
procedure (see also Fig. 6.6), which yields the disk in the equatorial plane of
S2 with antipodal points identified. Topologically it is the sphere S2.

The projective space RP 2 has the structure of the manifold that we dis-
cussed in Chap. 3. It can be covered by three local sets: (i) U1, which includes
the lines not lying in the x2x3-plane; (ii) U2, which includes the lines not
lying in the x1x3-plane; (iii) U3, which includes the lines not lying in the
x1x2-plane. In each patch we can introduce some local coordinates, for ex-
ample, in the patch U1 we have u1 = x2/x1, u2 = x3/x1, etc. The transition
functions are defined in the overlap regions.
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x1

x3

x2

Fig. 6.7. Definition of the projective space RP 2

In the same way, we can set a correspondence between the four-
dimensional real space R

4 and the three-dimensional projective space RP 3.
This situation is very interesting since the corresponding unit three-sphere
S3 with the antipodal points having been identified can be thought of as the
group manifold of the group SO(3). Thus, there is a diffeomorphism between
the group manifold of SO(3) and the real projective space RP 3.

Similarly, we can define the complex projective space CPn−1 as a space
of complex lines through the origin of C

n. Local coordinates are now the
complex numbers. For example, a complex projective line CP 1 is defined as a
set of equivalence classes (z1, z2) ∼ (λz1, λz2), where λ ∈ C and |z1|2+|z2|2 �=
0. Then there are two local patches U1 and U2, with the local coordinates
u = z1/z2 for z2 �= 0, and w = z2/z1 for z1 �= 0. In the overlap region we have
u = 1/w and comparing this picture to (3.11), we conclude that the complex
projective line CP 1 is diffeomorphic to the sphere S2.

In more general terms, a complex projective space CPn can be obtained
from the unit sphere S2n+1 via identification z ∼ zeiα and each point of
CPn corresponds to the circle S1 ∼ eiα on the sphere S2n+1. In particular,
there is a map S3 → CP 1 ∼ S2, which is exactly the Hopf map which we
discussed in Chap. 3. Note that the projective space CPn equipped with the
Fubini–Study metric

gij =
i

2
δij(1 + |w|2) − wiw̄j

(1 + |w|2)2 ,

written in the local coordinates wi = zi/z1, i = 1, 2, . . . n for z1 �= 0, is
an example of Kähler manifolds (recall the corresponding definition given in
Chap. 3, p. 89).

This formalism can be applied to replace the physical four-dimensional
space-time by a complex manifold of three-complex dimension, the projective
twistor space PT ≡ CP 3.
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Let us explain these notions. The twistor description assumes that we
are working in complexified Euclidean space, which is constructed by the
correspondence between each point of xµ in R

4 and a complex quaternion

x = x0 + ixkσk =

(
x0 + ix3 ix1 + x2

ix1 − x2 x0 − ix3

)
=

(
z1 z2

−z∗2 z∗1

)
, (6.65)

where we introduce two complex homogeneous coordinates z1 = x0 + ix3 and
z2 = x2 + ix1 in C

2 ∼ R
4. The notations (6.65) are especially convenient

for analyzing self-dual systems because then the equations of self-duality
Fµν = F̃µν reduce to

Fz1z2 = 0 , Fz∗
1z∗

2
= 0 ;

Fz1z∗
1

+ Fz2z∗
2

= 0 .
(6.66)

The advantage here is that in the complex coordinates zi, the first pair of
the equations (6.66) is integrable and we can see that the solution is a pure
gauge. This is a key element of the following analysis. However, we need to
introduce some more mathematical notions before going into details of the
related discussion.

The space of quaternions H is isomorphic to C
2, therefore H

2 � C
4.

Thus, each element θ of CP 3, that is a complex line through the origin in
C

4, corresponds to a quaternionic line in H
2. The latter is an element of the

one-dimensional quaternionic projective space HP 1, which is isomorphic to
S4.

A line in CP 3 can be parameterized by four local homogeneous coor-
dinates (z1, z2, z3, z4). In the twistor description, they are usually set into
correspondence to a pair of 2-spinors λ and ρ as (λ0, λ1, ρ

0, ρ1). This defines
a point θ = (λρ) in CP 3, a 4-spinor formed from λ and ρ.

Let us consider a two-dimensional complex plane in C
4. In terms of the

local coordinates, it is defined by two orthogonal tangent vectors vµ and uµ.
If, for any displacement in this plane, the tensor Ωµν ≡ vµuν − uµvν is anti-
self-dual, that is Ωµν = −Ω̃µν , then this plane is called anti-self-dual (or
β-plane [506]). If the tensor Ωµν is self-dual, rather than anti-self-dual, then
such a plane is called α-plane7. For such planes we shall use the notations
α[θ] and β[θ], respectively.

Now we observe that the components of a self-dual tensor Fµν vanish
when contracted with those of an anti-self-dual tensor Ωµν :

FµνΩµν = 0 if Ωµν = −Ω̃µν , Fµν = F̃µν .

In the twistor theory language, this result is usually referred to as the van-
ishing of the self-dual tensor Fµν in the β-plane. Vice-versa, an anti-self-dual

7 Clearly, a general plane in C
4 is neither α- nor β-plane.
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tensor vanishes in the α-plane. This is a very important element in the fol-
lowing discussion. The importance of these planes in C

4 is that the set of
all α-planes is isomorphic to complex projective space CP 3, while the set of
all β-planes is isomorphic to a dual complex projective space CP 3∗. Thus,
this allows us to define the notion of duality in the context of the projective
geometry.

6.4.3 The n-Monopole Twistor Construction

As pointed out by Ward, the multimonopole solutions of the Bogomol’nyi
equations can be constructed by the use of the twistor methods (see, e.g.,
[30]). The basic elements of this approach were used to describe self-dual fields
in Euclidean space R

4. However, the analogy between the static Bogomol’nyi
equations (5.61) in R

3 and the self-duality equations in R
4 [367] allows us to

apply the twistor formalism to obtain n-monopole configurations.
Let us start from the formal description of the Ward twistor transform for

a self-dual Yang–Mills field [79,506,539]. The idea is to exploit the correspon-
dence between the self-dual gauge field and certain holomorphic (i.e., ana-
lytic in a complex variable) vector bundles over a standard three-dimensional
twistor space CP 3 [506]. The basic element of this construction is an obser-
vation that the components of the self-dual field strength tensor Fµν vanish
when restricted to any β-plane [506, 539]. Therefore, the gauge potential on
such a plane becomes a pure gauge

Aµ = −iU−1∂µU . (6.67)

We shall see how this statement allows us to restore the gauge potential by
knowledge of the element of the gauge group [180,506].

Moreover, both α-planes and β-planes have the property that their tan-
gent vectors vµ and uµ are null vectors, that is vµvµ = uµu

µ = 0. This means
that any displacement in such a plane is zero and this allows us to define the
α-plane from the equation

α[θ] = x : λ = xρ , (6.68)

where λ and ρ are two-spinors, which we defined above, and x is a matrix
(6.65).

Let us explain this statement. Indeed, for any other point y this equation
yields λ = yρ. Thus, (x − y)ρ = 0 and, therefore, det(x − y) = 0. Since
det(x − y) = (x − y)µ(x − y)µ, this implies xµ = yµ and any translation
in the plane defined according (6.68) is null, and this is a α-plane that is
parameterized by the homogeneous coordinates [θ] = (xρ, ρ) of CP 3.

Similarly, we can consider the equation

β[θ] = x : ω = x̄π , (6.69)
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where x̄ = x0 − ixkσk and (ω, π) are coordinates of the dual complex pro-
jective space CP 3∗. Then the β-plane arises as a solution of the equation
(6.69).

Note that the two points θ = (λ, ρ) and χθ = (χλ, χρ) of CP 3, where
χ ∈ C define the same α-plane. Thus, there is a direct correspondence between
the points θ of the complex projective space CP 3 and the points [θ] of the
α-planes in C

4 [506]. The same correspondence exists between the points
θ = (ω, π) of the dual complex projective space CP 3∗ and the points [θ] of
the β-planes.

Let us explain the relation of the duality between the α-planes and the
β-planes. A plane (x, y) passing through the origin in C

4 is defined by set of
lines that satisfy the equation

c1x+ c2y = 0 ,

where c1, c2 ∈ C. The pair of numbers (c1, c2) can be set into correspondence
to any line, that is it can be thought of as a point of some dual space. This
means that in the three-dimensional projective space CP 3, the points θ are
dual to the two-planes. If CP 3 is the space of α-planes, then the β-planes are
given by the points of the dual space CP 3∗ and vice-versa.

Thus, we have to analyse the properties of the space of β-planes, keeping
in mind that a similar consideration can also be applied to the space of the
α-planes. First, the β-plane is defined by (6.69), that is

ω1/π1 = z∗1 − z2ξ−1, ω2/π1 = z∗2 + z1ξ−1 ,

ω1/π2 = z∗1ξ − z2, ω2/π2 = z1 + z∗2ξ , (6.70)

where ξ = π1/π2.
Second, we note that this space has a fibre bundle structure. Indeed, the

initial gauge group SU(2) is now replaced by its twistor analog SL(2, C). An
element of the latter defines the parallel transport of spinors along a path in
the plane β[θ]:

ψ[θ](x) = U[θ](x, y)ψ[θ](y), U(x, y) = P exp

⎧⎨⎩i
y∫

x

Aµdx
µ

⎫⎬⎭ , (6.71)

and both the points x, y and the path of integration lie entirely within β[θ].
This allows us to introduce the two-dimensional vector space V[θ] of spinor
fields over an β-plane. A set of these spaces forms a two-dimensional holo-
morphic vector bundle over CP 3∗ [506].

Note that this bundle is non-trivial. Indeed, we have to set up a correspon-
dence between the coordinates on base x[θ] ∈ β[θ] and the coordinates on the
bundle ψ[θ](x) for each of spinors π, ω. However, it is not possible to choose
the coordinates x[θ] smoothly everywhere in the space CP 3∗. There are four
homogeneous coordinates (π0, π1, ω

0, ω1) and we need four patches to cover
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CP 3∗. For example, in the patch π0 �= 0, three complex coordinates are given
by (π1/π0; ω0/π0; ω1/π0). Since the four-fold intersection of all patches is
not empty, we need six transition functions to specify the bundle.

Even if we were to consider only those four-spinors [θ] for which π �= 0 (this
corresponds to the reduction from CP 3∗ to CP 1∗), there are two singularities
at the points π1 = 0 and π2 = 0. The way in which we have to treat such
singularities is identical to the situation we confront in the case of the Abelian
Wu–Yang monopole: one has to cover the space by two maps as [180,506]

x1
[θ] =

(
ω1/π1 0

ω2/π1 0

)
, π1 �= 0 , x2

[θ] =

(
0 ω1/π2

0 ω2/π2

)
, π2 �= 0 .

(6.72)
This bundle can be characterized by a holomorphic transition function

U[θ](x1
[θ], x

2
[θ]), which relates the coordinates in different regions

ψ[θ](x1
[θ]) = U[θ](x1

[θ], x
2
[θ])ψ[θ](x2

[θ]) . (6.73)

This is a 2 × 2 matrix of SL(2,C).
Ward pointed out [506] that for any point x[θ] ∈ β[θ], such a function can

be written as
U(ω, π) = U[θ](x1

[θ], x)U[θ](x, x2
[θ]) .

Thus, one can “split” it as

U(xπ, π) = U[θ](x1
[θ], x)U

−1
[θ] (x2

[θ], x) = U1(x, ξ)U−1
2 (x, ξ) . (6.74)

For a fixed ξ = π1/π2, the function U1(x, ξ) is analytic everywhere, but
ξ = 0, while U2(x, ξ) is singular at ξ = ∞. Since the functions U1(x, ξ)
and U2(x, ξ) are holomorphic in these regions, they can be expanded in the
Laurent series: in positive degrees of ξ for U1(x, ξ) and in negative degrees of
ξ for U2(x, ξ). Then (6.74), together with Liouville’s theorem, determines the
form of the function U1(x, ξ), U2(x, ξ) up to SL(2,C) gauge transformations

U1(x, ξ) → U1(x, ξ)V (x) , U2(x, ξ) → U2(x, ξ)V (x) ,

which corresponds to the gauge transformations of the vector-potential Aµ.
Moreover, since the transition function is defined by (6.74), the matrix of the
gauge transformation V (x) ∈ SL(2,C) is regular everywhere in CP 1∗, that
is it does not contain an explicit dependence on ξ.

The problem of the splitting of the gauge function into two matrices
U1(x, ξ) and U2(x, ξ) is known as the celebrated Riemann–Hilbert problem.
A different formulation of this problem is to find multi-valued functions (sec-
tions) knowing the form of the given monodromy at the singularities ξ = 0
and ξ = ∞. This problem has a unique solution.

In the last chapter of this book we shall discuss the solution of the
Riemann–Hilbert problem and the properties of the matrices of monodromy
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of SL(2,C) in more detail. For our consideration here it is enough to re-
call that the gauge potential Aµ is a pure gauge. Thus, by making use of
the relation (6.67), one can regain it from the matrix U1(x, ξ), U2(x, ξ) of
SL(2,C) [180]. Indeed, the self-dual connection Aµ(x) is given by A(x) =
−iU−1dU = Aabdx

ab = Aµdx
µ and, because on the β-plane ω = xπ, we have

dxπ = 0. This implies that for the entries xab of the 2× 2 matrix x, we have

dxa2 = −ξdxa1 , a, b = 1, 2 ,

which in turn yields (
∂

∂xa1
− ξ ∂

∂xa2

)
U(ω, π) = 0 .

Substitution of the splitted function (6.74) then gives

Aa1 − ξAa2 = −iU−1
1 (x, ξ)

(
∂

∂xa1
− ξ ∂

∂xa2

)
U1(x, ξ)

= −iU−1
2 (x, ξ)

(
∂

∂xa1
− ξ ∂

∂xa2

)
U2(x, ξ) . (6.75)

This relation allowed Ward to argue that a gauge function U(ω, π), which
can be splitted as in (6.74) into two functions that are holomorphic in the
domains of their definitions, yields a self-dual gauge field [506]. Atiyah and
Ward [79] and Corrigan et al. [180] showed that, at least in the case of the
instanton self-dual fields, the patching matrix can be taken in the triangular
form

U =

(
ξn ρ(x, ξ)

0 ξ−n

)
, (6.76)

where n is some positive integer and a function ρ(x, ξ) satisfies certain prop-
erties. Actually this is only a function of ξ and [79]

ω1/π1 = z∗1 − z2ξ−1 , ω2/π2 = z1 + z∗2ξ .

The advantage of this form is that for such a matrix, the splitting can be
done by a contour integration. Indeed, this limited dependence of the func-
tion ρ(x, ξ), which appears in the right upper corner of the matrix (6.76),
means that both the function ρ(x, ξ) and the coefficients of its expansion into
Laurent series

∆p =
1

2πi

∮
|ξ|=1

dξ

ξ
ξpρ(x, ξ) , (6.77)

satisfy the homogeneous four-dimensional Laplace equation

∂2ρ = 0 , ∂2∆q = 0 . (6.78)
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Then the condition that a patching function may be splitted as in (6.74) is
equivalent to the statement that for a banded matrix D(n) of dimension n×n
with entries

D(n)
pq = ∆p+q−n−1, 1 ≤ p, q ≤ n , (6.79)

we have
detD(n) �= 0 .

Then the gauge potential can be restored as8

Ai ≡
1
2
Aa

i σ
a = − 1

2Λ2

(
η3ij∂jΛ2 (η1 − iη2)ij∂jΛ1

(η1 + iη2)ij∂jΛ3 − η3ij∂jΛ2

)
, (6.80)

where ηa
ij = εoaij + δaiδ0j − δajδ0i is the ’t Hooft tensor [272] and

Λ1 =
(
D(n)−1

)
11
, Λ2 =

(
D(n)−1

)
1n
, Λ3 =

(
D(n)−1

)
nn

are components of the matrix (6.79). This is exactly the potential of the
multi-instanton configuration in the Yang gauge [539].

Let us consider how this formalism can be applied to the case of the
BPS multimonopole configurations. We already showed that the Julia–Zee
correspondence φ � A0 allows us to consider the Bogomol’nyi equation as
a reduced self-duality equation (see (5.66)). This analogy was used by Ward
[507] to construct a vector bundle, which corresponds to the known spherically
symmetric one-monopole configuration (5.71). An analogy with the multi-
instanton case then can be used to generalize this construction to obtain
another holomorphic vector bundle over CP 1, which corresponds to the n-
monopole configuration. This procedure was carried out in the paper [181]
for a general multimonopole configuration.

The first difference from the case of the multi-instanton configuration
considered above is that in a suitable gauge, the vector potential of the BPS
monopole must be static: ∂0Aµ = 0. This condition can be satisfied if one
takes the patching function of the form [507]

U(x, ξ) → U0(η, ξ) , (6.81)

where

η =
i

2

(
ω2

π2
− ω1

π1

)
ξ =

x1 + ix2

2
ξ2 − x3ξ −

x1 − ix2

2
. (6.82)

Thus, the temporal variable x0 is excluded from the matrix U0(η, ξ) and
the coefficients of the Laurent series (6.77), which satisfy the (6.78), become
periodic in time:

∆p(x) = eix0∆̃p(x) . (6.83)

8 Recall that we are using a “physical” Hermitian basis.
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Another difference from the instanton problem is related to the asymptotic
behavior of the Higgs field (5.65). For the BPS monopoles of charge n, its
long-distance tail is |φ̂| ∼ 1 − n/r + O(r−2). Here the key component is the
relation between the determinant D of the matrix D(n) (6.79) and the square
of the length of the scalar field [432]:

|φ̂|2 = 1 − ∂i∂i lnD . (6.84)

Since the coefficients ∆p(x) satisfy (6.78), we obtain:

∂i∂i∆̃p(xi) = ∆̃p(xi) . (6.85)

Taking into account the relation (6.84), we see that on the spatial asymptotic

∆̃p(xi) ∼
er

r
δp(θ, φ) . (6.86)

The Higgs field has proper asymptotic behavior if this relation holds for all
values |p| ≤ n − 1. Consequently, since the Laurent coefficients are time-
periodic dependent, the function ρ(η, ξ), which appears in the right upper
corner of the Atiyah-Ward matrix, depends on the coordinate x0 as ρ ∼
eix0 [181]. Thus we can guess that simple elimination of this time-oscillating
exponent in the patching matrix and the following replacement of ∆→ ∆̃ in
(6.79) could yield the multimonopole solution of the Bogomol’nyi equations.

Indeed, let us consider the function of the form:

ρ(x, ξ) =
ξe−ix0

η

(
eiω2/π2 − eiω1/π1

)
=
ξ

η

(
e(x1+ix2)ξ−x3 − e(x1−ix2)ξ

−1+x3

)
.

(6.87)
Then the explicit form of the matrix ∆p(x) can be defined by evaluation of
the contour integral (6.77) along the unit circle in the complex plane of ξ:

∆0 =
1

2πi

∮
|ξ|=1

dξ

ξ
ρ(x, ξ) (6.88)

=
1
πi

∮
|ξ|=1

dξ
e(x1+ix2)ξ−x3 − e(x1−ix2)ξ

−1+x3

(x1 + ix2)
(
ξ − r+x3

x1+ix2

)(
ξ + r−x3

x1+ix2

) .
Here the contour of integration encircles a simple pole of first order at

ξ0 =
r + x3

x1 + ix2
, thus a simple calculation yields

∆0 =
1
r

(
er − e−r

)
=

2 sinh r
r

. (6.89)
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Since in this case D(1) = ∆0, by making use of (6.84), we have

|φ̂|2 = 1 − ∂i∂i ln 2
sinh r
r

=
(r cosh r − sinh r)2

(r sinh r)2
=
(

coth r − 1
r

)2

, (6.90)

which obviously corresponds to (5.71). The same conclusion can in principle
be obtained from the direct calculation the gauge potential Aµ, which cor-
responds to the matrix (6.81), by analogy with the multi-instanton self-dual
field. As one can expect in advance, this procedure yields the potential (5.67)
of the infinite chain of instantons, which we already considered in Chap. 5.
Recall that, up to a gauge transformation, this potential is equivalent to the
one-monopole BPS solution (5.63). Thus, we can see that the patching matrix
(6.81) really encoded all the information about the monopole field9.

Note that the position of the monopole corresponds to the zero of the
Higgs field. An obvious shift

η → η +
R1 + iR2

2
ξ2 − R1 − iR2

2
−R3ξ ,

gives a monopole at the point with coordinates (R1, R2, R3).
Ward was able to find, as guesswork, a generalization of this one-

monopole solution, which corresponds to the static two-monopole configu-
ration [507]. He suggested to substitute in the Atiyah–Ward transition ma-

trix U =
(
ξ2 ρ(x, ξ)
0 ξ−2

)
, which generalizes (6.76), the function ρ(x, ξ) of the

following form:

ρ(x, ξ) =
ξ2

η2 + π2

4 ξ
2

(
e(x1+ix2)ξ−x3 − e(x1−ix2)ξ

−1+x3

)
. (6.91)

Numerical analysis shows [58, 507] that the fields, which can be recovered
from such a patching matrix, have proper asymptotic behavior and satisfy
other requirements on the solutions of the BPS equations [507]. However, this
configuration has not a spherical but an axial symmetry, thus, the surface of
the constant energy density is a torus. The configuration (6.91) corresponds
to the toroidal BPS monopole with double zero of the Higgs field at the origin
(see Fig. 6.8). Actually, we have discussed this solution in Sect. 6.2.

Evidently this BPS configuration coincides with the charge two Rebbi–
Rossi solution given by the axially symmetric ansatz (6.15) and (6.16) with
winding numbers m = 1 and n = 2 in the limit λ = 0. This allows us to check
the mathematically refined twistor approach.

9 An interesting feature of the twistor approach is that it easily allows us to prove
that some given patching matrices and algebraic curves really correspond to the
multimonopoles. Much more difficult is the problem of finding of these matrices
and curves themselves...
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Fig. 6.8. Energy density surface for the BPS monopole of charge 2

Thus, the configuration (6.91) can be thought of as a superposition of two
single n = 1 static BPS monopoles. However, as we know from consideration
of the axially symmetric ansatz, unlike the fundamental n = 1 monopole,
there is no analytical solution that would describe the coordinate dependence
of the fields Aµ, φ of the two-monopole configuration in terms of elementary
functions. As we shall see in the next section, the problem may be reduced
to the calculation of the elliptic integrals [181,507].

The discussion above shows that a basic element of the multimonopole
construction is the function ρ(x, ξ), which for an arbitrary n-monopole con-
figuration can be taken as [181,266]

ρ(x, ξ) =
ξn

Sn

(
e(x1+ix2)ξ−x3 − e(x1−ix2)ξ

−1+x3

)
, (6.92)

where Sn is a polynomial in n of degree η with coefficients that are polynomi-
als in ξ. Thus, the location of the poles of the meromorphic function ρ(x, ξ)
is defined by the equation

Sn = ηn + a1(ξ)ηn−1 + · · ·+ an−i(ξ)ηi + · · ·+ an−1(ξ)η+ an(ξ) = 0 , (6.93)

which defines the so-called spectral curve – a geometrical object that plays
a very special role in all methods of construction of multimonopole con-
figurations known today. Note that this general definition agrees with the
particular cases (6.81) and (6.91). For example,

S1 = η − x1 + ix2

2
ξ2 +

x1 − ix2

2
+ x3ξ = 0 , (6.94)

which corresponds to the set of all lines of the space R3 directed from a point
(x1, x2, x3) to the point where a monopole is placed.

The Ward ansatz (6.91) for the axially symmetric two-monopole config-
uration with double zero of the scalar field as the origin, corresponds to the
choice of the spectral curve
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S2 = η2 +
π2

4
ξ2 . (6.95)

Further generalization of this relation allows us to describe two well-separated
one-monopoles [508]

S2 = η2 +
K(k)2

4
(1 − k2)

(
ξ4 − 2

1 + k2

1 − k2
ξ2 + 1

)
= 0 , (6.96)

where the parameter (the elliptic modulus) k ∈ [0, 1] and

K(k) =

1∫
0

ds√
1 − s2

√
1 − k2s2

(6.97)

is a complete elliptic integral of the first kind. If its elliptic modulus k = 0,
then K = π/2 and (6.96) obviously reduced to (6.95). This is the case of two
coinciding one-monopoles.

Another limit is k → 1, which corresponds to K → ∞. Then the spectral
function (6.96) can be factorized as

S2 →
(
η +

K

2
(1 − ξ2)

)(
η − K

2
(1 − ξ2)

)
.

Comparison with (6.94) allows us to identify this as a product of two spec-
tral curves of two widely separated one-monopoles located at the points
(0, 0,±K), where K → ∞. Thus, the modulus of the elliptic integrals, tak-
ing values within the range [0; 1], is actually a parameter of the separation
between the monopoles.

The geometrical meaning of this construction becomes clearer in the
Hitchin approach [51,266], which we will briefly discuss below.

6.4.4 Hitchin Approach and the Spectral Curve

The approach to the construction of multimonopole configurations described
above is related with dimensional reduction of Euclidean space R

4 to R
3

and a subsequent twistor transform of the self-duality equations. However,
the dimensional reduction can be made directly at the twistor level. This
technique was elaborated by N. Hitchin [51,266,267]. From the modern point
of view, this construction seems to be in adequate correspondence with the
underlying geometry of the multi-monopoles.

We have to make a reservation at this point. Nowadays, this branch of
mathematical physics is developing rapidly and a lot of surprising results
were obtained recently. For more rigor and broader discussion, we refer the
reader to original publications, or to the recent review by P. Sutcliffe [58]. A
very rewarding exposition of the modern development in this direction can
be found in the excellent book by N. Manton and P. Sutcliffe [54].
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The procedure suggested by N. Hitchin is to consider a geometrical de-
scription of the Atiyah–Ward twistor construction. To this end one can define
a complex structure on the space of oriented lines (geodesics) in R

3. The lat-
ter, which sometimes is referred to as mini-twistor space, can be identified
with a two-dimensional manifold of the complex planes TP 1, the tangent
bundle to the space of complex projective lines CP 1 [51, 266]. Indeed, one
can parameterize a complex plane in TP 1 by two coordinates (η, ξ). A tan-
gent to this plane has the coordinate η d/dξ and, since the complex projective
line CP 1 is diffeomorphic to the sphere S2, we actually have a tangent bundle
over the usual Riemann sphere (see Fig. 6.9).

η

ξ

Fig. 6.9. Tangent bundle TP 1 as a space of directed lines in R
3

The corresponding geodesic line is directed along ξ and pierces a perpen-
dicular plane, which is tangent to the sphere S2, at η. Thus, there is one-to-
one correspondence between the points of TP 1 and the space of geodesics in
R

3.
A line bundle over TP 1 is defined as follows. Let us consider an operator of

the covariant derivative Dl along an arbitrary line l on a distance r from the
origin. One can set a kernel of the differential operator into correspondence
to each geodesic

(Dl − φ)v(r) = 0 , (6.98)

where v(r) is a complex doublet. This is the so-called Hitchin equation. In
other words, this is a one-dimensional Dirac equation along the line l, whose
independent solutions form a two-dimensional space. This is the vector bundle
V over the space TP 1. Moreover, this bundle is holomorphic, if (Dl, φ) satisfy
the Bogomol’nyi equation. Indeed, in this case the asymptotic behavior of the
fields at r → ∞ is known and the Hitchin equation becomes
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d

dr
+ (1 − n

2r
)
(
−1 0
0 1

)]
v(r) = 0 . (6.99)

This equation has a solution

v(r) ∼ rn/2e−r

(
0
1

)
, (6.100)

which belongs to the set of the solutions decaying on the asymptotic as ∼
e−r. This set forms a holomorphic sub-bundle L+ ⊂ V . Another set of the
solutions of the Hitchin equation (6.99), which are exponentially suppressed
at the asymptotic r → −∞, form second holomorphic sub-bundle L− ⊂ V .
The curve on the complex plane TP 1 along which these sub-bundles coincide
corresponds to the L2(−∞,∞) solutions of the Hitchin equations.

The line l, along which we differentiate in (6.99), is called a spectral line
if the solutions of this equation are bounded in both directions. The set of
all spectral lines defines an algebraic curve of genus (n− 1)2 in TP 1. This is
precisely the polynomial Sn (6.93), which enters the definitions of the Atiyah–
Ward matrix that we discussed above and whose zeros give a spectral curve.

The question is, does any such a curve corresponds to a multi-monopole
configuration? The answer was given in the paper [267], where the corre-
sponding set of restrictions was considered. First, a spectral curve Sn in TP 1

must be real to separate real structures in the complex space. This can be
reformulated as a restriction on the solutions of the Hitchin equation (6.99),
which should satisfy L+ = L−. To formulate the reality condition, Hitchin
considered the transformation of the coordinates in the complex plane TP 1

of the form (η, ξ) → (−η̄/ξ̄2,−1/ξ̄). Back to the space of the oriented lines in
R

3, this is equal to reversing the orientation of the line: if the Hitchin equation
on an oriented line has L2(−∞,∞) solutions, it has L2(−∞,∞) solutions on
the same line with opposite orientation. As a result, the coefficients of the
spectral curve of the general form (6.93) must satisfy the condition [267]

ai(ξ) = (−1)iξ2iai(−1/ξ̄) .

The general algebraic curve given by (6.93) has (n + 1)2 − 1 degrees of
freedom. The reality condition results in (n−1)2 constraints and the number
of degrees of freedom of the multi-monopole configuration is 4n − 1. These
are collective coordinates of the n-monopole system.
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Second, there is another restriction on the spectral curve connected with
the condition of non-singularity of a multi-monopole configuration. Exactly
this problem of singularity was the main source of trouble in the analysis of
the Atiyah–Ward twistor construction. Ward [507] was able to prove that a
two-monopole axial symmetric configuration is smooth everywhere. Further
investigation of the spectral curve S2 of (6.96) by Hurtubise [292] showed non-
singularity of the corresponding general two-monopole configuration. How-
ever, a complete proof of the non-singular character of the twistor approach
was obtained only when Nahm [393] invented another method for the con-
struction of multimonopole configurations. It is related to the modification
of the ADHM construction [80], the twistor transform for the solutions of the
self-duality equations in R

4.

6.4.5 Nahm Equations

Recall that the Julia–Zee correspondence allows us to identify the scalar field
with the time component of the potential, thus the Bogomol’nyi equation may
be considered as a self-duality equation in R

4 with an additional constraint
on the connection. All the remarkable properties of the Bogomol’nyi equation
are connected, in one way or another, to the property of integrability, that
is, the space of all possible solutions of this equation is exactly defined and
all particular solutions can be represented in the form of integrals over some
algebraic combination of elementary functions.

The ADHM construction was introduced to construct the solutions of the
self-duality equations in R

4, in terms of linear algebra in a vector space whose
dimension is related to the topological charge of the instantons [80]. Since we
already know that a single BPS monopole is identical to the infinite chain of
instantons, we would expect that a modification of the ADHM construction
to the case of monopoles can be done in an infinite dimensional vector space.

The starting point for the ADHM construction is the observation that
an SU(2)-connection A = Aµdx

µ takes values in the corresponding Lie alge-
bra and, therefore, can be represented also as taking values in the space of
quaternions H, that is, we can write by analogy with relation (6.65)

A = A0 + iAkσk =

(
A0 + iA3 iA1 +A2

iA1 −A2 A0 − iA3

)
,

and 1
2 tr Adx = Aµdx

µ, where x is a complex quaternion that we set into
correspondence to a point of R

4. Since the space H is isomorphic to C
2,

this allows us to implement the twistor formalism to obtain multi-instanton
solutions in R

4. In this language, we have a bundle R
4 ×M with Euclidean

base space R
4 andM the Hermitian n-dimensional vector space, which is the

space of solutions of the self-duality equations.
Originally, the ADHM construction was formulated in terms of an or-

thogonal basis in the space M , which is given by the quaternionic vectors vi,
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i = 1, 2 . . . n. Then the self-dual connection is given by the projection from
M to the subspace M(x), which corresponds to a given point x of the base,
and we can write

Aµ(x) = v̄i∂µvi .

Nahm pointed out [393] that there is a relation between the space M and
the space of solutions of the Weyl equation

Dψ ≡ γµDµψ = 0 , (6.101)

where Dµ is a standard covariant derivative (5.10). Actually we are discussing
the fermionic zero modes of the Dirac operator D. Therefore, the dimension of
the space of the square integrable solutions ψi(x), that form an orthonormal
basis, ∫

ψ†
i (x)ψj(x) = δij , (6.102)

can be defined via the Atiyah–Singer index theorem, which we shall discuss
in Chap. 10. It is given by the index of the Dirac operator.

The homogeneous matrix function on M(x) can now be introduced via
the transformation

(Mµ)ij = −i
∫
d4x ψ†

i x
µ ψj ,

which transforms the self-dual connection in R
4 to the n × n quaternionic

matrix form M =Mµdqµ, where qµ are four auxiliary variables.
The observation by Nahm is that this approach can be generalized to

describe multimonopoles. Formally, they can be written as pure self-dual
gauge field configurations in R

4, with the Higgs field φ replacing the temporal
component of the gauge potential. However, monopoles are solutions with
finite mass, not an action like multi-instantons. Thus, the space M for BPS
monopoles becomes an infinite dimensional vector space with positive inner
product (6.102), that is, a Hilbert space.

To take into account the invariance of the system with respect to the shift
in the direction x0, Nahm considered, instead of (6.101), the equation

Dψ ≡ (σkDk − φ+ s)ψ(x, s) = 0 , (6.103)

where s is a real constant.
The Nahm transform is a transition from the coordinates of the Euclidean

space xk to the square n× n Hermitian matrix functions

(
T k(s)

)
ij

= −i
∫
d3xψ†

ix
kψj ,

(
T 0(s)

)
ij

=
∫
d3xψ†

i

∂ψj

∂s
, (6.104)

which are analytic on the interval s ∈ [−1, 1], but have simple poles on its
boundary s = ±1. One can now define the connection



6.4 The n-Monopole Configuration in the BPS Limit 219

T = T kdpk + T 4ds ,

where pk, k = 1, 2, 3 are three dummy variables.
It is easy to see that, for the connection Tµ = (T k, T 4) of the group SU(n),

the self-duality equations holds:

dT 1

ds
− i[T 4, T 1] = −i[T 2, T 3] ,

dT 2

ds
− i[T 4, T 2] = −i[T 3, T 1] ,

dT 3

ds
− i[T 4, T 3] = −i[T 1, T 2] . (6.105)

Since the orthonormal basis ψi is defined up to a transformation of SU(n)

T 4 → U−1T 4U +
dU−1

ds
U , T k → U−1T kU ,

a component T 4 can be set equal to zero and the system (6.105) is reduced
to the Nahm equation

dT k

ds
= − i

2
εkij [T i, T j ] . (6.106)

Obviously, this is a dimension-one reduced version of the self-duality equa-
tions. In other words, the Nahm transform can be considered as a duality
transformation that connects the gauge potential Aµ(x) and spatial coordi-
nates x with the dual connection Tµ(s) and a d = 1 coordinate s.

Let us go back now to the Bogomol’nyi equation. This transition is given
by the Weyl equation, with the connection Tk on a complex 2n-dimensional
vector v(s): [

− ∂
∂s

+
1
2

(Tk + xk) ⊗ σk

]
v(s) = 0 . (6.107)

Let the functions vi(s), i = 1, 2 . . . n form an orthonormal basis. Then one
can define an inverse to the (6.104) transformation that allows us to restore
the fields:

(Ak)ij = − i
2

∫
ds v†i

∂

∂xk
vj , (φ)ij =

1
2

∫
ds v†i svj . (6.108)

Obviously, the eigenvector v(s) and the eigenfunction ψ(x) of (6.103) are
connected by the action of the covariant Laplace operator [392](

D2 − (φ+ s)2
)
v†(s) = 2i(2π)1/2σ2ψ(x) ,(

− ∂
2

∂s2
+

1
4
(T k + ixk)(Tk + ixk)†

)
ψ(x) = 2i(2π)−1/2σ2v(s) .

(6.109)
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Thus, the transformation between the functions ψ and v resembles the stan-
dard Fourier transform.

Note that there is a clear similarity between the Hitchin equation (6.99)
and the (6.107). This is directly related to the fact that the restoration of the
monopole fields from the Nahm data is a process opposite to the construction
of the Nahm data Tk from a self-dual monopole connection by making use of
the Hitchin equation (6.99) (for more details on this subject see the compre-
hensive papers [267,392,393]).

6.4.6 Solution of the Nahm Equations

An advantage of the Nahm construction, by its very definition, is the property
of regularity. Now let us demonstrate that this, rather clumsy formalism,
really describes multimonopole configurations.

For the simplest case n = 1, the Hermitian matrices T k have a dimension
1×1, that is the Nahm data are a triplet of some real numbers. Therefore, the
solution of the Nahm equations (6.106) can be written in the form T k = ak/2,
where the numbers ak correspond to the coordinates of the one-monopole. If
the monopole is placed at the origin, the Nahm data are trivial, i.e., T k = 0,
and because of the spherical symmetry of the configuration, we can choose
x = (0, 0, r). Then (6.107) can be written in the simple form (d/ds−rσ3/2)v =
0. Decomposing the two-component spinor v into the components (w1, w2),
we arrive to the decoupled equations

−dw1

ds
+
r

2
w1 = 0 ,

dw2

ds
+
r

2
w2 = 0 . (6.110)

It is easy to solve them:

w1 = C1e
rs/2 , w2 = C2e

−rs/2 . (6.111)

Furthermore, the condition of orthonormality on the entire interval s ∈ [−1, 1]
yields

C2
1 = 0, C2

2 =
r

2 sinh r
, or C2

1 =
r

2 sinh r
, C2

2 = 0 .

Thus, we can fix a basis of two-dimensional space of the solutions of (6.107)
as

v1 =
√

r

2 sinh r

(
0
ers/2

)
, v2 =

√
r

2 sinh r

(
e−rs/2

0

)
.

Choosing another basis corresponds to the gauge transformation of the field
of a single monopole to some other, non-Abelian gauge.

Furthermore, the Higgs field can be recovered from the Nahm data Ac-
cording to (6.108):
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φ =
1
2

(∫
dsv†1sv1

∫
dsv†1sv2∫

dsv†2sv1
∫
dsv†2sv2

)
=

r

4 sinh r

⎛⎜⎜⎜⎝
1∫

−1

ds sers 0

0
1∫

−1

ds se−rs

⎞⎟⎟⎟⎠
=

1
2

(
coth r − 1

r

)
σ3 , (6.112)

which, of course, coincides with the rescaled solution (5.71) of the Bogo-
mol’nyi equations. In the same way, one can restore the gauge potential Ak.
For example, using the expression (6.108), we obtain

Ar = − i
2

(∫
dsv†1∂rv1

∫
dsv†1∂rv2∫

dsv†2∂rv1
∫
dsv†2∂rv2

)

=
ir

4 sinh r

⎛⎜⎜⎜⎝
1∫

−1

ds
(

1
r − coth r + s

)
ers 0

0
1∫

−1

ds
(

1
r − coth r − s

)
e−rs

⎞⎟⎟⎟⎠
= 0 , (6.113)

that is, the radial component of the gauge potential vanishes, as it should be
for a spherically symmetric one-monopole configuration.

To describe a two-monopole configuration, it is convenient to use the
ansatz for 2 × 2 Nahm matrices of the form T k = fk(s)σk/2 (there is no
summation on k). By substituting this ansatz into (6.106), we obtain a system
of equations on the set of the functions fk(s):

df1
ds

= f2f3 ,
df2
ds

= f3f1 ,
df3
ds

= f1f2 . (6.114)

There is an obvious analogy with the well-known mechanical system of
the Euler–Poinsot equations for a physical spinning top (see e.g. [3]):

dx1

dt
= (I3−I2)x2x3;

dx2

dt
= (I1−I3)x3x1;

dx3

dt
= (I2−I1)x1x2 , (6.115)

where x(t) are time-dependent coordinates and Ik are components of the
vector of moment of inertia. Obviously, (6.115) transforms to (6.114) by re-
placing t → is and choosing I1 = 1, I2 = 0, I3 = 2 with the identification
f1 →

√
2x1; f2 →

√
2x2; f3 → ix3. Thus, the Nahm equations can be solved

by a straightforward analogy with the classical Euler–Poinsot equations. In
particular, this analogy means that there are two integrals of motion: the
energy and the momentum

S = f2
2 − f2

1 , T = 2f2
3 − f2

1 − f2
2 . (6.116)
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These two constraints define two surfaces in the flat Euclidean space R
3

with coordinates fk. The solutions of the Nahm equation (6.114) correspond
to the curves along which these surfaces intersect. The formal difference be-
tween the classical equations of a spinning top (6.115) and Nahm equation
(6.114) is that, in the former case, these surfaces are ellipsoids and their inter-
section gives a smooth curve. In the latter case, the surfaces are hyperboloids
whose intersections give an equation with a solution with simple poles. Note
that this is required by the boundary conditions on the Nahm dates.

Suppose that f2
1 ≤ f2

2 ≤ f2
3 . Then substituting the integrals of motion

into the system (6.114), we obtain a general solution of the Nahm equations

f1 = ±D cnkD(s+ τ)
snkD(s+ τ)

, f2 = ±D dnkD(s+ τ)
snkD(s+ τ)

,

f3 = ± D

snkD(s+ τ)
, (6.117)

where D =
√
S, and cnk (z), snk (z) and dnk (z) are Jacobi elliptic functions

with arguments z and spectral parameter k. They satisfy the equations

d snk z

dz
= cnk z dnk z ,

and the standard identities [8]

sn2
k z + cn2

k z = 1 , k2 sn2
k z + dn2

k z = 1 . (6.118)

In the limiting case, when the spectral parameter k = 0, the elliptic functions
snkz and cnkz reduce to the standard trigonometrical functions sin z and
cos z, respectively.

It is well-known that an elliptic function by its definition is a meromorphic
two-periodic function of a complex argument [8]. They can be considered
as a periodic functions on a torus obtained by a compactification of the
complex plane, as we discussed in Chap. 3. Furthermore, the sum of residues
in any of two periods of an elliptic function must be zero. Thus, there are
two possibilities: either the elliptic function has two simple poles (Jacobi
functions) or it has one double pole (Weierstrass function W (z)). Moreover,
any elliptic function can be expressed as a rational function of W (z) and its
derivative (cf. discussion on page 76).

To complete the solution of the Nahm equations, we have to define τ and
D in (6.117) in such a way that the boundary conditions are satisfied, that
is they have two single poles at the boundaries s = ±1. The corresponding
solutions are [147]

f1 = −K cnk (K(s+ 1))
snk (K(s+ 1))

, f2 = −K dnk (K(s+ 1))
snk (K(s+ 1))

,

f3 = − K

snk (K(s+ 1))
, (6.119)
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where K(k) is the complete elliptic integral of the first kind (6.97) defined
above with the parameter k ∈ [0, 1]. This parameter is also called the elliptic
modulus.

6.4.7 The Nahm Data and Spectral Curve

Like the Bogomol’nyi equations, the Nahm equations are completely inte-
grable. An important consequence is that they can be reformulated as a Lax
equation with a spectral parameter [266]. Indeed, rewriting the Nahm equa-
tions (6.106) as

d(T1 + iT2)
ds

= [T3, T1 + iT2] ,

one can see that tr[(T1 + iT2)n] is a constant for any values of n, that is the
eigenvalues of the matrix T1 + iT2 are constants. However, that is exactly the
property of the Lax equation: if [d/ds + B,A] = 0, then the eigenvalues of
the matrix A are constants (this is so-called isospectral evolution).

However, in the combination T1 + iT2 only two Nahm matrices of three
appear. In other words, in a three-dimensional space parameterized by the
coordinates 1/4 (T1, T2, T3), a particular choice of this combination corre-
sponds to an oriented line. The set of all possible orientations with a Lax
equation along each direction gives a projective line P 1 parameterized by the
inhomogeneous coordinate ξ. Thus, we have a family of Lax equations

dΛ

ds
= [Λ,Λ+] , (6.120)

where

Λ = (T1 + iT2)−2T3ξ+(T1 − iT2)ξ2 , Λ+ = −T3 +(T1 − iT2)ξ . (6.121)

In a general case, we have to deal with the n × n Nahm matrices. Thus,
there are n eigenvalues, which correspond to the n-fold branched covering
of three-dimensional sphere formed by the set of all directions of P 1. If the
eigenvalues Λ are constants, that is they are s-independent, there is an alge-
braic curve defined by equation

S = det(η + Λ) ≡ det(η + (T1 + iT2) − 2T3ξ + (T1 − iT2)ξ2) = 0 . (6.122)

Since it is a curve of eigenvalues, it is called a spectral curve. This is precisely
the spectral curve which appears, in one way or another, in any description
of multimonopoles. A proof of the equivalence between the spectral curves
of the Hitchin approach (6.93) and the Nahm construction (6.122) is given
in [267].

Let us turn back to the case of the spectral curve of a two-monopole
configuration. Substituting the ansatz for the Nahm data into (6.122), we
obtain
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S2(η, ξ) = η2 +
1
4
(
(f2

2 − f2
1 ) + 2(f2

1 + f2
2 − 2f2

3 )ξ2 + (f2
2 − f2

1 )ξ4
)

= 0 ,

(6.123)
that is, the coefficients of the polynomial S2 are the constants (6.116). Sub-
stituting now the solutions (6.119) and making use of the identities on the
elliptic functions (6.118), we obtain

S2 = η2 +
1
4
K(k)(1 − k2)

(
ξ4 − 2

1 + k2

1 − k2
ξ2 + 1

)
= 0 . (6.124)

This is precisely the spectral curve of the form (6.96).
Let us recall some geometrical notions that we shall need. Generally, a set

of curves, which satisfy the (6.124), defines a Riemann surface that can be
represented in terms of two sheets (complex plane) with four branch points
ξ1, ξ2, ξ3, ξ4, which are solutions of the equation

ξ4 − 2
1 + k2

1 − k2
ξ2 + 1 = 0 .

Indeed, (6.124) is quadratic in η and a loop around any branch point corre-
sponds to the reflection η → −η. Since η is supposed to be a single-valued
function of ξ, the space parameterized by the coordinate ξ must be doubly
covered by a complex plane. The branch points are connected through the
cuts [ξ1, ξ2] and [ξ3, ξ4], and crossing a cut results in a transition from one
sheet to another. This surface is shown in Fig. 6.10.

ξ1 ξ2ξ1 ξ3 ξ4

β
βα

α

Fig. 6.10. Canonical circles of the torus and on the branched plane

It is known that this Riemann surface has the topology of a torus. It can
be characterized by two circles α and β. The former goes around the cut
connecting the branch points ξ1 and ξ2 and lies in one of the sheets, while
the latter goes through the cut [ξ3, ξ4], that is, it connects two sheets of the
Riemann surface. The number of intersections of these contours is equal to
one. The point at infinity is supposed to be added to each sheet and we obtain
the torus S1 × S1 with a canonical homology basis (α, β).

Since in the case of 2 × 2 Nahm data, the spectral curve is elliptic, the
general solution of the Nahm equation can be obtained in terms of the el-
liptic functions. This is why the fields of a two-monopole configuration can
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be written via elliptic integrals. In the general case of n-monopole config-
uration, the spectral curve has the form (6.93), which defines the relevant
Riemann surface of genus (n− 1)2. Then the solution of the Nahm equation
can be expressed through the theta-functions defined on this surface, and
by introducing the required boundary conditions we could describe a general
multimonopole configuration. However, in the general case, this procedure
becomes a highly nontrivial problem, which has not been solved yet.

Some simplification ensues if we suppose that the configuration has an
extra-symmetry. For example, we could expect that the n-monopole config-
uration is invariant with respect to the standard SO(3) spatial rotations.
Then we can look for a quotient spectral curve S/SO(3), rather than for the
original curve S [268]. The axially symmetric configurations constructed by
Prasad and Rossi [433,434] are an example of this kind. Other examples are
the tetrahedral symmetrical three-monopole and the octahedral symmetri-
cal cubic four-monopole configurations constructed by Hitchin, Manton and
Murray in [268].

Without going into details, let us make a few remarks about the con-
struction of multimonopole configurations. Recent impetuous development
in this direction is connected with the rational map description and an idea
about the discrete (platonic) symmetry of multimonopoles [54, 58, 283–285].
Numerical calculations allows us to construct different multi-monopole con-
figurations in this way, some of them are depicted10 the Fig. 6.11.

Briefly speaking, the rational map approach originates from the observa-
tion by Donaldson [204]. By making use of the Nahm transform, he proved
that the n-monopole moduli space is diffeomorphic to the space of rational
functions of degree n, which vanish at infinity, that is, to the space of rational
maps CP 1 → CP 1:

R(z) =
P (z)
Q(z)

=
an−1z

n−1 + · · · + a1z + a0
zn + bn−1zn−1 + · · · + b1z + b0

,

where P (z) is a monic polynomial of degree n in a complex variable z and
Q(z) is a polynomial of a degree of less than n.

Hurtubise [293] explained the origin of this diffeomorphism by analysis of
the Hitchin equation (6.98). Recall that there are two linearly independent
solutions of this equation, which are defined along the line parameterized by
a coordinate r. These solutions have the asymptotics v0 ∼ e−r, v1 ∼ er,
respectively. The idea is to fix a direction in R

3 that gives a decomposition
R

3 ∼= C × R.
Let the complex plane C be parameterized by the coordinate z = x1 +

ix2 and the direction R correspond to the x3-axis. Then the basis of the
independent solutions of the Hitchin equation (6.98) (v0, v1) asymptotically
tends to the limits
10 I am very grateful to Paul Sutcliffe for his kind permission to reproduce here the

picture 6.11.



226 6 Multimonopole Configurations

Fig. 6.11. Energy density surfaces for SU(2) BPS monopoles of charges 2 to 7
constructed by rational map ansatz [58]

lim
x3→∞ v0(x3)x

−n/2
3 ex3 = e0 , lim

x3→∞ v1(x3)x
n/2
3 e−x3 = e1 ,

where e0, e1 are two constants. This choice is not unique. One may consider
another basis (v′0, v

′
1), which corresponds to the scattering along another line,

parallel to the x3-axis:

v′0 = a(z)v0 + b(z)v1 , v0 = a(z)′v′0 + b(z)v′1 ,

where a(z) and b(z) are the parameters of the scattering. Then the rational
map is defined as

R(z) =
a(z)
b(z)

.
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Now recall that the line along which the Hitchin equation is considered, is a
spectral line. Therefore, there is a correspondence b(z) = S(z, 0) = 0 and it
can be shown [39] that

aa′ = 1 + bb′ .

A disadvantage of the Donaldson rational maps is that the choice of a
direction in R

3 violates the symmetry of a given multimonopole configura-
tion. The decomposition R

3 ∼= C × R preserves the rotations in the plane
C, translations in the plane C, translation in the direction R and constant
gauge transformation [268] . These symmetries are isometries. An alternative
rational map CP 1 → CP 1, which preserves the full rotational symmetry, was
suggested by Jarvis [303] (following a suggestion of M. Atiyah) in an anal-
ogy with the Donaldson construction. The only difference is that the Hitchin
equation must be considered along each radial line from the origin to infinity.

The rational map approach is a very general construction. For exam-
ple, surprisingly enough, it turns out that there is rather a close connec-
tion between the rational maps of the skyrmions and monopoles [54, 286].
In principle, one can directly recover the monopole field from the rational
map. However, to do this, one must solve a non-linear differential equation,
which is not much simpler than the original BPS equation. In this connec-
tion, Nahm’s description, which reduces the problem to solution of a set of
first-order ordinary differential equations appears more attractive.

So far we have discussed the properties of static multimonopoles. In the
following section, we consider the low-energy dynamics of the monopoles by
making use of the moduli space of the n-monopole configuration.

6.5 Moduli Space
and Low-Energy Multimonopoles Dynamics

6.5.1 Zero Modes Lagrangian and the Moduli Space Metric

The nice property of integrability of the Bogomol’nyi equation, which made
it possible to construct the multimonopole solution, works only for a static
configuration. The complete, time-dependent field equations of the Yang–
Mills–Higgs system are not completely integrable. Thus, it would be rather
useless to apply the twistor transform or some other construction, which we
briefly described above, in order to solve these equations, i.e., in order to find
a complete solution describing the dynamical properties of the monopoles.

However, this problem can be solved by making some approximation.
The guiding idea by Manton [368,371] was that one can truncate the infinite-
dimensional configuration space of the Yang–Mills–Higgs system (5.7) to a
finite-dimensional Lagrangian dynamical system. In other words, the dynam-
ics of an infinite number of degrees of freedom of the multi-monopole system
can be reduced to that of a few collective coordinates of a soliton, or its zero
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modes, which include position coordinates and some internal coordinates as
well. This description can be self-consistent only if we consider the low-energy
dynamics. Then, at any fixed time, the multimonopole configuration can ap-
proximately be considered a static n-monopole solution of the Bogomol’nyi
equation and the motion of the monopoles is connected with time-evolution
of their collective coordinates only. In such a case, all information about the
low-energy dynamics of the multi-monopoles is encoded in the kinetic part
T of the action.

Let us write the Lagrangian of the system (5.7) as

L = T − V (6.125)

=
∫
d3xTr (EnEn +D0φD0φ) −

∫
d3xTr (BnBn +DnφDnφ) .

Recall that in the Bogomol’nyi limit, the potential energy of the system V is
constant:

V =
∫
d3xTr (Bn −Dnφ)

2 + v
∑

i

gi = v
∑

i

gi .

If we set the time component of the gauge potential equal to zero, A0 = 0,
then the kinetic energy is

T =
1
2

∫
d3x
(
Ȧa

nȦ
a
n + φ̇aφ̇a

)
. (6.126)

As we discussed in Sect. 5.2.1, for a static configuration it can be written in
the form

Tgauge =
1
2
MΥ̇ 2 , (6.127)

where Υ is the gauge cyclic collective coordinate, the excitation of which
corresponds to the generation of an electric charge. Now, we would like to
excite another, spatial collective coordinate, that is to “push” the monopole.
Obviously, the kinetic energy of the moving monopole would be higher than
(6.127).

To define the corresponding correction to (6.127), let us first consider
small translations of a single monopole in R

3. For this purpose, we introduce
three collective coordinates Xk(t) and expand the fields in these perturba-
tions:

An(X(t), x) ≈ An(x) + δkAn(x)Xk(t) ≡ An(x) + a(k)
n (x)Xk(t) ,

φ(X(t), x) ≈ φ(x) + δkφ(x)Xk(t) ≡ φ(x) + χ(k)(x)Xk(t) . (6.128)

Here, a(k)
n (x) and χ(k)(x) are the relevant translational zero modes, excita-

tions of which correspond to a small shift of the monopole in the direction
Xk. Obviously,

Ȧn = Ẋka
(k)
n (x) , φ̇ = Ẋkχ

(k)(x) , (6.129)
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and then the kinetic energy is

Ttrans = Ẋ2
k

∫
d3xTr

[
a(k)

n a(k)
n + (χ(k))2

]
, for a given k . (6.130)

The explicit form of the translational zero modes can be determined by
the condition that the perturbation must preserve the Bogomol’nyi bound.
In other words, the “shifted” configuration Aa

n + aa
n

(l), φa + χa(l) must still
satisfy the Bogomol’nyi equation Ba

n = Dnφ
a. Therefore, the translational

zero modes obey the linearized equation [67,70,385]

εnmkDma
a
k
(l) = Dnχ

a(l) − eεabca
b
n

(l)
φc . (6.131)

Furthermore, recall that the time component of the gauge potential enters
the Gauss law DnEn − ie[φ,D0φ] = 0, which is imposed as a constraint on
the time-independent physical fields. Expansion of it gives, in the Coulomb
gauge, A0 = 0:

Dna
a
k
(l) − eεabcφ

bχc(l) = 0 . (6.132)

In other words, the zero modes satisfy the background gauge condition. Actu-
ally, this condition ensures that the translational zero modes are orthogonal
to all modes obtained by gauge transformation of the monopole configuration
with a gauge function that vanishes at spatial infinity.

One can see that the normalizable zero modes are

aa
n

(l) = ∂lA
a
n −DnA

a
l = F a

ln , χa(l) = ∂lφ
a − eεabcA

b
lφ

c = Dlφ
a , (6.133)

i.e., they are standard infinitesimal translations ∂lA
a
n, ∂lφ

a in R
3 that are

supplemented by a gauge transformation with a special gauge function, the
gauge potential itself [385]. Here, the condition of normalizability means that
the translation in the corresponding direction is possible. Otherwise, one
would need an infinite amount of energy to shift the monopole. Note that in
the case of the BPS monopole, all zero modes are normalizable, this is not
the case of an arbitrary multi-soliton configuration [511].

Substituting the zero modes (6.133) into the definition of the kinetic en-
ergy (6.130), we obtain

Ttrans =
Ẋ2

l

2

∫
d3x (F a

lnF
a
ln +Dlφ

aDlφ
a) =

1
2
MẊ2

l , (6.134)

and, taking into account the contribution of the gauge zero mode (6.127), we
then find that

T =
1
2
M
(
Ẋ2

l + Υ̇ 2
)
. (6.135)

An obvious interpretation of this result is to consider it as the kinetic
energy of a classical particle with a mass M moving in four-dimensional
moduli space M1 = R

3 × S1 (see the discussion on page 163). Here, the
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excitation of translational zero modes in R
3 leads to the appearance of a

non-zero momentum of the monopole and the motion on S1 is connected
with the generation of an electric charge.

The set of four collective coordinates of a single monopole Xα = (Xl, Υ )
defines the tangent vectors to the manifold M1, which naturally induce a
metric structure on the moduli space. Normalizability of the zero modes
means that there is a one-to-one correspondence between the zero modes and
the coordinates on M1, i.e., the metric is finite.

The situation looks, of course, very simple in the case of a single monopole.
Then the potential energy V is constant and the low-energy action of the
moving monopole is

S =
1
2
M

∫
dt ẊαẊβgαβ , (6.136)

where gαβ = δαβ . Thus, the metric on M1 is flat.
In the general case, an n-monopole configuration is characterized by 4n

collective coordinates [490, 513]. The corresponding 4n-dimensional moduli
space Mn can asymptotically be decomposed into a product of n spaces
M1, i.e., n individual monopoles that are widely separated from each other.
However, in the interior region, the manifold Mn cannot be represented as
a combination of these. This is the reason for the non-trivial behavior of the
monopoles in head-on collisions [81].

The idea of Manton [368], developed in the works [82, 238], is that the
classical dynamics of slowly moving multi-monopoles can be considered as
geodesic motion in the moduli space. Here, an analogy with the motion in
Euclidean space R

4 of a classical particle in some potential profile would
be helpful. It is obvious that the trajectories of particles correspond to the
minima of the potential energy (the so-called “flat directions” or “valleys” of
the potential). This restriction separates some subspace M of R

4 and, up to
the oscillations in transverse directions, the trajectory of a particle lies along
a geodesic line in this subspace. This description can, in principle, be inverted;
we can say that the metric on M defines the dynamics of the particle.

This analogy works also in the case of multimonopole low-energy dynam-
ics. The difference is that the Euclidean space R

4 is replaced by an infinite-
dimensional configuration space and the condition on the energy to be min-
imal separates the moduli space Mn. This space has a natural Riemannian
metric, which asymptotically must be flat, as we noted above.

Another restriction on the metric on Mn is that it must be finite. For a
metric on M1, this condition is fulfilled: all zero modes are normalizable and
there are no restrictions on the motion of the monopole. Also, the metric on
the moduli space must be complete, otherwise the topological charge would
not be conserved.

Below, we describe a metric on M2 that satisfies all these conditions.
However, first, let us make a few remarks on the most general properties of the
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metric on the multi-monopole moduli space. This analysis was summarized
in the book by Atiyah and Hitchin [39] (see also [82]).

Note that there is a very elegant way to construct a metric on Mn. Indeed,
let us consider the space A of finite energy configurations Aµ = (An, φ). Here,
we again adopt a notation in which the scalar field is treated as the fourth
component of a 4-connection A = Aµdx

µ on R
4, which is translationally

invariant in the Euclidean time direction, i.e., the condition ∂4Aµ = 0 is
implemented.

Since the fields are defined up to the action of the gauge group G, the
configuration space of the system is given by the quotient A/G. Then the
tangent vectors δαAµ define tangent space TA/G and a natural Riemannian
metric on A/G can formally be written in terms of these vectors:

gαβ =
∫
d3xTr (δαAµδβAµ) . (6.137)

The n-monopole moduli space Mn is a subspace of the configuration space
A/G. It is parameterized by the collective coordinates Xα. However, there
is a close relation between the zero modes and the tangent vectors δαAµ.
Indeed, an arbitrary tangent vector to Mn can be written as Ȧµ = ẊαδαAµ

and we can write the moduli space effective Lagrangian as

L =
1
2
gαβ Ẋ

αẊβ . (6.138)

An important observation is that the equations of the zero modes (6.131),
together with Gauss law (6.132), have a quaternionic structure. Indeed, let us
introduce the basis of the real four-dimensional space for the unit quaternions
{eµ} = (1, en), as in Appendix B. Then a vector δαA = δαAµe

µ, which is tan-
gent to the moduli space, satisfies the equation (compare (B.4) in Appendix
B):

D∗δαA = 0 ,

which in component notation exactly reproduces (6.132) and (6.131):

DµδαAµ = 0 ,

DµδαAν −DνδαAµ − 1
2
εµνρσDρδαAσ = 0 . (6.139)

Clearly, the former equation is the condition of orthogonality of the tan-
gent vector and the gauge orbits, while the latter is exactly the linearized
Bogomol’nyi equation for a zero mode. Thus, the metric on the moduli space
Mn is given by the restriction of the metric (6.137) to the subspace of the
zero modes.

As was noted by Taubes [490], the moduli space Mn is by definition a
hyper-Kähler manifold. This means its Riemannian metric is Kählerian11 with
11 Recall that a Kähler manifold is a complex manifold equipped with a non-

singular, positive Hermitian metric, which can be locally written as a second
derivative of some scalar function, see p. 89.
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respect to three almost complex structures12 I(m), m = 1, 2, 3, which satisfy
the algebra of quaternions (see Appendix B). The almost complex structures
are covariantly constant and obey the quaternionic algebra generating rela-
tions

I(m)I(n) = −δmn + εmnkI(k) . (6.140)

In terms of the collective coordinates zα on Mn they can be represented
as matrices (I(m))αβ , which satisfy

−εαβγδ = (I(m))αβ(I(m))γδ + (I(m))αγ(I(m))δβ + (I(m))αδ(I(m))βγ .

Indeed, the quaternionic structure of the zero mode equations (6.139) means
that there are three covariantly constant tensors acting on the tangent bundle:

I(m)
α

β
δβA = δαA em , (6.141)

such that if Ȧµ is a tangent vector to Mn, then I(m)Ȧµ is also a vector of
the tangent space. Thus, I(m) are precisely the three complex structures we
defined above.

Recall that in Chap. 3 we briefly mentioned an important property: if
the complex space XC is a Kähler manifold with complex dimension n (that
is, real dimension 2n), the holonomy group of the metric is reduced to the
unitary group U(n). If Mn is a hyper-Kähler manifold with real dimension
4n, the holonomy group of the metric on the moduli space Mn is reduced from
SO(4n) to SP (2n). Actually, a hyper-Kähler manifold is always characterized
by the self-dual Riemann curvature.

It is beyond the scope of this book to discuss these topics in more de-
tail. Here, we only note that there is a remarkable connection between the
equations of the zero modes, the quaternionic structures, which act on the
tangent bundle of the moduli space, and the property of the multi-monopole
moduli space being hyper-Kählerian, and refer the reader to [39].

6.5.2 Metric on the Space M2

We reduced the original Lagrangian of the Yang–Mills–Higgs system to
(6.138) dealing with a finite number of degrees of freedom. Now the problem
is to find the explicit form of the metric on the moduli space. There are three
ways of doing this [519].

12 Generally, an almost complex structure I on a manifold M is defined as an iso-
morphism of the tangent space I : TM → TM such that I2 = −I. Furthermore,
by analogy with the standard differential geometry of the complex manifolds
(cf. Chap. 3), these almost complex structures allow us to define complex differ-
ential forms on M for each tangent space. The metric is Kählerian with respect
to these structures, if the corresponding two-forms are closed [39].
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• The simplest method is just to substitute the exact solutions of the zero
mode equation into the definition of the metric tensor (6.137). Actually,
we already did this to obtain the flat metric of the one-monopole moduli
space (6.135). Unfortunately, this approach does not work for an arbitrary
n-monopole configuration, because we are not able to solve the BPS equa-
tions analytically. Thus, the explicit form of the n-monopole zero modes
is, in general, not known.

• Another way was also considered above, when an asymptotic form of
the metric on the two-monopole moduli space (6.64) was recovered from
knowledge of the low-energy monopole dynamics [369]. However, this
method works only for well-separated monopoles and can only give in-
formation about the asymptotic form of the metric.

• The restrictions imposed by the symmetries of the moduli space can in
some particular cases completely determine the metric [39].

Let us briefly discuss the last approach, which is due to Atiyah and
Hitchin. Recall that an arbitrary n-monopole configuration has 4n parame-
ters. However, one can separate three parameters (X1, X2, X3) ∈ R

3, which
correspond to the position of the center of the mass of the system, one an-
gular parameter that specifies the global U(1) phase angle on S1, whose
time-dependence determines the total electric charge of all monopoles. Thus,
the moduli space can be factorized as [39,81,82]

Mn = R
3 × S

1 ×M0
n

Zn
. (6.142)

Here, the factor Zn reflects that the monopoles cannot be distinguished.
The metric on R

3 × S1 is, as before, a flat one. Therefore, all non-trivial in-
formation about the low-energy dynamics of the monopoles is encoded in the
(4n− 4)-dimensional curved manifold M0

n . This is the most interesting part
of the moduli space: the space of parameters describing relative positions and
orientations of the monopoles, as well as their relative phases. Furthermore,
because the metric on R

3 × S1 is flat and Mn is a hyper-Kähler manifold,
the metric on M0

n is also hyper-Kähler.
Let us consider the case n = 2. Then the space M0

2 is a four-dimensional
space. Since the holonomy group of a hyper-Kähler metric in d = 4 is SU(2) ∈
SO(4), the hyper-Kähler manifold is just an Einstein self-dual space. Its
Ricci tensor is proportional to the metric tensor, i.e., the scalar curvature
of this space is zero. The isometry of this space is SO(3): there are only
rotations left from the complete symmetry group of Euclidean space when
we separate the translations. Therefore, a proper parameterization of M0

2

can be given by a radial coordinate r and three Euler angles θ, ϕ and ψ (see
Appendix A). The physical meaning of these parameters is that the radial
coordinate determines the separation between the two monopoles, the angles
θ and ϕ give the orientation of the axis joining the monopoles and ψ is the
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rotation angle about this axis [238]. This angle is associated with the relative
electric charge of the monopoles.

The symmetry requirements on M0
2 are rather restrictive [39]. Indeed,

an SO(3)-invariant metric on a self-dual Euclidean space, which is a four-
dimensional hyper-Kähler manifold, has the unique form

ds2 = f(r)2 + a(r)2R2
1 + b(r)2R2

2 + c(r)2R2
3 , (6.143)

where Rn are the one-forms on SO(3) = S3/Z2, whose definition and basic
properties are described in Appendix A, and f(r), a(r), b(r) and c(r) are
functions of the radial coordinate r.

Furthermore, the self-duality of the metric implies that these functions
obey a set of first-order ordinary differential equations [237]:

2bc
f

da

dr
= b2 + c2 − a2 − 2λbc ,

2ac
f

db

dr
= c2 + a2 − b2 − 2λca ,

2ab
f

dc

dr
= a2 + b2 − c2 − 2λab , (6.144)

where λ = 1 or λ = 0.
Of course, the last case is the simplest one. This solution corresponds to

the Eguchi–Hanson gravitational instanton [206]. The analysis of the system
(6.144) in the case λ = 1 shows that there are only three solutions corre-
sponding to the complete non-singular manifolds [39]:

• a = b = c: Flat metric on R
4 ,

• a = b �= c: Taub-NUT space ,
• a �= b �= c: The Atiyah–Hitchin metric.

The first situation is trivial, because it implies that there is no interac-
tion between the monopoles. Let us analyze the two remaining possibilities.
First, note that the function f(r) is defined up to a redefinition of the radial
coordinate, that is, it can be chosen arbitrarily, assuming, for example, that
f = abc [39,81,82]. The second of these situations corresponds to the situation
when two of three functions a, b, c coincide. As a result, the configuration will
have an additional SO(2) symmetry. This is the Taub-NUT metric [381] that
already appears in the consideration of the low-energy dynamics of two dyons
in Sect. 6.3.3. This metric is also an asymptotic limit of the third solution:
the Atiyah–Hitchin metric discussed below, which asymptotically approaches
the form a ∼ b. The only difference is that in the last case, the function c has
opposite sign as compared with the signs of a and b.
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An alternative choice, f = −b/r [238], taken together with the parame-
terization

r = 2K(ρ), with ρ = sin
β

2
,

where K is an elliptic integral (compare with (6.97))

K(ρ) =

1∫
0

ds√
1 − ρ2s2

, (6.145)

makes it possible to find the solution of the system (6.144):

bc = −r sinβ
dr

dβ
− r

2

2
(1 + cosβ) ,

ca = −r sinβ
dr

dβ
, (6.146)

ab = −r sinβ
dr

dβ
+
r2

2
(1 − cosβ) .

The result of the numerical solutions of this set of equations can be found in
[39,238]. However, their asymptotic behavior can be determined analytically.
For large monopole separation r → ∞, the variable β tends to π and we can
make use of the asymptotic expansion of the elliptic integral (6.145). The
result, up to exponentially suppressed terms, is [39, 238]

a(r) ≈ b(r) = r

√
1 − 2

r
+O(e−r) , c(r) = −2

1√
1 − 2

r

+O(e−2r) .

(6.147)
In the opposite limit r → π (which corresponds to β → 0), one can use

the approximate expansion of the elliptic integral K(ρ) = π(1/2+ρ2/8+. . . ).
This yields

a(r) = 2(r − π)
(

1 − 1
4π

(r − π)
)

+ . . .

b(r) = π
(

1 +
1
2π

(r − π)
)

+ . . . (6.148)

c(r) = −π
(

1 − 1
2π

(r − π)
)

+ . . .

Let us return now to the metric on the moduli space. Substituting the
asymptotic (6.147) into the general formula (6.143), one finds the asymptotic
metric on M0

2:

ds2 =
(

1 − 2
r

)(
dr2 + r2dθ2 + r2 sin2 θdϕ2

)
+

4
1 − 2

r

(dψ + cos θdϕ)2 .

(6.149)
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In this expression one can recognize, up to the obvious re-definitions, the clas-
sical Taub–NUT metric (6.64) that we have already encountered above. Thus,
in this limit the Atiyah–Hitchin geometry describes two widely separated
spherically symmetric monopoles, the inner structure of which is negligible
(compare this with (6.96)). Since asymptotically a(r) ≈ b(r), an “acciden-
tal” SO(2) symmetry appears. The physical content behind this symmetry is
that the relative electric charge of well-separated dyons must be conserved,
in addition to the total electric charge.

Let us consider the opposite limit r = π. Since the singularity of the
metric (6.149) at r = 2 lies out of the range of r, which is π ≤ r ≤ ∞,
this singularity has no physical meaning. However, if r = π, using (6.148)
one can see that in this limit a = 0. This is a coordinate singularity, which
corresponds to the collapse of three-dimensional orbits of SO(3) to a two-
dimensional sphere S2 [39, 238]. In the theory of gravity, this singularity is
called a “Bolt”. The corresponding limit of the Atiyah–Hitchin metric on the
“Bolt” describes the axially symmetric Ward configuration [507] with charge
n = 2 and double zero of the Higgs field as the origin, which we discussed
above.

To describe the geometry close to the “Bolt”, Gibbons and Manton [238]
make use of the general form of the Atiyah–Hitchin metric (6.143) as be-
fore, but introduce a new set of angular coordinates ψ̃, θ̃, ϕ̃ on SO(3), which
parameterize the rotation matrices as

U(ϕ̃, θ̃, ψ̃) = U1(ϕ̃)U3(θ̃)U1(ψ̃) = U(ϕ, θ, ψ) = Uz(ϕ)Uy(θ)Uz(ψ).

In terms of the right one-forms on the group SO(3), which we describe in
Appendix A, the metric close to the “Bolt” can be written as

ds2 = dr2 + (4r − π)2
(
dψ̃ + cos θ̃dϕ̃

)2

+ π2
(
dθ̃2 + sin2 θ̃dϕ̃2

)
. (6.150)

If we introduce the relative coordinate r̃ = r − π, simple algebra gives

ds2 = dr̃2 + 4r̃2dψ̃2 + ds2Bolt ,

where the metric on the “Bolt” itself, that is on the sphere S2, is

ds2Bolt = π2
(
dθ̃2 + sin2 θ̃dϕ̃2

)
.

6.5.3 Low-Energy Scattering of Two Monopoles

The most interesting application of the Atiyah–Hitchin metric is connected
with the problem of low-energy geodesic scattering of monopoles. Using
(6.135) and (6.143), we can write the complete Lagrangian of a two-monopole
system in terms of 8 collective coordinates. This Lagrangian is a sum of terms,
each one proportional to the square of the velocity in configuration space:
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L =M
(
Ẋ2

l + Υ̇ 2
)

+
M

4
[
f(r)2ṙ2 + a(r)2l21 + b(r)2l22 + c(r)2l23

]
. (6.151)

Here, M is the mass of the monopole. The components of the vector of
angular velocity ln are defined via the rotation one-forms Rn on SO(3) that
are defined in Appendix A:

l1 = − sinψθ̇ + cosψ sin θφ̇ , l2 = cosψθ̇ + sinψ sin θφ̇ , l3 = ψ̇ + cos θφ̇ .
(6.152)

As we saw in the case of the Nahm equations, (6.106), there is an obvious
analogy between the monopole motion and the problem of rotation of a clas-
sical asymmetric rigid body. The difference is that this “top” is no longer a
solid: in the case under consideration the analog of the principal momentum
of inertia has the components

I1 = a(r)2l1 , I2 = b(r)2l2 , I3 = c(r)2l3 , (6.153)

which vary with monopole separation r, i.e., our “top” looks like a jelly
changing its shape on the way. In the limit r → ∞, this is a very long and
thin rod with the monopoles at the ends (compare to the comment on page 7).

Indeed, the equations of motion corresponding to the Lagrangian (6.151)
in the flat part of the moduli space R

3 × S1 are trivial [238]

Ẍl = 0 , Ϋ = 0 , (6.154)

which corresponds to the above-mentioned conservation of the total momen-
tum Pl =

√
2MẊl and the total electric charge Q =

√
2MΥ̇ .

As for the relative motion in M0
n, we have

dI1
dt

=
(

1
b2

− 1
c2

)
I2I3 ,

dI2
dt

=
(

1
c2

− 1
a2

)
I3I1 ,

dI3
dt

=
(

1
a2

− 1
b2

)
I1I2 ,

f
d

dt

(
f
dr

dt

)
=

1
a3
da

dr
I21 +

1
b3
db

dr
I22 +

1
c3
dc

dr
I23 , (6.155)

which are the standard Euler–Poinsot equations (6.115). One can see that
the last equation of the set (6.155) corresponds to the conservation of the
energy of the relative motion. Indeed, multiplication of it by v = ṙ yields

dE

dt
=
d

dt

[
M

2

(
f2ṙ2 +

I21
a2

+
I22
b2

+
I23
c2

)]
= 0 . (6.156)

In the same manner, one can easily prove that the vector of angular mo-
mentum of the relative motion J2

k =M2(I21 + I22 + I23 ) is another integral of
motion.
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We saw above from the asymptotics of the solutions (6.147) that there is
an additional SO(2) symmetry in the limit r → ∞. An analogy with the clas-
sical top in this case corresponds to the rotation about the symmetry axis.
Then the projection of angular momentum onto this axis is also an integral of
motion. In our case, this additional symmetry reflects the conservation of the
component of angular momentum J3 = MI3 [238, 369]. The corresponding
integral of motion can be identified with the relative electric charge of the
monopoles. Since in this limit, both relative and total charges of the mono-
poles are conserved, the individual electric charge of each monopole is also a
constant. Furthermore, if the component J3 is conserved, the square of the
orbital angular momentum L2

k = M2(I21 + I22 ) is also an integral of motion.
Obviously, this is the case of the classical monopole scattering that we briefly
discussed before.

Some other interesting cases of monopole scattering, which are analogous
to rigid body rotations about a principal axis, were analyzed in [39, 238]. In
such a motion, only one of the three components of the vector of angular
momentum Jk does not vanish. For example, if we set J2 = J3 = 0, then the
monopoles have no electric charge and I1 = const. Then, the conservation of
energy (6.156) implies that the radial motion is described by an equation

ṙ2 =
1
f2

(
2E
M

− I
2
1

a2

)
.

Recall that at r = π, the function a(r) has a zero, i.e., the radial component
of the relative velocity vanishes at some distance r0 > π. The physical inter-
pretation is that the monopoles approach each other down to some minimal
distance r0 and then scatter to spatial infinity. The scattering angle can be
found from the metric around the “Bolt” (6.150). Since we set J2 = J3 = 0,
the angular variables θ̃ and φ̃ are constants and J1 =M2a2dψ̃/dt. Thus, the
scattering angle is

Θ = ∆ψ̃
∣∣∣∣t=∞

t=−∞
= I1

∞∫
−∞

dt

a(r)2
.

Numerical calculations show that as the impact parameter decreases to zero,
the scattering angle increases monotonously up to the limiting valueΘ0 = π/2
[39,238].

In the case of head-on collision, we have J1 = J2 = J3 = 0. The equation
of motion (6.155) shows that in this case all the angular variables remain
constant until the radial variable reaches the value r = π. Projected onto the
plane r̃, ψ̃, this motion corresponds to the passing of the monopole through
the origin, where the derivative dr̃/dt changes its sign. Since the integrals
of motion are unchanged, that means the angular variable ψ on the “Bolt”
must jump by π/2. Thus, in head-on collisions the monopoles are scattered
through a right-angle in the plane perpendicular to the axis 1 [39, 81, 82].
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Note that this is a typical feature of soliton scattering, which also appears in
the scattering of skyrmions or of vortices in 2 + 1-dimensional models.

Recently, more complicated processes of multimonopole scattering have
been discussed [58,294]. For example, a nice process of three-monopole scat-
tering into a one-monopole and a two-monopole final state was investigated
numerically in [294]. Another kind of monopole scattering was considered
in [282]. During these processes, axial symmetry of the configuration is in-
stantaneously attained and, in some, monopoles with discrete symmetries
are formed. An interesting phenomenon is observed: the structure of nodes
of the Higgs field varies during the scattering. Evidently, this corresponds to
the monopole-antimonopole pair contributions.

Let us mention in conclusion that there is another approach to the com-
putation of the monopole moduli space metric, which is formulated in terms
of Nahm data [54, 394]. The idea is to calculate a metric on the space of
Nahm data, i.e., to define a tangent vector to the point Tµ = (T k, T 4). It
was proved [394] that the metric on the moduli space of SU(2) monopoles is
equivalent to the metric on the space of Nahm data, since the transformation
that relates these metrics is an isometry. For a two-monopole system, the so-
lutions of the Nahm equation (6.114) are the elliptic functions (6.119). Thus,
one can find the tangent vectors explicitly and then the Atiyah–Hitchin met-
ric (6.143) is recovered in terms of elliptic integrals. However, a generalization
of this approach to an arbitrary case of charge n multimonopoles is possible
only if Nahm’s equations can be solved.
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7.1 Field Fluctuations on Monopole Background

So far we have discussed the classical monopole solutions of the non-Abelian
Yang–Mills–Higgs system that correspond to the nontrivial vacuum states
of the model. It is well-known, however, that if we move one step further
and consider such a solution in quantum field theory, neither mass nor any
other parameter of classical configuration is an observable quantity, since
at the quantum level only the sum of classical and quantum components is
experimentally observable. Moreover, the separation into the quantum and
classical parts is rather subtle, because the relation between them usually
depends on the scale of energy. Only in some limiting cases are the quantum
corrections negligible. Thus, the consistent consideration of the ’t Hooft–
Polyakov monopole solutions (5.41) is related to analysis of the corresponding
quantum effects.

When we promote a non-Abelian monopole to the quantum field theory,
the following set of problems needs to be investigated

• How can the quantum correction affect the mass of a non-Abelian mono-
pole. If a monopole becomes heavier or it becomes lighter?

• What is the spectrum of quantum fluctuations on the monopole back-
ground? If there are bound states?

• What are the quantum numbers of the monopole sector? If a monopole
is a scalar or if it is a fermion?

• Is the conjecture by Montonen and Olive [384] about the duality between
topological and perturbative sectors of the gauge theory well-founded on
a quantum level?

In this chapter, we will concern ourselves with only first two of these ques-
tions. Anticipating the following discussion, we shall mention here that the
complete answer to the third question comes if we consider also the spectrum
of fermionic fluctuations on the monopole background (see Chap. 10). The
problem of Montonen–Olive duality can be solved in the supersymmetric the-
ory, where all quantum corrections are under the control of supersymmetry.
We shall discuss this situation in the last chapter.

Since in a weak coupling regime, a monopole is a very heavy object, it
seems quite natural to apply the method of quasiclassical quantization (see,
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e.g., [68, 299] and references therein). Let us consider the quantum correc-
tions to the SU(2) Georgi–Glashow model with the Lagrangian (5.7) given
in Chap. 5

L = −1
4
F a

µνF
aµν +

1
2
(Dµφa)(Dµφ

a) − V (φ) . (7.1)

Recall that the covariant derivative and the gauge field strength tensor are
defined as

Dµφ
a = ∂µφ

a − eεabcA
b
µφ

c , F a
µν = ∂µA

a
ν − ∂νA

a
µ − eεabcA

b
µA

c
ν , (7.2)

respectively, and the Higgs field potential is

V (φ) =
λ

4
(φaφa − v2)2 . (7.3)

The standard procedure of the quasiclassical quantization can be imple-
mented, if we define the explicit form of the propagators. It can be derived if
we consider one-particle equations, which describe the perturbative fluctua-
tions of different fields in the background of a classical non-Abelian monopole.
However, because of the non-linearity of the classical non-Abelian Yang–Mill–
Higgs system, this problem is rather complicated and the consistent analysis
is forced to be numerical almost everywhere. Nevertheless, some important
features of the quantum processes in a monopole field can be studied analyt-
ically.

As a first step, we consider small fluctuations of the vector and scalar
fields around the classical spherically symmetrical ’t Hooft–Polyakov solution
(5.41)

φa =
ra

er2
H(ver) + χa(xµ) , Aa

n = εamn
rm

er2
[1 −K(ver)] + aa

n(xµ) ,

Aa
0 = aa

0(xµ) . (7.4)

The problem becomes even simpler, if we consider only the fluctuations out-
side the monopole core, where the fields take asymptotic values

A = − [r̂ × T]
er

, φφφ = vr̂ . (7.5)

Here we make use of the vector-isovector notations, A, φ, to write the expres-
sions in a compact form.

The assumption of smallness of the quantum corrections is justified in
the weak coupling regime, where the gauge coupling e � 1 and the mono-
pole is definitely much heavier than all the other excitations in the spectrum.
However, the coupling constant dynamically depends on the scale of energy
and, in an asymptotically free non-Abelian model of type (5.7), the infrared
regime would correspond to a massless monopole. Very interesting informa-
tion about the effects, which take place in the strong coupling regime, has
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been obtained recently in supersymmetric theories [469], where these light
monopoles play an important role.

Now let us derive the equations for small fluctuations of the scalar and
vector fields. The first variation of the action (7.1) vanishes and then the
second variation yields the fluctuation Lagrangian

δ2S =
∫
dt

∫
d3x

[
−1

2
(Dµa

a
ν)(Dµaνa) +

1
2
(Dµχ

a)(Dµχa)

+ eεabcF
µνaab

µa
c
ν +

3e2

2
(φ2δab − φaφb)χaχb +

e2

2
(φ2δab − φaφb)aa

µa
µb

− λ
2
[
(φ2 − v2)δab + 2φaφb

]
χaχb − 2eεabc(Dµφa)ab

µχ
c

]
. (7.6)

Here we make use of integration by parts. In particular, this yields

(Dµa
a
ν)(Dνaµa) → e2(φ2δab − φaφb)χaχb + eεabcF

µνaab
µa

c
ν ,

if we assume the standard background gauge condition

Dµaa
µ − eεabcφ

bχc = 0 . (7.7)

We shall explain the physical meaning of this condition in Sect. 7.2 be-
low, when we analyse the separation of physical degrees of freedom in such
a system of interacting fields. This is a crucial step in the construction of a
consistent scheme of the Hamiltonian quantization of a non-Abelian mono-
pole.

Clearly, there is a vacuum outside the monopole core where Dµφ
a = 0.

Then, the variables describing the fluctuations of scalar and vector fields
in the background gauge are decoupled and the second variation of action
becomes diagonal (recall that the metric is given by gµν = diag(−1, 1, 1, 1)):

δ2S =
1
2

∫
dt

∫
d3x

[
aa

µ

(
D2

v

)
ab
ab

µ + χa
(
D2

s

)
ab
χb

]
=

1
2

∫
dt

∫
d3x

[
−aa

0

{
(DµD

µ)ab + v2e2(δab − r̂ar̂b)
}
ab
0

+ 2eεabca
a
mF

c
mna

b
n + aa

n

{
(DµD

µ)ab + v2e2(δab − r̂ar̂b)
}
ab

n

− χa
{
(DµD

µ)ab − 3v2e2(δab − r̂ar̂b) + 2λv2r̂ar̂b)
}
χb

]
. (7.8)

Here we introduce the covariant operator of second derivatives

(DµD
µ)ab = δab

(
−∂2

0 +
1
r2
∂

∂r

(
r2
∂

∂r

)
− L̃2 + 1

r2

)
− 2i
r2
εabcL̃

c − r
arb

r4
,

(7.9)
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and make use of the standard angular momentum operator (cf. definition
(2.11)):

L̃k = −iεkmnrm∂n .

Thus, the problem of the calculation of the spectrum of the quantum fluctu-
ations of the ’t Hooft–Polyakov monopole on the spacial asymptotic is now
reduced to the standard eigenvalue problem of radial and angular operators.

Let us identify the physical degrees of freedom. The gauge conditions
(7.7) fix only three out of the 15 degrees of freedom that are presented in the
second variation of action above. Six more degrees of freedom are eliminated
if, in accordance with the familiar Faddeev–Popov procedure, we add to the
action of the model the ghost term1

Sghost = −1
2

∫
dt

∫
d3x

[
(Dµη

a)(Dµηa) + e2(φ2δab − φaφb)ηaηb

]
. (7.10)

The nine physical degrees of freedom left correspond to the scalar and vec-
tor fields interacting with a monopole: six degrees of freedom for two mas-
sive spin-1 bosons in combinations A±

n = (1/
√

2)(a1n ± ia2n) and two degrees
of freedom that correspond to a massless photon in two polarization states
(A± = a31 ± ia32), respectively. The last remaining degree of freedom corre-
sponds to the fluctuation of the scalar field χ3 (the Higgs boson).

Now we are ready to consider the equations on eigenvalues of the operators
D2

v and D2
s . Actually, they are one-particle relativistic wave equations for a

vector and for a scalar particle that are interacting with a monopole outside
of its core. The structure of the operator of second derivatives (7.9) clearly
suggests that the spatial and temporal dependence of all such modes can be
factorized and, therefore,

am = am(r) eiωt , χ = χ(r) eiωt .

Then the equations for the quantum fluctuations on a monopole background
may be written, for a change, in vector-isovector notations as

DmDman − e2[φφφ, [φφφ,an]] − 2e[Fnk,ak] = −ω2an,

DmDmχχχ + 3e2[φφφ, [φφφ,χχχ]] + 2λφφφ(φφφ ·χχχ) = −ω2χχχ . (7.11)

These equations, which describe the vector and the scalar particles in a ’t
Hooft–Polyakov monopole background field, were considered from different
points of view in many papers (see, for example, [121,131,182,442,444,481]).
The simplest way to analyze these equations is to transfrom the variables to
the Abelian gauge φ̂ = (0, 0, v). Rewriting the second variation of the action

1 Recall that the contribution of the ghost fields to the vacuum-to-vacuum tran-
sition amplitude contains a factor -2, compared to the contribution from the
fluctuations aa

µ, χa. Thus, three ghost fields cancel six degrees of freedom.
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(7.8) in physical variables, we obtain the terms that decribe the fluctuations
of the Higgs particle and the vector bosons A±

n , respectively:

A−
n

[
(DµD

µ + e2v2)δnm − 2ieF 3
nm

]
A+

m

+ A+
n

[
(DµD

µ + e2v2)δnm + 2ieF 3
nm

]
A−

m

+ χ3
[
DµD

µ + e2v2 + 2λv2
]
χ3 . (7.12)

We thus find the equations of motion for the Higgs scalar and for the vector
bosons A±

n , respectively:

(DmDm + k2
s)χ3 = 0 ,[

(DmDm + k2
v)δkn ∓ 2ieF 3

kn

]
A±

n = 0 . (7.13)

Clearly, these equations are equivalent to the one-particle equations (7.11).
Here k2

s = ω2 +m2
s, k

2
v = ω2 +m2

v and m2
s = 2λv2,m2

v = e2v2 are masses of
the scalar and the vector particles, respectively.

As one might expect, the first of the equations (7.13) is the Klein–Gordon
equation in a monopole external field. The meaning of the other equation
becomes more transparent, if we note that the operator of unit spin is repre-
sented by a 3 × 3 matrix

(Sn)ij = iεnij , (7.14)

and the second of the equations (7.13) may be written in a form that is
standard for a massive spin-1 particle in an external magnetic field B [176]:

(DmDm + k2
v ∓ 2e(S · B))A±

n = 0 . (7.15)

Moreover, since these fields are characterized both by the vectors of spin S
and isospin T, their motion in a non-Abelian monopole external field has
a very special character [71, 213, 527]. Neither isospin nor angular momen-
tum are integrals of motion of that system. It is a total generalized angular
momentum J = L + T + S that conserved for the fluctuations around the
classical monopole.

7.1.1 Generalized Angular Momentum and the Spectrum
of Fluctuations

We start with a simple consideration of the scalar field, that is we set S = 0.
Let us recall that the ’t Hooft–Polyakov ansatz (5.41) is invariant with re-
spect to the transformations of diagonal SO(3)-subgroup, which mix together
the spatial and group rotations. In other words, a non-Abelian monopole
is spherically symmetric up to gauge transformations, which whirl up the
configuration at the usual spatial SO(3)-rotations. The generator of former
transformation is the isospin operator T. Thus, the generalized angular mo-
mentum is made up of the conventional angular momentum L̃ = −ir × ∇
and isospin:
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J = L̃ + T . (7.16)

Let us consider the situation in more detail. The covariant derivative operator
in monopole presence is given by (7.2) and, therefore, the operator of rotation
Lk = −iεkmnrmDn no longer satisfies the standard algebra of the operator
of angular momentum. Indeed, outside the monopole core we can make use
of the asymptotic (7.5), which yields

L = −i[r × D] = −i[r × (∇ − i 1
r2

[r × T]]

= L̃ − [̂r × [̂r × T]] = L̃ + T − r̂ (r̂ · T) . (7.17)

Straightforward calculation shows that

[Lm, Ln] = iεmnkLk − iεmkiεnljrkrl[Di, Dj ]
= iεmnkLk + iεmnkr̂k(r̂i · Ti) , (7.18)

and we can see that not L but rather the operator

J = L̃ + T = −i[r × D] + r̂ (r̂ · T) , (7.19)

obeys the standard commutation relations of the angular momentum

[Jm, Jn] = iεmnkJk . (7.20)

Nontriviality of this definition is that such an angular momentum includes the
isospin operator, which makes it possible to generate a “spin from isospin”
[261, 298]. Indeed, if we do not take into account a possible Grassmanian
deformation of a static monopole configuration (we do it later when we con-
sider the fermionic modes in a monopole external field), the ’t Hooft–Polyakov
monopole itself has no intrinsic moment of rotation. Although it is a localized
field configuration, its spatial rotations can be exactly compensated by the
corresponding gauge transformations. However, the relation (7.20) implies
that a (half)-integer angular momentum can be generated in a bound system
monopole-isoscalar particle.

Recall that the operator of an electric charge (5.23) far away from a
monopole core takes the asymptotic form

Q = T · r̂ = J · r̂ . (7.21)

In general, unlike J, this operator does not commute with the Hamiltonian of
a particle in a monopole external field, thus, a quantum mechanical scattering
with non-conservation of electric charge is possible. However, on the spatial
boundary, the eigenstates of the asymptotic Hamiltonian may be classified
according to the eigenvalues of Q.

The generalized operator of angular momentum obviously appears in the
angular part of the operator of second derivatives (7.9) above. Indeed, in the
adjoint representation of SU(2), we have (T a)bc = iεabc and, therefore,
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(DmDm)ab = δab

[
1
r2
∂

∂r

(
r2
∂

∂r

)
− L̃2 + 1

r2

]
− 2
r2

(T · L̃)ab −
rarb

r4

= δab

[
1
r2
∂

∂r

(
r2
∂

∂r

)
− J2 − (T · r̂)2

r2

]
. (7.22)

Then the equation for a scalar particle in a monopole field can be written as

(DmDm + k2
s)χa ≡

[
1
r2
∂

∂r

(
r2
∂

∂r

)
− J2 − (T · r̂)2

r2
+ k2

s

]
χa = 0 , (7.23)

in accordance2 with the corresponding Hamiltonian of the Abelian problem
(2.21). Clearly, the separation of the angular and radial variables in the Klein–
Gordon equation (7.23) occurs.

The correspondence between (7.23) and the equation of motion of a scalar
particle in an Abelian monopole external field is obvious, since asymptotically
the ’t Hooft–Polyakov configuration is identical, up to a local gauge transfor-
mation, to the Dirac monopole. Indeed, SU(2) transformation (3.88) rotates
the configuration from the hedgehog gauge to the Abelian gauge. Generalized
angular momentum operator J then transforms as

U−1(θ, ϕ)(L̃ + T)U(θ, ϕ) = [r × (p − eAT3)] − r̂T3

= L̃ − e [r × AT3] − r̂T3 ,
(7.24)

where A is an Abelian potential (cf. the definition of the angular momentum
operator (2.11) in Chap. 2). Furthermore, the electric charge operator in the
Abelian gauge is

U−1(θ, ϕ)QU(θ, ϕ) = T3 ,

that is, up to a gauge transformation, the operator of second derivatives
(7.9) in a non-relativistic limit coincides with the Hamiltonian of the Abelian
problem (2.21).

Now, an analysis of the spectrum of scalar excitations can be performed
analogously to the corresponding Abelian problem considered above [131,
244]. We are looking for the solutions χa(r), which are eigenfunctions of the
commuting operators J2, J3,T2, as well as the charge operator Q = T · r̂:

J2χa(r) = j(j + 1)χa(r) , J3χ
a(r) = mχa(r) ,

T2χa(r) = t(t+ 1)χa(r) , Qχa(r) = qχa(r) . (7.25)

Let us factorize the eigenfunction χa(r) into radial, angular and isospin com-
ponents, respectively:
2 Similarly, the Hamiltonian of the Abelian theory was considered by A. Goldhaber

as early as in 1965 [244]. The only difference from (7.23) there is that, instead
of the operator of isospin T, an additional term of interaction between the spin
S and an extra-momentum egr̂ is introduced.
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χa(r) = νaχ(r)Yjmq(θ, ϕ) ,

where the isovector νa is an eigenfunction of the operators T2 and Q, and the
angular dependence of isoscalar excitations is given by the generalized angular
harmonics (2.31) that we defined above [131]. Thus, the radial equation again
has a structure of a standard Coulomb problem with a “corrupted” centrifugal
potential (j(j + 1) − q2)/r2 and there is no bound state of a scalar particle
and a monopole.

The situation is different for a vector particle in a monopole background
field. The presence of the intrinsic spin S = 1 now modifies the operator of
generalized angular momentum, which is made up of three components

J = L̃ + T + S = L + S + r̂ (r̂ · T) . (7.26)

Thus, the problem is to find corresponding eigenfunctions of the operators J 2

and J3. In general, these functions, so-called monopole vector spherical har-
monics, can be constructed by making use of the standard Clebsch–Gordan
technique of addition of momenta [407]. However, there is an ambiguity, since
the composition of three vectors can be constructed on two different ways,
depending on the choice of the two vectors to be composed first. If the ortho-
normal monopole vector spherical harmonics are supposed to be eigenfunc-
tions of the operator J = L̃+T and the magnitude of the orbital momentum,
the procedure is similar to the one we used above for the construction of the
generalized spinor harmonics in Chap. 2. Moreover, since the operator J is
the generalized angular momentum of a scalar particle in a monopole exter-
nal field, and both scalar and vector fluctuations contribute to the quantum
corrections to the ’t Hooft–Polyakov monopole, this approach naturally sim-
plifies the calculations. Another way [247] is to construct the monopole vector
harmonics that are eigenfunctions of the operator T + S, but there is very
little advantage of such a choice.

Thus, separating the spin part of the wave function χs, which is supposed
to be an eigenfunction of the operators S2, S3, defined by the matrix (7.14):

S2χs = 2χs, S3χs = sχs, where s = (−1, 0, 1) ,

we can define the generalized monopole vector harmonics by [407]

Y(q)
jjm(θ, ϕ) =

∑
m,s

〈j1ms |jm〉Yjmq(θ, ϕ)χs , (7.27)

where 〈j1ms | jm〉 are the standard Clebsch–Gordan coefficients and
Yjmq(θ, ϕ) are the monopole harmonics (2.31). In the limiting case q = 0,
the functions (7.27) reduce to the ordinary vector spherical harmonics.

An alternative approach is to construct the vector monopole harmonics
by applying vector differential operators to the scalar harmonics [516]. By
definition, these vector harmonics can be introduced as eigenfunctions of the
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operator of the radial component of the spin S · r̂, which directly appears in
(7.15).

We shall not go into the details of the calculations, which are rather
involved and, on the other hand, have little difference from the construction
of the Kazama–Yang–Goldhaber generalized spinor harmonics described in
Sect. 2.6. A similar argumentation can be applied to the case of the spin-1
particle in a monopole field.

Let us consider the structure of the spectrum of a vector particle in
a monopole field. As before, we are considering the states that are eigen-
functions of the commuting operators J 2,J3,J2 and the operator of charge
Q = T · r̂, which appears in the definition (7.19) of the generalized angular
momentum J:

J 2 Y(q)
jjm = j(j + 1)Y(q)

jjm , J3 Y(q)
jjm = mY(q)

jjm ,

J2 Y(q)
jjm = j(j + 1)Y(q)

jjm , Q Y(q)
jjm = qY(q)

jjm . (7.28)

Then the total angular momentum of the vector particle takes the values
j = j ± 1 or j = j. However, if the eigenvalues of the charge operator Q are
q = 0 and g = 1/2, only states with j = j + 1 and j = j are acceptable. If
g ≥ 1, a minimal possible value of the total angular momentum is j = q− 1.
Thus, the structure of states according to the algebra of angular momenta
is [407,516]:

• j = q − 1 ≥ 0: a multiplet with j = j + 1;
• j = q = 0: a spherically symmetrical trivial multiplet with j = 1;
• j = q > 0: two multiplets with j = j + 1 and j = j, respectively;
• j > q: three multiplets with j = j + 1, j = j and j = j− 1, respectively.

Note that there is a spherically symmetric state j = 0 besides the trivial
one (q = 0), the excitation of the first type with q = 1 [138, 251]. Such a
mode may be interpreted as a charged vector boson, thus it is a fluctuation
that does not break down the initial symmetry of the monopole background
configuration. Moreover, the charge quantization condition then makes it pos-
sible to preserve the spherical symmetry only if the topological charge of the
monopole is unity. This is exactly the argumentation that was applied to
prove the instability of the spherically symmetrical monopole with a topo-
logical charge n > 1 [138]. A very detailed investigation of the problem of
stability of the ’t Hooft–Polyakov monopole was given in [84].

As was pointed out by different authors (see, e.g., [138, 184, 251, 481]),
for the states with j = q − 1, the centrifugal potential becomes attractive
and there is a bound state of a monopole and a charged vector boson in the
spectrum. the simplest way to see it is to consider (7.15), which by analogy
with (7.23) can be written as[

1
r2
∂

∂r

(
r2
∂

∂r

)
− J2 − (T · r̂)2 ± 2(S · r̂)

r2
+ k2

v

]
A±

n = 0 . (7.29)
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Here we substitute the explicit form of the Coulomb magnetic field B =
gr̂/r2 and use the charge quantization condition for a ’t Hooft–Polyakov
monopole with unit topological charge. Separating the variables, we obtain
the centrifugal potential of the radial equation

V ±
centr = −q

2 ∓ 2s− j(j + 1)
r2

.

For vector bosons A±
n , we have q2 = 1, and if we consider a spherically

symmetric state j = 0, with third components of spin s = ∓1, respectively,
the angular momentum is j = 1. Certainly, for such a state the potential
is attractive: Vcentr = −1/r2. As we shall see, this effect leads to serious
consequences, because, from the point of view of quantum field theory, these
fluctuations of the charged vector field on a monopole background actually
correspond to the generation of the quantized electric charge of the monopole.
In other words, they transform a monopole into a dyon with an electric charge
q. Then there is a gap in the spectrum and the mass of such a quantum dyon
differs from the mass of a monopole on the mass of a vector boson mv.

7.1.2 Quantum Correction to the Mass of a Monopole

Returning to the system of (7.11), which describes the system of an interact-
ing scalar (or vector) particle and a monopole, we sketched the method how it
can be solved above, at least outside of the monopole core. In order to do this,
we must separate the angular, isotopic and radial parts of the corresponding
wavefuctions and then solve the remaining radial equation. Then, making
use of the solutions we can apply the standard technology to construct the
explicit form of the propagators of scalar and vector fields on a monopole
background [443] and estimate the quantum corrections to monopole by qua-
siclassical methods [312, 313, 543]. A disadvantage of this procedure is the
very cumbersome structure of the solutions even far away from the mono-
pole. However, in some limiting cases, the results become rather transparent.
As an example of such calculation, we estimate here a quantum correction to
the mass of a non-Abelian monopole.

Let us recall that a standard approach to the calculation of a quantum
correction to the mass of a topologically non-trivial field configuration is
to apply the quasiclassical expansion about the solution of the classical field
equation (see, for example, [25] and references therein). Since we already have
written the second variation of the action of the ’t Hooft–Polyakov monopole
(7.8), and have proved that outside of the monopole core it is decomposed
into two diagonal matrix operators, which describe independent fluctuations
of scalar and vector fields, respectively, we can try to evaluate the functional
determinant by “brute force”. However, this is a rather non-trivial problem,
even in such a simplified case, where we neglect the internal structure of the
non-Abelian monopole. Further simplification comes if we move toward the
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Bogomol’nyi limit, that is if we suppose that the vector particle mv is much
heavier than the scalar particle ms. In this approximation, the fluctuations of
the vector field are frozen out and the quantum correction to the monopole
mass can be estimated by calculation of the scalar functional determinant
only [312].

Indeed, there are rather compact expressions for propagators of the fields
on the monopole background in the Bogomol’nyi limit [66,67,391,443]. Again,
the underlying reason for this simplification is the relation between the Bo-
gomol’nyi equations and the reduced Yang–Mills self-duality equations; for
the self-dual theory the contribution, which comes to the partition function
of a Yang–Mills field from a vector field, as well as from a spinor field, can be
expressed via a functional determinant of the scalar field alone, and therefore,
this determinant is a primary quantity that completely defines the quantum
corrections [146].

A very detailed calculation of the scalar determinant in the BPS monopole
background field, taking into account the finite temperature effects, was given
in the paper [543]. We shall not discuss these calculations here, because in
order to illustrate the effect caused by quantum fluctuations of the scalar field,
it is enough to restrict our consideration to the limiting casems � mv. Then,

the scalar field φa =
ra

er2
H(mvr) rather slowly approaches its asymptotic

value (5.65)3

φa → mv

e
r̂a − ra

er2
+O(e−mvr) , (7.30)

which is very close to the Bogomol’nyi limit, but still differs from it [313]. In
other words, we are considering a very special configuration of the ’t Hooft–
Polyakov monopole type, where the vector field almost takes its asymptotic
value on a very short distance from the origin, while the shape function of the
scalar field of the monopoleH(mvr) is very slowly approaching its asymptotic
value, see Fig. 7.1.

The reason for making use of such a very rough approximation is that in
this case, the one-loop correction to the monopole functional integral reduces
to the well-known effective potential of the scalar field [170]

Veff (φ) = V (φ) +
1
2

ln det(−∂2
µ +m2

s) +
3
2

ln det(−∂2
µ +m2

v)

=
3

32π2

[(
4π2

3
m2

s

e2m2
v

− 3
2

)
(e2φ2 −m2

v)2 + e4φ4 ln
e2φ2

m2
v

−m2
v(e2φ2 −m2

v)
]
, (7.31)

3 Because here and hereinafter we discuss the quantum effects, it would be con-
venient to write all the relations by making use of the characteristic scales,
which are the masses ms and mv. Then, the dimensionless variable becomes
ξ = ver = mvr, where e is the gauge coupling.
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Fig. 7.1. The monopole profile functions near the Bogomol’nyi limit, ms � mv

where |φa| = φ and the classical potential of the scalar field V (φ) is given
by (5.11). Here, we take the renormalization point in such a way that the
following conditions are satisfied:

V ′
eff (mv/e) = 0, V ′′

eff (mv/e) = m2
s . (7.32)

The vacuum value of the scalar field as before corresponds to φvac = mv/e.
Now we can write the energy functional in the form similar to its classical

counterpart (5.57), but trading the potential of the scalar field for the effective
potential (7.31):

E[H(mvr)] =
∫
d3xBa

nDnφ
a +

1
2

∫
d3x (Ba

n −Dnφ
a)2 + Veff (φ)

≈ 4πmv

e2
+

1
2

∫
d3x

(
1
er2

− ∂

∂r

(
H(mvr)
er

))2

+ Veff [H(mvr)] . (7.33)

The expansion of the effective potential into functional series in powers of
deviation of the scalar field from its asymptotic vacuum value φvac = mv/e,
that is, in powers of difference 1

e (H/r −mv) yields:
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E[H(mvr)] ≈
4πmv

e2
+

4π
e2

∫
dr r2

[
1
2

(
1
r2

− ∂

∂r

(
H(mvr)
r

))2

+
m2

s

2

(
H

r
−mv

)2

+
1
6e
V ′′′

eff

(mv

e

)(H
r

−mv

)3]
+O(mv) ,

(7.34)

where we take into account the renormalization conditions (7.32) and separate
the third functional derivative of the effective potential (7.31), which is

V ′′′
eff (mv/e) =

3em2
s

mv
+

3e3mv

8π2
. (7.35)

Clearly, the first term in the expression (7.34) corresponds to the classical
mass of a monopole in the Bogomol’nyi limit, while the quantum corrections
are given by all the other terms. In order to evaluate these corrections, let us
substitute into (7.34) the asymptotic form of the shape function of the scalar
field H(mvr) � mvr − 1 in agreement with expression (7.30) above. Then,
the first term in the integrand in (7.34) vanishes, as we could expect, as we
approach the Bogomol’nyi limit.

Let us recall that all the estimations above can be justified only if we
restrict our consideration to the very tail of the monopole field, that is we
are at large distances from the monopole core and r � m−1

v . Therefore, the
lower integration limit in (7.34) must be restricted by the value m−1

v . Then,
the second term in the integrand, which is proportional to m2

s, yields

2π
e2

1/ms∫
1/mv

drm2
s ≈ 2π

e
ms . (7.36)

This is obviously the contribution to the monopole mass that originates from
the scalar field with a small, but still non-zero mass ms. In our consideration,
this corresponds to a tiny difference between the masses of the ’t Hooft–
Polyakov monopole and the BPS monopole, respectively. Thus, it is not the
quantum correction we are looking for.

Now we can consider the contribution of the third derivative of the effec-
tive potential (7.35), which also appears in the integrand in (7.34). The first
term in V ′′′

eff is clearly proportional tom2
s as well, and, therefore, it will be ab-

sorbed into the physical mass of the scalar particle after the renormalization
procedure. Thus, only the last term in (7.35) yields the quantum correction
to the monopole mass [313]:

∆M = −mv

4π

1/ms∫
1/mv

dr

r
= −mv

2π
ln
m2

v

m2
s

. (7.37)
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We already mentioned above that we could come to the same conclusion also
by straightforward evaluation of the functional determinant of the scalar field
(for further details of such rather involved calculations see [312]).

To conclude this section, let us briefly comment on two features of the
quantum correction (7.37) to the ’t Hooft–Polyakov monopole mass above.
First, it is obvious that it results in a decrease of the monopole classical
mass, that is the quantum corrections inflate the monopole a bit. Note that,
although our approximation was very rough, it still provides some informa-
tion about the effect caused by the quantum corrections in a more consistent
consideration. For example, here we do not even take into account the renor-
malization of the gauge coupling constant e. However, it is known that the
Georgi–Glashow model is an asymptotically free theory. Therefore, the cor-
responding β-function describes the increase of the gauge coupling in the
low-energy limit and the classical expression for the monopole mass (5.42)
is justified for a weak coupling regime only. As we start to approach the
non-perturbative low-energy scale of energy, the monopole mass begins to
decrease. Thus, we can expect massless monopoles at the scale of the Landau
pole, where the coupling constant blows up. We shall see how this mechanism
works in the supersymmetric theory.

Second, note that the expression (7.37) is logarithmically divergent in the
limitms = 0, which is due to the long-range character of the scalar field there.
Certainly, this singularity is of the same nature as the well-known infrared
singularity of the Abelian electrodynamics. The analysis of such divergences
and their treatment is far beyond the scope of our review. Let us note only
that the one-loop correction to the BPS monopole at the final temperature
is finite [543].

7.2 Non-Abelian Monopole: Quasiclassical Quantization

7.2.1 Collective Coordinates and Constraints

The standard scheme of quasiclassical quantization around topologically non-
trivial field configurations is related to the Hamiltonian formulation of the
theory that was modified to this aim in the papers [149, 166, 212, 236, 281,
350, 410, 499, 525]. Let us consider how this formalism works in the case of
the non-Abelian monopole. A starting point here is the expression for the
monopole energy (5.16), which can be written as

E =
1
2

∫
d3x

{
Ea

nE
a
n +Ba

nB
a
n + (D0φ

a)(D0φ
a) + (Dnφ

a)(Dnφ
a)
}

+ V (φ) .
(7.38)

In order to construct the canonical Hamiltonian of this configuration, we have
to rewrite this expression via canonical momenta conjugated to the dynamical
variables Aa

µ and φa:
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πa =
∂L

∂φ̇a
= D0φ

a, πa
n =

∂L

∂Ȧa
n

= Ea
n . (7.39)

Recall that the gauge model under consideration is singular and its treat-
ment is a classical example of the quantization of a system with constraints
[202]. The singularity of the model means that the Lagrangian (7.1) does
not depend on the time derivative Ȧa

0 and the primary constraint must be
imposed on the corresponding momenta: G1 = πa

0 = 0. The variable that is
canonically conjugated to Aa

0 is λ = ∂0Aa
0 . Thus, the density of the Hamilton

function takes the following form

H = πa
nȦ

a
n + πaφ̇a − L (7.40)

=
1
2

(
πa

nπ
a
n + πaπa +Ba

nB
a
n + (Dnφ

a)(Dnφ
a)
)

+ πa
n(DnA

a
0) − eεabcπ

aAb
0φ

c + λπa
0 + V (φ) .

Furthermore, the variation of the action with respect to the variable Aa
0 yields

not an equation of motion, but a secondary constraint, which then must be
imposed on the physical states of quantized theory (the Gauss law):

G2 = DnE
a
n + eεabcφ

bD0φ
c = 0 . (7.41)

Hence, the Hamiltonian of the system may be written as

H =
1
2

∫
d3x

{
πa

nπ
a
n + πaπa +Ba

nB
a
n + (Dnφ

a)(Dnφ
a)
}

+ V (φ) . (7.42)

In the following, it will be convenient to fix the Hamiltonian (or temporal)
gauge Aa

0 = 0, since then we may make use of the canonical equal time
commutators.

Recall that even if we fix such a gauge, some degrees of freedom still
remain, since the fields are defined up to the gauge transformations

An → U(r)AnU
−1(r) + iU(r)∂nU

−1(r) , φ→ U(r)φU−1(r) , (7.43)

with the time-independent matrix of the transformation U(r) = eiw(r) ≈
1 + iw(r). We will use both the local and the infinitesimal form of it.

Now we can apply the procedure of canonical quantization. A standard
formalism of the quasiclassical quantization is connected with the expansion
(7.4) of the quantum fields of a monopole (Aa

n+aa
n, φ

a+χa) about the classical
configuration (Aa

n, φ
a). The latter is given by the ’t Hooft–Polyakov ansatz

(5.41). However, as we already mentioned in Sect. 6.5.1, a peculiarity of the
situation is that there are four normalizable zero modes in the spectrum of
quantum fluctuations around a monopole of unit topological charge. We shall
denote these modes as ζa

µ
(α) ≡ (ζa

µ
(0), ζa

µ
(l)), where the index α labels the col-

lective coordinates Xα ≡ (X(t), Υ (t)) that parameterize the four-dimensional
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moduli space M1 = R
3×S1 of a single monopole. The compact abbreviation

ζa
µ composes zero modes of scalar and vector fields, where µ is the Lorentz

index of each mode.
The origination of three translation zero modes ζa

µ
(l) = (χa(l), aa

n
(l)) is

quite clear. They are defined according to (6.133) as special solutions of the
equations (7.11) with zero eigenvalues ω(l) = 0. Thus, they appear because a
localized monopole configuration breaks down the initial translation invari-
ance of the Georgi–Glashow model. Translations of a monopole in any three
directions of Euclidean space R

3 restore this symmetry on a quantum level.
Indeed, the configuartion will be displaced on a distance X, if we act on a
monopole by the operator of translation Utr(X) = exp{−X · ∇}:

Utr(X)An
a(r) = An

a(r − X(t)) , Utr(X)φa(r) = φa(r − X(t)) . (7.44)

Clearly this operator commutes with the Hamiltonian of the system.
In Sect. 5.2.1 we also considered the fourth zero mode ζa

µ
(0), which is

related to time-dependent gauge transformations of the ’t Hooft–Polyakov
monopole configuration. Recall that this gauge mode is a cyclic variable. Ex-
citation of such a mode leads to the generation of an electric charge of a mono-
pole (cf. discussion on p. 163). Indeed, the classical solution (5.41) is invariant
with respect to the time-dependent transformations Ug(Υ ) = exp{Υ (t)φ(r)}.
The particular choice Υ = 0, which clearly corresponds to the purely mono-
pole configuration with zero electric charge, breaks this invariance in the same
manner as the translation symmetry became broken by a monopole localized
in R

3.
As is well-known, the presence of zero modes in the spectrum leads to

some trouble with the calculation of the functional determinant. If we to
naively consider these modes on an equal footing with all other fluctuations,
the functional integration over them would result in a meaningless infin-
ity4. These modes need a special treatment, that is, we must separate the
corresponding collective coordinates from all normal oscillations of the fields
around some classical background. Then, in order to discard these zero modes
completely, we must impose the orthogonality condition between them and
all other fluctuations.

Thus, we should restrict the integration domain in the functional space by
some subspace orthogonal to ζa

µ. The situation looks similar to that of the case
of the gauge fields quantization, where infinity appears from the functional
integration over gauge equivalent configurations. There the Faddeev–Popov
procedure is used to separate the integration over the group volume and

4 However, the trouble caused by zero modes does not, in fact, affect the approx-
imate evaluation of the quantum correction to the monopole mass above, if we
suppose that zero modes are completely decoupled from other parts of the spec-
trum, the normal vector and scalar modes. In other words, we have to neglect
the effects of bremsstrahlung of scalar and vector fields, and radiative friction of
the monopole.
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pull it out from the functional integral. Therefore, taking this analogue into
account, we can say that to exclude the zero modes from the path integral,
it is necessary to extract the integration over the collective coordinates in
R

3 × S1 explicitly.
Specific to the quasiclassical quantuzation of ’t Hooft–Polyakov monopole

is that we are dealing with gauge theory, that is the constraints of two different
types must be imposed together and both the Faddeev–Popov procedure and
the separation of the zero modes must be implemented. Doing that, we must
fix some special gauge keeping zero mode to be orthogonal to the gauge
transformation. The background gauge (7.7) exactly satisfies this condition.

Let us make use of the freedom that we still have in our choice of the gauge.
The quantum dynamical variables now are the fluctuations of the monopole
field (aa

n(r, t), χa(r, t)) and the conjugated canonical momenta (Πa,Πa
n). As

before, the Lagrangian describing these quantum fluctuations is singular and
we impose the first-order constraint

G1 = Πa
0 = 0 . (7.45)

Again, we can fix the Hamiltonian gauge for the fluctuations: aa
0 = 0. The

Gauss law, therefore, is the secondary constraint, which we shall impose on
the quantum canonical momenta

Ẽa
n ≈ Ea

n +D0a
a
n , D0φ̃

a ≈ D0φ
a +D0χ

a . (7.46)

If, in addition, we still want the same Gauss law (7.41) to hold for the classical
variables En

a, D0φ
a, the straightforward substitution of the expansion (7.46)

into (7.41) yields the condition of the background gauge (7.7) already familiar
to us:

G2 = Dna
a
n − eεabcφ

bχc = 0 .

Clearly, this secondary constraint can be also derived from the canonical
equations of motion.

Note that the compact four-dimensional notations that we used to label
zero modes of scalar and gauge fields are also useful to compose the corre-
sponding canonical momenta in an abbreviated multiplet

Πa
µ = (Πa,Πa

n) . (7.47)

Then, the Gauss law and the background gauge conditions (7.7) take very
simple forms

DµΠ
a
µ = 0 , Dµa

a
µ = 0 . (7.48)

Here we actually make use of the Julia–Zee correspondence φa � Aa
0 . Indeed,

since the Hamiltonian gauge is imposed, the fluctuations of the scalar and
vector fields can be composed into the four-component field aa

µ = (χa, aa
n), as

well as the fields: Aa
µ = (φa, Aa

n). This notation will be used in the following.
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7.2.2 Quantum Mechanics on the Moduli Space

We have mentioned already that a standard treatment of the zero modes is
to extract the integration over corresponding collective coordinates from the
functional integral and then to impose the condition of orthogonality between
these modes and all other fluctuations as a constraint. For the moment, let
us ignore the presence of the gauge zero mode, that is we first consider how
to treat the translational zero modes.

The collective coordinates describing the displacements of a monopole are
X(t) and the expansion (7.4) can be written in the form

Ãa
µ = Aa

µ(r − X(t)) + aa
µ(t, r) . (7.49)

Since the set of orthonormal eigenfunctions of the operator of second deriva-
tives (7.9) forms a complete basis, an arbitrary quantum fluctuations aa

µ(t, r)
can be expanded in a series

aa
µ(t, r) =

∞∑
i=1

Ci(t)aa
µi(r) . (7.50)

Note that the shift of radial variable r → r−X(t) excludes the contribu-
tion of the translational zero mode

ζa
µ

(l) = C0(t)aa
µ
(l)(r) = C0(t)

(
χa(l)

aa
n

(l)

)
, (7.51)

from the sum (7.50). Separating also the integration over the remaining gauge
zero mode, and substituting the decomposition (7.50) back into the functional
of the second variation of action (7.8), yields a structure that is identical to
the action of an infinite set of weakly coupled harmonic oscillators. Hence,
the problem is reduced to the calculation of the functional integral over these
normal modes, which can easily be evaluated according to the usual formal-
ism.

Thus the problem is to evaluate the integral over the collective coordi-
nates X(t), which are defined implicitly. The standard trick is to change the
variable of integration to be the coefficient of the expansion C0, rather than
X(t). However, the corresponding Jacobian is unknown and it is generally
a very complicated mathematical problem to calculate it. The procedure of
separation of the translation zero modes becomes much easier, if we consider
the functional integral over the entire phase space, that is, we have to in-
tegrate over both dynamical variables and canonical momenta. In this case,
the Hamiltonian should be expressed in terms of collective coordinates X(t),
canonically conjugated vector of momentum P(t) and all the residual phase
space variables.

According to definition of the canonical momentum, the vector P(t) must
satisfy the commutation relation
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[Utr,P] = −iUtr · ∇ . (7.52)

The physical meaning of this variable is clear: the canonical momentum P(t)
corresponds to the motion of the monopole center of mass. In other words,
it describes the motion of a monopole as a point-like particle of mass M . We
can see this immediately, if we recall that the translational zero modes arise
as a result of the infinitesimal displacement of a monopole:

Aa
n → Aa

n + (∂lA
a
n)X l , φa → φa + (∂lφ

a)X l .

However, it would be a misleading conclusion, if we were to identify the
monopole translational zero modes with these simple displacements, since
they do not satisfy the gauge condition (7.7). The proper thing to do is to
complement such a pure translation in R

3 with a gauge transformation with
a special choice of the parameter, which is the classical gauge potential Aa

n

itself:

aa
n

(l) = ∂lA
a
n −DnA

a
l = F a

ln ,

χa(l) = ∂lφ̃
a − eεabcA

b
lφ

c = Dlφ
a .

(7.53)

We can check that, defined in such a way, translational zero modes ζa
(l) =

(aa
n

(l), χa(l)) satisfy the gauge condition (7.7).
Note that these modes are orthogonal and normalizable. Moreover, the

corresponding normalization factor is directly related to the monopole mass
m. Indeed, a straightforward calculation gives the result5 [314,410]

N(k)(l) =
∫
d3xζa

µ
(k)ζa

µ
(l) =

∫
d3x
(
aa

n
(k)aa

n
(l) + χa(k)χa(l)

)
=
∫
d3x (F a

knF
a
ln +Dkφ

aDlφ
a) =Mδkl . (7.54)

We can now separate the contribution of the translational zero modes and
write the time derivative of the monopole field as6

∂0A
a
µ ≈ Ẋ l(t) ζa

(l) . (7.55)

Therefore the Lagrangian of the system includes the kinetic term

5 Hereafter, we consider the BPS monopole. Recall also that there is no summation
over the indices (l).

6 This approximation can be justified, if the monopole of classical mass M is much
heavier than the excitations around it. As we mentioned above, in this case, the
normal oscillation modes are decoupled, that is, we neglect the effects of radiative
friction and bremsstrahlung.
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LX =
1
2

∫
d3x (Ea

nE
a
n +D0φ

aD0φ
a)

=
ẊkẊl

2

∫
d3x
(
aa

n
(k)aa

n
(l) + χa(k)χa(l)

)
=
MẊ2

l

2
. (7.56)

The canonical momentum, which is conjugated to the collective coordinates
X(t), is, therefore

P =
δLX

δẊ
=MẊ , (7.57)

and we obtain the Hamiltonian of the translational zero modes

HX =
P2

2M
, (7.58)

which obviously describes a free moving classical particle of mass M .
Since the complete set of the eigenfunctions of the operator of second

derivatives includes one more gauge zero mode ζa
µ

(0), we cannot just for-
get about it. By analogy with translational zero modes, we must separate
the integration over the corresponding cyclic collective coordinate Υ and its
conjugated momentum.

Recall7 that this normalizable zero mode is defined as

ζa
µ

(0) =

(
∂0A

a
n

∂0φ
a

)
=

(
−Dnω

eεabcφ
bωc

)
, (7.59)

where ωa(r) is a parameter of the time-dependent gauge transformation
Ug(Υ ) (5.84). As we have seen in Chap. 5, such a transformation induces an
electric charge of the field configuration, which is proportional to the velocity
of collective motion along cyclic collective coordinate Υ , that is, Q = gΥ̇ . The
boundary conditions on the spatial asymptotic then allows us to define

ωa(r) =
Q

g
φa .

Straightforward calculation of the normalization factor by analogy with (7.54)
now yields

N(0)(0) =
∫
d3x ζa

µ
(0)ζa

µ
(0) =

∫
d3x
{
(∂0Aa

n)2 + (∂0φa)2
}

=
∫
d3x(Dnω

a)2 =
Q2

g2

∫
d3x(Dnφ

a)2 =M
Q2

g2
. (7.60)

Once again, separating the contribution of this mode, we arrive at the already
known kinetic term (5.86) of the Lagrangian of collective motion along the
cyclic collective coordinate, which supplements the term (7.56):

7 cf. the discussion in Sect. 5.2.1.
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LΥ =
1
2

∫
d3xΠa

nΠ
a
n =

Υ̇ 2

2

∫
d3x (Dnφ)

2 =
MΥ̇ 2

2
=
MQ2

2g2
. (7.61)

Then the canonical momentum P0, which is conjugated to the collective co-
ordinate Υ (t) is

P0 =
δLΥ

δΥ̇
=MΥ̇ =

M

g
Q = vQ , (7.62)

and the corresponding Hamiltonian describes the free motion of a classical
particle of mass M along the cyclic coordinate Υ :

HΥ =
P0

2

2M
. (7.63)

The physical meaning of such a motion can be clarified, if we note that the
contribution of the gauge zero mode to the kinetic energy can be represented
as LΥ = IΥ̇ 2/2, where the monopole mass M set into correspondence with
the moment of inertia I of a “quasi rigid body”.

Both the zero modes, which we described above, and all normal oscil-
lations are supposed to be perturbative fluctuations around a classical field
configuration. The separation of the contribution of zero modes into the total
energy functional yields

E = M +
P 2

0

2M
+

P2

2M
=M

(
1 +

M2Ẋ2 + v2Q2

2M

)
≈
√
M2 + P2 + v2Q2 . (7.64)

Here, the electric charge of a dyon is considered as a fourth component of the
generalized four-momentum of collective coordinates Pα.

Although we discuss the spectrum of quantum fluctuations of the fields
around a monopole, the Hamiltonian of collective coordinates (7.64) has a
classical form. Thus, we can establish a correspondence between the for-
malism of quantization in terms of one-particle excitations and a classical
motion over the moduli space M1. Clearly, the next step is to quantize the
Hamiltonian of collective coordinates, which would correspond to the second
quantization of the original theory [238, 370]. In this picture, the quantum
mechanical wave function Ψ(X, Υ ) corresponds to the wave functional of the
quantum field theory.

Quantum mechanics on the moduli space can be constructed by a stan-
dard procedure of replacing the collective coordinates X, Υ and momenta
P, P0 with corresponding quantum mechanical operators. Here it would be
convenient to define these operators as

P → −i ∂
∂X
, P0 → −imv

2π
∂

∂Υ
,
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wheremv = ve is a mass of the vector particle. Then the quantum mechanical
Hamiltonian operator on the moduli space is8:

H = − 1
2M

(
∂2

∂X2
+
m2

v

4π2

∂2

∂Υ 2

)
. (7.65)

Such a structure of the Hamiltonian operator implies that its eigenfunctions
can be factorized as Ψ(X, Υ ) = Ψ(X)Ψ(Υ ). We can easily see that the eigen-
values of the operator P are components of momentum in R

3. Also, the cor-
responding component of the factorized wave function is just a plane wave
Ψ(X) = eiP·X. However, the situation with eigenfunctions of the operator
P0, which describes a periodic motion along a circle S1 parameterized by
a coordinate Υ , is a little bit more subtle. Of course, we may write it as
Ψ(Υ ) = e2πinΥ , where n is an integer. Then, making use of the charge quan-
tization condition which, since a minimal electric charge in the SU(2) theory
is q0 = e/2, now takes the form 4πn = eg, we can write

P0Ψ(Υ ) = −imv

2π
∂

∂Υ
e2πinΥ = mvnΨ(Υ ) =

e2

4π
MΨ(Υ ) . (7.66)

Now observe that this operator of momentum P0 is proportional to the op-
erator of the electric charge of a dyon that has the eigenvalues q = ne:

Q =
1
v
P0, QΨ(Υ ) = −i e

2π
∂

∂Υ
e2πinΥ = neΨ(Υ ) , (7.67)

which is, of course, not a coincidence. Thus, the eigenvalues of the operators
P0 and Q are as before related by the relation (7.62), but the electric charge
of a dyon is no longer an arbitrary parameter. According to (7.67), by second
quantization it is promoted to be quantizible in the units of the vector boson
charge.

Let us note that the eigenvalues of the operator of the kinetic energy of
internal rotation, associated with gauge zero mode, are given by

Erot =
P 2

0

2M
=
v2e2n2

2M
=
ve3

8π
n2 . (7.68)

Hence, the energy of the dyon excitation is quantized and the non-relativistic
correction to the energy of the classical ground state is ∆M = mve

2/(8π).
Taking into account that the relativistic correction is given by the relation
(7.64), we can conclude that the energy of the first excited state is different
from the classical monopole mass on vQ = ve = mv.

Thus, the excitation of the cyclic gauge collective coordinate associated
with the quantizable electric charge of a dyon can be interpreted as the for-
mation of a bound system monopole-charged vector boson. Indeed, in the
8 Note that an obvious reparameterization makes it identical to the Laplacian on

the space M1 [238,370,373]
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previous section, we have seen that there is such a spherically symmetric
bound state in the spectrum of charged vector bosons coupled with a mono-
pole of unit topological charge (cf. the discussion on page 250).

In the secondary quantized theory, we have to consider not only one-
particle excitations of that type, but all possible processes of creation and
annihilation of different particles and interaction between them. Usually, the
computation of the amplitudes of these processes is rather involved. However,
if we restrict our consideration to the transitions between dyonic excitations
within the same topological sector of the model, the quantum field theory may
be truncated to the quantum mechanics on the moduli space, and then the
corresponding amplitudes may be evaluated by making use of simple quantum
mechanical description. The moduli space approach becomes tailor-made to
describe these processes. For example, the effect of radiation at the scattering
of two monopoles was considered in the papers [296,372].

To complete our discussion, let us recall that the Lagrangian of the
Georgi–Glashow model can be modified by including the θ-term, which also
changes the electric charge of a dyon in accordance with Witten formula
(5.110), which in our case becomes

Q = en+
eθ

2π
m , (7.69)

where n,m are integers. Clearly, the first term here still arises as the contri-
bution of a one-particle boson excitation coupled with a monopole. As for the
second term, it also admits a similar interpretation in quantum field theory,
if we extend the Georgi–Glashow model by incorporation of the spinor fields
coupled with a non-Abelian monopole. Then the shift of the electric charge
of a dyon given by (7.69) is caused by the contribution of the fermionic zero
modes on the monopole background, which appears in accordance with the
index theorem. We shall discuss this very interesting effect in Chap. 10.

7.2.3 Evaluation of the Generating Functional

Let us return to the evaluation of the generating functional for the Green
functions on a monopole background. Note that when we extract from the
functional integral the explicit integration over four collective coordinates
and corresponding canonically conjugated momenta, the total number of dy-
namical variables does increase. If we wish our formulation to be equal to the
initial model, we have to impose some additional constraints to compliment
the conditions G1 (7.45) and G2 (7.41). Therefore, extracting the integration
over the collective coordinates from the functional integral, we must impose
the orthogonality condition between the zero modes and all other normal
oscillatatory modes:

F
(α)
1 =

∫
d3x aa

µζ
a
µ

(α) ≡
{∫

d3x [χa(∂0φa) + aa
n(∂0Aa

n)]∫
d3x [χaχa(l) + aa

na
a
n

(l)]
= 0 .
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Moreover, since we are integrating over the entire configuration space of vari-
ables (p, q), we must also redefine the canonical momenta in such a way that
they will be orthogonal to the momenta of zero modes. For this purpose, we
write [410]

Πa
µ = Πa

µ⊥ + PαN
−1
αβ ζ

a
µ

(β) , (7.70)

where we compose the normalization factors Nkl (7.54) and N(0)(0) (7.60)
into the normalization matrix

Nα,β =
∫
d3xζa

µ
(α)ζa

µ
(β) =

(
N(0)(0) 0

0 N(k)(l)

)
. (7.71)

Here the orthogonality condition holds:

F
(α)
2 =

∫
d3xΠa

µ⊥ζ
a
µ

(α) ≡

⎧⎨⎩
∫
d3x [Πa

⊥(∂0φa) +Πa
n⊥(∂0Aa

n)]∫
d3x

[
Πa

⊥χ
a(l) +Πa

n⊥a
a
n

(l)
] = 0 . (7.72)

According to the classification by Dirac [202], the constraints Fi, i = 1, 2
are primary constraints, since in quantum theory all dynamical variables,
including collective coordinates Xα and the momenta conjugated to them,
obey the canonical equal time commutation relations

[Πa
µ(r, t), ab

ν(r′, t)] = −iδabδµνδ(r − r′), [Pα, Xβ ] = −iδαβ ,

[Πa
µ(r, t),Πb

ν(r′, t)] = [aa
µ(r, t), ab

ν(r′, t)] = 0 . (7.73)

Then it is easy to check that the relations holds

[Fi, Fj ] = 0; [Heff , Fi] = 0 , (7.74)

where Heff (Π, a, P,X) is the Hamiltonian operator that we redefined by
separating the collective coordinates. The canonical commutation relations
for the orthogonal momenta Πa

µ⊥ that we defined above take the form [410]

[Πa
µ⊥(r, t), ab

ν(r′, t)] = −iδabδµνδ(r − r′) + ζa
µ

(α)N−1
αβ ζ

b
ν

(β)
, (7.75)

where the operator ζa
µ

(α)N−1
αβ ζ

b
ν
(β) is a projector onto the space of collective

coordinates.
Hence, in order to write the generating functional of our system,

by analogy with the Faddeev–Popov procedure we apply a similar trick
[166,236,410,499]:

Z =
∫

DaDΠDXDP
2∏

i=1

δ[Fi]
2∏

j=1

δ[Gj ] det{Fi, Gj}

× exp
{
i

∫
dt(PẊ + P0Υ̇ ) +

∫
d3xdt [Πa

µȧ
a
µ −H(a,Π,X)]

}
,
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where we suppose that the constraints are taken in such a way that the
determinant of the extended matrix of Poisson brackets det{Fi, Gj} is not
singular.

We may simplify the form of the effective Hamiltonian, if we take into
account some physical arguments. Indeed, separation of the zero modes in
(7.70) actually means that the term of interaction between these modes and
all other normal oscillations is suppressed by the factor N−1 ∼ 1/M . There-
fore, the canonical momenta P(α) that is conjugated to the collective coor-
dinates of a monopole X(α), can be represented as an expansion about the
space of collective coordinates with a metric Nαβ , the moduli space:

P(α) → P̃α = Pβ(1 −N−1O)βα . (7.76)

Here we make use of the auxiliary matrix

Oαβ =
∫
d3x

∂ζa
µ

(β)

∂X(α)
aa

µ , (7.77)

which describes the interaction between the zero modes and all other excita-
tions.

As the next step, let us go to the reference frame moving with a mono-
pole. Then the argument of the quantum fluctuations is shifted as aa

µ(t, r) →
aa

µ(t, r−X). Substitution of the expansion (7.49) into expression (7.42) yields
the following form of the effective Hamiltonian [410,499]:

H = Hcl +HX +Hq . (7.78)

Here Hcl corresponds to the classical component (7.42) of the Hamiltonian
operator, thus its eigenvalue is simply the monopole mass M . The second
term in (7.78) is the Hamiltonian of the collective coordinates

HX =
1
2
P̃α(1 −N−1O)−1

αβN
−1
βγ (1 −N−1O)−1

γδ P̃δ . (7.79)

Clearly, if the zero modes are completely separated from all other massive
fluctuations, the low-energy dynamics of a monopole lies entirely within the
moduli space. In such a case, the monopole motion is described by the Hamil-
tonian

HX ≈ 1
2
P̃αN

−1
αβ P̃β , (7.80)

in agreement with (7.64). This delightfully simple form of the Hamiltonian
actually tells us that the low-energy monopole dynamics is completely defined
by some metric on the moduli space (cf. the discussion in Sect. 6.3.3).

The last term in (7.78) is due to the contribution of the quantum fluctu-
ations

Hq =
1
2

∫
d3x
(
Πa

µ⊥Π
a
µ⊥ + aa

µDab
µνa

b
ν

)
, (7.81)
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where the explicit form of the matrix of the second variation of the action
Dab

µν is given by (7.8).
Note that the effective Hamiltonian (7.78) is not manifestly Lorentz-

invariant, although that was an initial property of the Lagrangian (5.7).
However, relation (7.64) shows that in each order of expansion in parameter
P/M , the relativistic invariance must actually be restored.

To complete the quasiclassical quantization of a monopole, we must con-
sider the elimination of the non-physical degrees of freedom of the quantum
fluctuations, which is a common problem of any gauge field theory. Actually
we already did this when we incorporated the constraints G1 and G2 into
the generating functional (7.76); they may be sent back to the exponent to
reproduce the ghost Lagrangian (7.10) that we considered above.

The scheme of quasiclassical quantization, which we briefly sketched
above, can be applied to calculate different quantum effects in a monopole
external field. The renormalization of the divergences there is quite standard
and we shall not discuss the details. For example, the renormalization of
quantum correction to the mass of a monopole can be done if we introduce
the counterterm [312]

δHc.t. = −1
2
δm2

∫
d3xδLc.t. = −1

2
δm2

∫
d3x(e2φ2 −m2

v) , (7.82)

where the quantity δm2 is defined by the condition

d

dφ
(δLc.t. + δVeff )

∣∣∣∣
φ=v

= 0 ,

with δVeff being a one-loop correction to the effective potential of the scalar
field (7.31).

Recall that the physical meaning of such counterterms9 consists in the
subtraction of the divergent energy of the trivial vacuum without a monopole.
Indeed, we have seen that under the assumption that we neglect the structure
of the monopole core, the second variation of action becomes diagonal and
the contribution of the quantum fluctuations (7.81) can be written as

Hq =
1
2

∫
d3x
∑

i

(
Πa,i

⊥
2

+ ω2
i χ

a
i
2
)

+
1
2

∫
d3x
∑

i

(
Πa,i

n⊥
2

+ ω2
i a

a
n,i

2
)
.

(7.83)
In this case, taking into account the contribution of the collective coordinates
(7.64), the ground state energy is

E ≈M +
P 2

0

2M
+

P2

2M
+

3
2

∑
i

ωi , (7.84)

9 The structure of the Lagrangian (5.7) suggests that, generally speaking, in this
model we have to consider four types of counterterms, namely (F a

µν)2, (Dµφa)2,
φ2 and φ4. To simplify our brief overview we do not go into details here.
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where the coefficient 3 corresponds to the number of physical degrees of
freedom.

To complete the calculation of the finite quantum correction to the mono-
pole mass ∆M , we need to subtract the energy of the vacuum fluctuations
of the scalar and vector fields with eigenfrequencies ω(0)

i from the divergent
expression (7.84). This is the effect of the counterterm (7.82). Then we can
write the one-loop correction to the monopole energy as

E ≈
√

(M +∆M)2 + P2 + v2Q2 , (7.85)

where
∆M =

3
2

∑
i

(
ωi − ω(0)

i

)
. (7.86)

Here we run into a problem of purely technical nature. Clearly, further cal-
culations would be possible only if we know the spectrum of the quantum
fluctuations on a monopole background, that is, if we can perform an explicit
summation over all quantum numbers in (7.86) by analogy with the calcu-
lation of the vacuum polarization by an Abelian dyon in Sect. 4.5. However,
there is no general analytical solution of this problem, and therefore, such a
straightforward calculation of the quantum correction to the monopole mass
can be done only numerically. This is why we choose a bypass to evaluate
the quantity ∆M (7.37) above. Moreover, although the scheme of the quasi-
classical quantization about the topologically non-trivial field configurations
has been known since the 1970s, it was actually applied in very few models,
basically in (1+1) dimensions, like, e.g., quantization of the kink solutions of
the sin-Gordon model [212]. Even the question about the renormalization of
the magnetic charge of the non-Abelian monopole, which seems to be prin-
cipal from many points of view, was analyzed only in a qualitative way [43].
Actually, with respect to a monopole, besides the estimation of the quantum
correction to the monopole mass above, there is maybe one more interesting
application of the quasiclassical quantization. This is the process of monopole
pair creation in an external magnetic field, which was analyzed by N. Manton
and J. Affleck [68].

7.3 Quasiclassical Quantization and Evaluation
of the Monopole Pair Creation Amplitude
in an External Magnetic Field

7.3.1 Dynamics of Non-Abelian Monopole
in Weak External Field

Before considering of the creation of monopoles in an external magnetic field,
we consider the mechanism of excitation of the translational zero modes ζa

µ
(l)
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by an external homogeneous magnetic field Bext
k [314]. We can use the explicit

form (6.40) of the Lagrangian of interaction:

Lint =
1
2v
εabcF

a
mnφ

aBext
k .

Then the field equations of the Georgi–Glashow model (5.14) are modified as

DνF
aµν = −eεabcφ

bDµφc + Fa
µ ,

DµD
µφa = −λφa(φbφb − v2) + Fa ,

(7.87)

where the perturbation is related to a weak external force acting on the
configuration:

Fa
0 = 0 , Fa

n =
1
v
εnmkDmφ

aBext
k , Fa =

1
2v
εabcF

a
mnB

ext
k .

Thus, the system of equations (7.8) on the eigenfunctions of the operator of
second variations of the action outside of the monopole core becomes(

(D2
v)ab 0
0 (D2

s)ab

)(
χb

ab
n

)
=

(
Fa

Fa
n

)
. (7.88)

We may make use of the expansion (7.50) in eigenfunctions of the operator
of second functional derivatives (7.9) again, but now we will not separate the
contribution of zero modes:

aa
µ(t, r) =

∞∑
i=0

Ci(t)aa
µi(r) .

Substitution of this expansion into (7.88) gives the system

∞∑
i=0

(
C̈i +Ω2

i Ci

)
aa

n(r)i − 2eεabcχ
bDnφ

c = Fa
n(r)(l) ,

∞∑
i=0

(
C̈i + ω2

iCi

)
χa(r)i + 2eεabca

b
nDnφ

c = Fa(r)(l) , (7.89)

where the index (l) labels direction of the external magnetic field. Thus, the
monopole dynamics in external magnetic field Bext is completely defined by
the time evolution of the expansion coefficients Ci(t).

Now we can employ the orthogonality of the eigenfunctions aa
µi. Projection

of the (7.89) onto the translational zero modes ζa
(k) = (aa

n
(k), χa(k)), which

describe a displacement of the configuration, gives

C̈0N(l)(k) =
∫
d3x
{
Fa(r)(l)χa(k) + Fa

n(r)(l)aa
n

(k)
}
. (7.90)
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Evaluation of the integrals on the right-hand side of this expression then
yields∫

d3x Fa(r)(l)χa(k) =
1
v

∫
d3x Bext

l Ba
l Dkφ

a =
1
3
gBext

l δkl ,∫
d3x Fa

n(r)(l)aa
n

(k) =
2
3v

∫
d3x Bext

k Ba
mDmφ

a =
2
3
gBext

l δkl .

(7.91)

Thus, making use of the relation (7.54), we finally arrive at the quite ex-
pectable conclusion: C̈0 = gBext/M = w, where w is the acceleration of a
monopole. In other words, the ’t Hooft–Polyakov monopole interacts with an
external field, as it should in the case of a point-like magnetic charge of mass
M and the magnetic counterpart of the Lorentz force is just F = gBext. Cor-
rections to this simple expressions arise as a result of the radiative friction
effects. They can be evaluated in the next order of perturbation expansion
in external field Bext.

Generalization of this classical formula to the relativistic case immediately
yields the relation (4.1), which we already introduced ad hoc on a level of
quantum electrodynamics in Chap. 4:

M
duµ

dτ
= gF̃µνu

ν . (7.92)

Recall that uµ = dxµ/ds is the relativistic 4-velocity of a monopole whose tra-
jectory xµ(τ) is parameterized by a proper time τ . We take the homogeneous
magnetic field to be directed along the z-axis, that is we have non-vanishing
components of the dual field strength tensor F̃30 = Bext.

7.3.2 Metastable Vacuum Decay and Monopole Pair Creation
in an External Field

Let us discuss further the quantum effects related to monopoles. As is known,
evaluation of the functional integral can be simplified in Euclidean formula-
tion of the theory. Thus, we shall consider the Euclidean vacuum-to-vacuum
transition amplitude for a monopole in a homogeneous magnetic field. This
problem was analyzed by I. Affleck and N. Manton in [68].

The starting point of the discussion is the observation about the net re-
sult of the consideration above. This is actually the replacing of the electric
notations with magnetic ones in the standard problem of motion of an elec-
tric charge in a homogeneous electric field. The solution of this problem is
well-known: a world line of such a particle moving in Minkowski space is
a hyperbola (see, e.g., [19]). This is also a trajectory of a monopole in a
homogeneous magnetic field.

For our purposes, it is sufficient to regard the Euclidean time x4 replacing
Minkowski time as t → x4 = it. Then the monopole trajectory is a closed
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circular world line, which lies entirely in a plane formed by the direction of
the external field and the Euclidean time:

x1 = x2 = 0, x3 =
1
w

cosws, x4 =
1
w

sinws . (7.93)

Let us recall now that there is a one-to-one correspondence between the
classical solution of the Euclidean equations of motion and quantum mecha-
nical tunnelling through a barrier in Minkowski space. In other words, inter-
pretation of the solution (7.93) in Minkowski space is as follows: the circular
world line corresponds to the creation of a monopole-antimonopole pair at
the moment of Euclidean time x4 = −w−1 = −M/(gBext). Then monopole
and anti-monopole are moving away from each other along the z-axis, up to
the maximal separation D = 2R = 2M/(gBext), which corresponds to the
moment of time x4 = 0. The radius of this circle is just the inverse monopole
acceleration:

R =
M

gBext
= w−1 . (7.94)

Since we suppose that the magnetic field is weak, this distance is very big,
at least much bigger than the classical radius of a monopole g2/M .

There is a difference from the axially symmetric magnetic dipole configu-
ration that we considered above (cf. the discussion in Chap. 6, p. 185). In the
latter case, the separation parameter D remains relative small; it corresponds
to the scale of a few inverse vacuum expectation values of the Higgs field,
thus the magnitude of the related external field Bext then has to be of the
same order to create such an equilibrium state The analysis by Affleck and
Manton is given for the different case | Bext |� v2 [68].

We can easily see that the modified field equations (7.87) really describe
the motion of a monopole on the circular trajectory (7.93). To simplify our
consideration, let us consider the Bogomol’nyi limit when these equations,
being written in Euclidean space, have an especially simple form [314,366]:

D4F
a
4n +DmF

a
mn − 1

v
Bext

m Fmn = −eεabcφ
bDnφ

c ,

DmF
a
m4 = −eεabcφ

bD4φ
c ,

D4D4φ
a +DmDmφ

a − 1
v
Bext

m Dmφ
a = 0 . (7.95)

We supposed that the external magnetic field is directed along the negative
direction of the z-axis. Since in the Bogomol’nyi limit a monopole mass is
simplyM = gv and for a particle moving along the classical trajectory (7.93)
the relation (7.94) is fulfilled, the solution for an accelerated monopole must
satisfy the relations10

10 Recall that the Gauss law (7.41) and the background gauge conditions (7.7) are
here imposed as constraints.
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DmF
a
mn +

1
R
F3n = −eεabcφ

bDnφ
c, DmDmφ

a +
1
R
D3φ

a = 0 . (7.96)

In the first-order of the expansion in 1/R, these equations coincide with the
system obtained in [68]11.

Clearly, the solution of this system can be obtained by making use of the
perturbation expansion in 1/R. Here the zero-order equation corresponds to
the static monopole with vanishing non-Abelian electric field Ea

n = 0 and, in
principle, we can evaluate the first-order corrections as above. However, if we
neglect the internal structure of a monopole and consider only the asymptotic
form of the monopole fields, the solution that describes a monopole moving
along circular world line (7.93) can be constructed via simple rotation of the
static solution on the angle

α = arctan
x4

x3
= arctan

(
gBext

M
τ

)
,

in the two-dimensional x3, x4-plane fixed by the directions of the external
magnetic field and Euclidean time, respectively.

It is convenient to use the auxiliary three-dimensional coordinates, intro-
duced in [68]: ρ = (x, y, z) ≡ (x1, x2, r − R), where r =

√
x2

3 + x2
4. Then the

Euclidean components of the Abelian electric and magnetic field of a moving
monopole are

E1 =
gy

ρ3
sinα , B1 =

gx

ρ3
cosα ,

E2 = −gx
ρ3

sinα , B2 =
gy

ρ3
cosα ,

E3 = 0 , B3 =
gz

ρ3
. (7.97)

Let us return now to the analysis of the mechanism of interaction between
a monopole and an external Abelian homogeneous magnetic field (see expres-
sion (6.40) above). We have already pointed out that there is a clear analogy
between the monopole dynamics and evolution of a metastable system after
the false vacuum decay: the external magnetic field lifts the degeneration of
the Higgs vacuum and the accelerated motion of a monopole is related with
its asymptotic approach to the unique true minimum of the potential:

φa
min = vr̂a

(
1 + e

r̂n
r2
B

(ext)
n

m2
sm

2
v

)
,

11 Recall that the monopole loop radius is related to the magnitude of the external
magnetic field according to (7.94). This relation can be obtained, if we promote
R to be a parameter of the system that is included in the Lagrangian. The first
variation of action with respect to R vanishes if the relation (7.94) is fulfilled (cf.
the discussion in [68] and relation (7.99) below).
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which lies in the direction of the external perturbation. In other words, a
ground state of the monopole field configuration that interacts with a weak
external magnetic field turns out to be a metastable vacuum, whose energy
can be decreased via the simultaneous creation of a monopole-antimonopole
pair, provided that they are strongly separated to avoid possible annihilation.
Since we suppose that the monopole cores do not overlap, we can neglect
the short-range non-Abelian character of the interaction, thus the height of
the barrier in that approximation is just a double of the monopole mass
M [68, 483].

The problem of metastable vacuum decay was originally investigated in
the pioneering paper by Langer [342] and then considered in the quantum
field theory context in [173, 505]. The observation of the paper [68] is that
a monopole loop (7.93) can also be considered as a bubble of true vacuum
| φa

min | in a false vacuum | φ |= v. Static energy of such a bubble is composed
of the energy of the transitional domain (so-called wall), where the scalar field
interpolates between false and true vacua, the energy of the domain inside
the bubble (that is, the energy of interaction with external magnetic field)
and the energy of Coulomb magnetic interaction between the monopoles. In
the case under consideration, we can clearly write the energy of the wall as
2πRM and the energy of interaction with external field as −gBextπR2.

The Coulomb energy piece is a bit subtle, since it diverges logarithmi-
cally for point-like magnetic charges with a naive potential of interaction
Vcoulomb = g/R. However, the finiteness of the core improves the situation,
since then the contribution of the Coulomb interaction to the static energy
of the bubble becomes −g2/4 [68]. Nontrivial independence of this result on
the loop radius R appears, because the integral of the Coulomb energy of
the monopole interaction along the loop is proportional to g2/R, while the
consequent integration over the Euclidean time yields a period proportional
to R.

Thus, the classical action of the monopole loop on the circular trajectory
(7.93) is

S = 2πRM − gBextπR2 − g
2

4
. (7.98)

We can now consider the loop radius R as a variational parameter. Variation
over it yields the saddle point of the action and we can see that it corresponds
to the values

Rcr =
M

gBext
= w−1 and S0 = S(Rcr) =

πM2

gBext
− g

2

4
. (7.99)

Let us make some remarks here. First, note that the second derivative of
the action S (7.98) with respect to the loop radius R is negative. Therefore,
the solution is unstable, the sphaleron-like trajectory (7.93) in the functional
space corresponds to the top of the barrier between the vacua. Evidently,
the monopole-antimonopole pair solution [327, 448], that we constructed by
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making use of the ansatz (6.15) and (6.16) in the previous chapter, also
corresponds to such a configuration. The appearance of the negative mode in
the spectrum of fluctuation reflects in the imaginary phase of the functional
integral at the saddle point. Therefore, depending on the value of R, the
configuration either returns to the original false vacuum, or a monopole pair
is created (true vacuum). Then the amplitude of the metastable vacuum
decay, which actually defines the probability of the monopole pair creation,
can in the leading order of WKB approximation be evaluated as an exponent
of Euclidean action on the classical trajectory:

Γ = Ke−S0 = K exp
{
− πM

2

gBext
+
g2

4

}
,

where the pre-exponential factor K is connected with the one-loop quantum
correction.

Second, the problem of metastable vacuum decay has an analytical so-
lution in the thin wall limit, when the difference between values of true
and false vacua is small in comparison with other parameters of the model
[173]. Clearly, in our case, this approximation is justified in the limit of the
weak external magnetic field, namely when | Bext |� v2. Then the pre-
exponential factor can be evaluated by making use of standard methods (see,
e.g., [24, 68,430]):

K =
1
2
J

det′
(
δ2S
)

det (δ2S0)
, (7.100)

where δ2S and δ2S0 are the second variations of the action in the mono-
pole and vacuum sectors, respectively. The notation ‘′’ here means that the
contribution of zero modes is excluded from the functional determinant of
a monopole. This is reflected in the coefficient J , which stands for the cor-
responding normalization factor of zero modes and arises when we integrate
them out.

There is another difference from standard calculation, since there is a
negative mode in the spectrum of fluctuations. Therefore, the relation of two
functional determinants in (7.100) must be modified in order to take into
account the effect of the corresponding fluctuations of the loop radius R.
From a technical point of view, the appearance of an imaginary phase of the
functional integral leads to a shift of the integration contour in the complex
plane. This yields an additional coefficient 1/2 in expression (7.100).

Without going into detail, let us give the result obtained in [68]:

K =
M2

16π3R2
e−2πR∆M , (7.101)

where ∆M is the quantum correction to the monopole mass (7.37) that we
evaluated above. Thus, the amplitude of the monopole pair creation in the
external homogeneous magnetic field is
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Γ =
(gBext)2

8π3
e
− πM2

gBext + g2

4 , (7.102)

where M is now a monopole physical mass including the one-loop correction
∆M .

Clearly, this formula can immediately be introduced by analogy with its
electrodynamical counterpart, which corresponds to the process of creation of
two charged scalar particles e+e− in an external homogeneous electric field:

Γe+e− =
(eE)2

8π3
e−

πm2
eE .

Thus, the good news is that one more time we have proved the naive argu-
mentation of duality. The bad news is that the probability of the monopole
pair creation is totally suppressed for any physical values of the magnetic
field, since in a weak coupling regime a monopole mass must be huge.



8 Monopoles Beyond SU(2) Group

So far, we have discussed the monopole field configurations that arise as
solutions of the classical field equations of the simple non-Abelian Yang–
Mills–Higgs SU(2) theory. However, it was realized, almost immediately af-
ter discovering the ’t Hooft–Polyakov solution that there are other possibili-
ties beyond the simplest non-Abelian model. Indeed, the topological analysis
shows [383,502] that the existence of monopole solutions is a general property
of a gauge theory with a semi-simple gauge group G, which becomes sponta-
neously broken down by the Higgs mechanism to a residual vacuum subgroup
H containing an explicit U(1) factor. Thus, in general case, the unbroken sub-
group H is non-Abelian, that is, in addition to the standard electric charge,
which is associated with the generator of U(1) subgroup, such a monopole
should also possess some non-Abelian charges.

In the series of papers by E. Weinberg [513–515] (see also reviews [518,519]
and recent publications [344–346,517]), many of the aspects of the monopole
solutions in the gauge theory with a gauge group of higher rank were dis-
cussed. Unexpectedly, it turns out that some of these solutions correspond
to massless monopoles. On the other hand, the description of monopoles
with non-Abelian charges provides a new understanding of the duality be-
tween electric charges and monopoles; it becomes transformed into the idea
of Montonen–Olive duality, which would establish a correspondence between
two different gauge theories, with conventional electrically charged particles
being treated as physical degrees of freedom within one of these models, and
monopoles, being considered as fundamental objects within its dual.

The obvious possibility of moving one step beyond the SU(2) gauge the-
ory is to consider an extended SU(3) model [161,177,279,374]. This is a very
interesting subject, because the corresponding non-Abelian pure gauge the-
ory, the QCD, is generally accepted as a theory of strong interactions. The
topologically nontrivial solutions here could in some way be related to non-
perturbative effects, which may drive the model to the confinement phase.

Another very interesting possibility is connected with the group of unifi-
cation SU(5) [203]. This is the simplest possible way to unite the electroweak
and strong interactions1. A special interest in the monopole solutions in this

1 Unfortunately, for some still unknown reasons, Nature did not choose such a
primitive way of unification.
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model caused the process of interaction of the monopole with fermions. The
point is that, because of the non-trivial topology of the fields, there is a fermi-
onic condensate on the monopole background [151, 445]. Since the fermionic
multiplet of SU(5) theory includes both quarks and leptons, the interaction
of such a condensate with quarks, confined into the nucleon, effectively may
lead to the proton decay into mesons. This is the so-called Rubakov–Callan
effect or monopole catalysis of the proton decay. We shall discuss this effect
in Chap. 10.

There are many other generalizations of the monopoles connected with
the further extension of the gauge group. It is an interesting fact that there
are monopole solutions of supersymmetrical models, like, for example, the
N = 2 SUSY Yang–Mills theory [65]. In the following we will discuss this
remarkable model in more detail.

8.1 SU(N) Monopoles

8.1.1 Generalization of the Charge Quantization Condition

Generalization of the theory of monopoles to the case of a higher rank gauge
group, say SU(N), immediately poses the following question. What does the
corresponding charge quantization condition, which will generalize the Dirac
condition (2.6), look like? Indeed, let us consider the SU(3) model. For the
states of the fundamental triplet, the minimal electric charge is e/3. Does
this mean that the minimal charge of the magnetic monopole must be triple
the minimal magnetic charge of Abelian electrodynamics?

A naive answer to this question is that the phase factor of the quark wave
function, which may be defined by analogy with (2.8), is

exp
{
i
e

3

∮
dxA

}
= exp

{
4iπ
3
eg

}
= exp

{
2iπn

3

}
�= 1 , (8.1)

if the standard Dirac quantization condition is satisfied. Thus, we would have
to modify it as eg = 3n/2.

However, the situation is not so trivial, because there are no quarks
around – they are confined inside the hadrons. As we move toward a cor-
responding scale, we cannot neglect the color degrees of freedom that are
related with a non-Abelian (color) charge of quarks ecolor. This is a coupling
constant, which describes an interaction between a quark and the short-range
color fields Acolor inside of monopole core. Thus, in addition to (8.1), we have
to take into account an additional phase factor

exp
{
iecolor

∮
dxAcolor

}
= exp

{
2iπn′

3

}
. (8.2)

If the integers n, n′ are connected as n+n′ = 0 mod 3, the phase factors
(8.1) and (8.2) equilibrate each other.
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Thus, in the SU(3) gauge theory, which describes a quark interacting with
a non-Abelian monopole, the charge quantization condition becomes self-
consistent by taking into consideration an additional integer chromo-magnetic
charge of a monopole, rather than by increasing of Abelian magnetic charge
[177, 273]. Such a color field must be screened by some non-perturbative
effects on the distance larger than the hadronic mass scale [43,274]. We shall
consider this conclusion in this chapter.

8.1.2 Towards Higher Rank Gauge Groups

Before we start to consider any particular model, let us make some general
remarks about a generalization of the Georgi–Glashow model. We are working
with a Yang–Mills–Higgs theory with an arbitrary simple gauge group G and
the scalar field in the adjoint representation. The corresponding Lagrangian
(5.7) has been written before in Chap. 5

L = −1
2
TrFµνF

µν + TrDµφD
µφ− V (φ) (8.3)

= −1
4
F a

µνF
aµν +

1
2
(Dµφa)(Dµφ

a) − V (φ) ,

where Fµν = F a
µνT

a, φ = φaT a, and we use the standard normalization
of the Hermitian generators of the gauge group: Tr(T aT b) = 1

2δab. The Lie
algebra of the generators reads

[T a, T b] = ifabcT
c . (8.4)

The non-zero vacuum expectation value of the scalar field corresponds to
the symmetry breaking Higgs potential V (φ), which generalizes the structure
of (5.11)

V (φ) = λ(|φ|2 − v2)2 , (8.5)

where the group norm of the scalar field is defined as |φ|2 = 2 Trφ2 = φaφa.
Thus, the vacuum manifold M is defined by the relation |φ0|2 = v2. The

stationary subgroup of invariance of the vacuum is H and the topological
classification of the solutions is connected with a map of the space boundary
S2 onto the coset space M = G/H. In other words, the topological charge
of a magnetic monopole is given by the elements of the homotopy group
π2(G/H). The problem is to define the stationary subgroup of the vacuum.

Let us recall that in the simplest case G = SU(2), the residual U(1)
symmetry was fixed by the asymptotic of the scalar field; in the unitary
gauge we have φ → φ0 = vT 3 = vQ. This subgroup is identified as an
electromagnetic one, i.e., the generator of the diagonal Cartan subgroup T 3

is set to be identical to the operator of the electric charge Q. Indeed, recall
that the potential of the SU(2) monopole could be constructed by simple
embedding of the Dirac potential into a non-Abelian gauge group (cf. (5.51))
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A = Q
1 − cos θ

sin θ
êϕ = QADirac ,

and the color magnetic field of a non-Abelian monopole on the spatial as-
ymptotic is given by

Bn = Q
rn
r3
.

Therefore, the problem of the construction of monopole solutions for a higher
rank gauge group could be re-formulated as the problem of the definition of
the matrix Q for a given group [177].

For G = SU(N), the solution of this problem seems to be rather
obvious, because one can choose the U(1) charge operator from the ele-
ments of the corresponding Cartan subalgebra generated by the operators
#H = (H1,H2 . . . HN−1) [241]. In other words, the vacuum value of the scalar
field in some fixed direction, for example, in the direction of the z-axis, can
be taken to lie in the diagonal Cartan subalgebra of SU(N) [241,514]. In this
case,

φ0 = v#h · #H , (8.6)

where #h is some N − 1 component vector in the space of Cartan subalgebra.
Thus, the boundary condition on the Higgs field on infinity is that up to a
gauge transformation it is equal to a diagonal matrix of the form

φ0 = diag (v1, v2, . . . vN ). (8.7)

Sometimes, this matrix is called a mass matrix, since the vacuum expectation
value for the scalar field defines the monopole mass. Note that because of the
definition of the trace of generators of the SU(N) group, the sum of all
elements vi is zero.

Let us consider the pattern of spontaneous symmetry breaking, which
is determined by the entries of the mass matrix vi. Indeed, the invariant
subgroup H consists of the transformations that do not change the vacuum
φ0. If all the values vi are different, the gauge symmetry is maximally broken
and the residual symmetry group is a maximal torus U(1)N−1. In this case,
it can be thought that in the vacuum we have N − 1 “electrodynamics”,
not just a single one. We can see that (see the corresponding description in
Sect. 5.3.2)

π2

(
SU(N)
U(1)N−1

)
= π1

(
U(1)N−1

)
= Z

N−1 , (8.8)

thus, these monopoles are classified by the topological charge2 n = 0, 1 . . .
N − 1.

Another limiting case is the so-called minimal symmetry breaking. This
corresponds to the situation when all but one element of the mass matrix
coincide. Then the group of invariance of the Higgs vacuum is the unitary

2 Compare this with the result for the case n = 2 given on page 165.
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group U(N−1) and one can see that there is a single topological charge given
by

π2

(
SU(N)
U(N − 1)

)
= Z . (8.9)

Nevertheless, in the Bogomol’nyi limit, such a configuration also possesses a
set of N − 1 integers, whose origination could be clarified by a more detailed
analysis of the asymptotic behavior of the scalar field [241, 514]. Indeed, the
long-range character of this field means that its asymptotic behavior, which
generalizes (8.7) in some gauge, is of the form

φ0 = diag (v1, v2, . . . vN ) − 1
r

diag (k1, k2, . . . kN ) +O(r−2) . (8.10)

Here the matrix diag (k1, k2, . . . kN ) is called the charge matrix.
In the case of maximal symmetry breaking, all the numbers ki can be

connected with the topological charges as gm =
m∑

i=1

ki. However, in the case

of minimal symmetry breaking, only the first such number corresponds to
the topological charge g = k1. All other integers are called magnetic weights
or holomorphic charges. We shall explain the meaning of these additional
charges below, in a particular example of SU(3) monopoles

An intermediate case of symmetry breaking is that some of the entries
of the mass matrix are identical. Then the gauge group G is spontaneously
broken to K×U(1)r, where K is a rank N−1−r semi-simple Lie group. Such
a monopole has r topological charges associated with each U(1) subgroup,
respectively.

8.1.3 Montonen–Olive Conjecture

Shortly after discovering the monopole solutions of non-Abelian gauge theory,
Montonen and Olive proposed a new and highly non-trivial idea [384]. They
pointed out that in the Bogomol’nyi limit, all the particles from the spectrum
of states of the Georgi–Glashow model can be composed into the table

Particle Mass Charges (q, g) Spin
Higgs 0 (0,0) 0
γ 0 (0,0) 1
A± ve (e,0) 1
g vg (0,g) 0

Moreover, all these states are saturated the Bogomol’nyi bound (5.60)

M = v
√
q2 + g2 = v| q + ig | .

The vacuum expectation value of the Higgs field v provides a natural scale
of the model. Therefore, because the magnetic charge of a ’t Hooft–Polyakov
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monopole is g = 1/e, in a weak coupling regime (i.e., such as e � 1), it is
a very heavy object: M = vg � v. At the same time, the gauge bosons A±
are very light: mv = ve � v. Thus, there are two different sectors in the
spectrum of states: heavy monopoles, which are non-perturbative large-scale
topological configurations of the fields, and “conventional” light particles,
which are perturbative excitations over the vacuum, respectively.

Montonen and Olive noted that under the transformation of duality, the
coupling constant transforms as e → 4π/e. Thus, the dual symmetry could
be considered as a way to connect the regimes of weak and strong coupling
by permutation of the topological and perturbative sectors. Indeed, in the
strong coupling non-perturbative regime, where e � 1, the gauge bosons
become very heavy objects, while the monopole states from the topological
sector are light. Thus, the idea is that the latter probably may be considered
as perturbative fluctuations of some dual fields, whereas the “conventional”
particles are related with the non-perturbative sector of such a dual theory.
Sometimes, the strong coupling regime is called a “magnetic” formulation of
the theory and the weak coupling regime is called an “electric” one.

Thus, we may believe that there are two, maybe even completely differ-
ent Lagrangians, which describe strong and weak coupling regimes in terms
of different sets of fundamental fields. The theory is called self-dual, if the
Lagrangian remains invariant by permutation of the solitons and elementary
excitations. As we shall see, this is the case of the Georgi–Glashow model we
are considering here.

Another argument to back up the idea of duality is that the energy of
interaction of all the states that saturate the Bogomol’nyi bound is zero.
We already mentioned that a two-monopole configuration is static, because
there are two long-range forces mediated by electromagnetic and scalar fields,
respectively. In the dual sector, an analog of this effect would be a static state
of two A± bosons.

Unlike the monopole pair, in the weak coupling regime we cannot apply
the semi-classical expansion, but the standard perturbative calculation of
the scattering amplitude can be performed [519]. There are two graphs that
contribute at the Born approximation, one with a massless scalar exchange
(recall that in the Bogomol’nyi limit, the scalar field is massless), and one
with a photon exchange. The result of the calculation shows that there is an
exact cancellation of both forces in the static limit.

One could imagine the duality transformation being the rotation on a
complex plane of charges q + ig (see Fig. 8.1)

Note that all the states, both from the soliton and the perturbative spec-
trum, have found a place on this plane; particles that correspond to the
fundamental quanta in the electric formulation are placed on the real axis,
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(0, -g)

(0, g)

(0, 0)

(-q, 0) (q, 0)

(0, 0)

(0, g)

(0, -g)

(q, 0)(-q, 0)

Fig. 8.1. Transformations of duality as rotations in a complex charge plane

and monopoles are placed on the imaginary axes3. Because all these states
saturate the Bogomol’nyi bound (5.60), the mass of any state in units of
the vacuum value of the scalar field in Fig. 8.1 can be defined as a length
of the radius-vector. Thus, Montonen–Olive duality corresponds to the sim-
ple SO(2) rotation on such a plane by the angle θ = π/2. We have already
discussed this discrete transformation in Sect. 1.6.

There is no doubt that the Montonen–Olive conjecture anticipated the
modern development decades ago. However, at the end of 70s it caused a lot
of objections, well-known to the authors of the paper [384] themselves. The
most important in this list of questions are the following

• The gauge bosons have a spin 1. However, the rotational invariance of the
’t Hooft–Polyakov solution means that the monopoles are scalars. If the
duality conjecture is correct, what about the monopole spin?

• Which role do the dyons play in this picture?
• What do we have to do about the Coleman–Weinberg effect? Even if

the potential of the model is vanishing on a classical level, quantum cor-
rections could generate a non-zero effective potential of the scalar field.
Therefore, there is no obvious reason to believe that the dual invariance
manages to survive in a quantum theory.

• What are the consequences of the dual invariance? Can the Noether the-
orem be applied in this case?

We will see that the self-consistent solution of all these problems about
Montonen–Olive duality can be obtained within the framework of teh super-
symmetrical Yang–Mills theory. As for the last question, the answer is rather
3 We do not consider dyons here because, on a classical level, their electric charge

is not quantized. However, in quantum theory we shall consider Fig. 2.1 instead
of Fig. 8.1.
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non-trivial. It looks like it is impossible to consider the duality as a standard
symmetry at all, because it is not a symmetry of a single theory, but rather a
way to connect two different theories that describe weak and strong coupling
constant regimes, respectively.

Thus, if we suppose that the group of gauge symmetry of the original the-
ory is G and that a dual theory will be invariant with respect to a dual group
G∗, there has to be a way to establish a correspondence between these two
groups by making use of some transformation of duality. This approach was
formulated in the paper [241] and related to transformations of the Cartan–
Weyl basis of G in the space of simple roots.

8.1.4 Cartan–Weyl Basis and the Simple Roots

The discussion of the properties of monopoles in a gauge theory of higher
rank is closely connected with notion of the Cartan–Weyl basis [11,241]. Let
us introduce some notations for the Lie algebra of an arbitrary4, simple Lie
group of the rank r > 1 and the dimension d. The Cartan–Weyl basis is
constructed by addition d − r raising and lowering generators E�β to the r

commuting generators #H of the diagonal Cartan subalgebra, each for one of
the roots #βi = (#β1, #β2, . . . #βd−r):

[Hi, E�β ] = βiE�β ; [E�β , E−�β ] = 2#β · #H . (8.11)

Here we make use of the internal (vector) product operation in r dimensional
Euclidean root space R

r.
The advantage of this approach is to put a simple Euclidean geometry

into correspondence to the algebra of Lie group generators. The roots #βi

correspond to the structure constants of a Lie group. These roots, being
considered as vectors in R

r, form a lattice with the following properties [11,
515].

• A semisimple Lie algebra corresponds to every root system.
• The set of roots #βi is finite, it spans the entire space R

r and does not
contain zero elements.

• If #β and #α are the roots, the quantity 2#β · #α/#β2 is an integer number.
• If #α is a root, the only multiplies of #α that are roots are ±#α
• For a root #β from the set #βi and an arbitrary positive root #α �= #β, the

Weyl transformation is defined as

#β · #σ(#α) = −#β · #α, where #σ(#α) = #α− 2#β
#β · #α
#β · #β

. (8.12)

4 Recall, that in the case under consideration G = SU(N), thus the rank of G is
r = N − 1 and d = N(N2 − 1), that is d − r = N(N − 1).
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The set of roots is invariant with respect to this transformation. Geo-
metrically, the Weyl transformations is a reflection in the hyperplane
orthogonal to #β.

For non-simple Lie algebra, the roots are split into sets that are orthogonal
to each other. Thus, it is sufficient to restrict the consideration to the case of
simple Lie groups.

The third property essentially restricts the ambiguities with the choice of
the root vectors. Indeed, if #α and #β are any two roots with #α2 ≤ #β2, then the
angle γ between these vectors is no longer arbitrary, because we have

cos γ = ±n
2
|#β|
|#α| , n ∈ Z . (8.13)

This is possible only if (i) #β2 = #α2, (ii) #β2 = 2#α2, and (iii) #β2 = 3#α2.
Therefore, the root diagram for a simple Lie group consists of the vectors
of different lengths with possible values of the angle between these vectors
π/6, π/4, 2π/3, π, 3π/4, and 5π/6.

Note that all these roots can be separated into positive and negative ones,
according to the sign in (8.13). One can choose a suitable basis that spans
the root system in such a way that any root #βi can be represented as a linear
combination of simple roots with integer coefficients of the same sign, positive
or negative. Thus, the commutative relations of the algebra are determined
by the system of the corresponding simple roots.

The properties of simple roots can be depicted graphically in the form of
a flat graph5 as Fig. 8.2. The circles here depict the simple roots. For any
pair of simple roots, we have #βi · #βj ≤ 0. Therefore, there are four possibilities
for the angle between the simple roots: γ = π/2 (no lines on the graph), 2π/3
(one line), 3π/4 (two lines) and 5π/6 (three lines). The sign “>” indicates
the length of the simple roots, on one side of it they are

√
2 times longer than

on the other.
Note that the properties of the simple root basis is related with the sym-

metry of the model. If the group of symmetry G is broken down to the maxi-
mal Cartan subalgebra, the choice of the simple root basis is unique. However,
in the case of non-maximal symmetry breaking, an alternative basis may be
obtained by action of the Weyl reflection. This reflection is actually a global
gauge transformation from an unbroken non-Abelian subgroup.

A particular choice of the simple roots basis can be specified by means of
a vector #h that lies on the root lattice. If this vector is not orthogonal to any
of the simple roots #βi, the basis is fixed by the condition #h · #βi > 0.

5 It is hard to resist the temptation to quote V.I. Arnold who coined a very nice
comment concerning the origination of the related terminology: “Diagrams of
this kind were certainly used by Coxeter and Witt, that is why they are usually
called Dynkin diagrams” [77].
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Fig. 8.2. Root diagrams

To sum up, the problem of the classification of complex simple (and hence,
semi-simple) algebras is reduced to the problem of the classification of all
non-splittable linearly independent r-dimensional systems of root vectors.
This allows us to define a dual Lie algebra by means of dual transformation
of the root lattice.

The dual of a root #β is defined as #β∗ = #β/#β2 and the duals of the entire
set of simple roots form a dual root lattice of a dual Lie group G∗. The
dual lattice is isomorphic to the initial lattice. It is easy to see from the
root diagram (Fig. 8.2) that, up to rescaling of the root length, the groups
SU(N), SO(2N) and all the exceptional groups are self dual. The only non-
trivial exceptions are the groups SO(2N + 1) � Sp(N), which are dual to
each other.

We illustrate this general description on a particular example of the SU(3)
group below.

8.1.5 SU(3) Cartan Algebra

Let us briefly review the basic elements of the su(3) Lie algebra. It is given
by a set of traceless Hermitian 3 × 3 matrices

T a = λa/2, a = 1, 2 . . . 8 ,
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T3

3/2

β1

0 11/2-1 -1/2

β2 β3

3/2

T8

Fig. 8.3. SU(3) simple root self-dual basis

where λa are the standard Gell-Mann matrices. Recall that they are nor-
malized as 2 Tr T aT b = δab. The structure constants of the Lie algebra are
fabc = 1

4Tr[λa, λb]λc and in the adjoint representation (T a)bc = fabc.
In the following, we will be especially interested in the diagonal, or Cartan

subalgebra of SU(3). It is given by two generators

H1 ≡ T 3 =
1
2

⎛⎝ 1 0 0
0 −1 0
0 0 0

⎞⎠ , H2 ≡ T 8 =
1

2
√

3

⎛⎝ 1 0 0
0 1 0
0 0 −2

⎞⎠ , (8.14)

which are composed into the vector #H = (H1,H2). Because the dimension
of the group is d = 8, the number of positive roots is 3. Taking into account
the restrictions on the angle between the vectors #βi and their length, we can
take the basis of simple roots as (see Fig. 8.3)

#β1 = (1, 0) , #β2 = (−1/2,
√

3/2) . (8.15)

The third positive root is given by the composition of the first two roots
#β3 = #β1 + #β2 = (1/2,

√
3/2). Since all these roots have a unit length, our

choice corresponds to the self-dual basis: #β∗i = #βi. This allows us to simplify
the following consideration.

Note that for any given root #βi the generators #β · #H, E±βi
form an su(2)

algebra. The generators E±βi
are mentioned above the raising and lowering

operators. Let us write these generators explicitly in the above-defined basis
of the simple roots (8.15). For #β1, we have
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T 3
(1) = #β1

#H =
1
2

⎛⎝1 0 0
0 −1 0
0 0 0

⎞⎠ , (8.16)

E�β1
=

⎛⎝ 0 1 0
0 0 0
0 0 0

⎞⎠ , E−�β1
≡

⎛⎝0 0 0
1 0 0
0 0 0

⎞⎠ .
For the second simple root #β2, we have

T 3
(2) = #β2

#H =
1
2

⎛⎝0 0 0
0 1 0
0 0 −1

⎞⎠ , (8.17)

E�β2
=

⎛⎝ 0 0 0
0 0 1
0 0 0

⎞⎠ , E−�β2
=

⎛⎝0 0 0
0 0 0
0 1 0

⎞⎠ .
The generators of the su(2) subalgebra that correspond to the third composite
root are given by the set of matrices

T 3
(3) = #β3

#H =
1
2

⎛⎝1 0 0
0 0 0
0 0 −1

⎞⎠ , (8.18)

E�β3
=

⎛⎝ 0 0 1
0 0 0
0 0 0

⎞⎠ , E−�β3
=

⎛⎝0 0 0
0 0 0
1 0 0

⎞⎠ .
Clearly, the set of matrices T a

(k), k = 1, 2, 3, which includes T 3
(k) of (8.16),

(8.17) and (8.18), and

T 1
(k) =

1
2

(
E�βk

+ E−�βk

)
, T 2

(k) =
1
2i

(
E�βk

− E−�βk

)
(8.19)

satisfy the commutation relations of the su(2) algebras associated with the
simple roots #β1, #β2 and #β3, respectively.

Let us consider the su(2) subalgebra associated with the first simple root.
If we supplement it by the U(1) hypercharge operator, which is connected
with the element of the Cartan subalgebra as

Y =
2√
3
T 8 =

1
3

⎛⎝ 1 0 0
0 1 0
0 0 −2

⎞⎠ ,
we arrive to the u(2) algebra generated by operators T a

(1), Y . By analogy with
the Euler parameterization of the SU(2) group, an element of corresponding
U(2) transformation can be written as
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Rβ1(γ, ϕ, θ, ψ) = RY (γ)R3(ϕ)R2(θ)R3(ψ) = eiγY eiϕT 3
(1)eiθT 2

(1)eiψT 3
(1)

=

⎛⎜⎝ e
i γ
3 0 0

0 ei
γ
3 0

0 0 e−
2iγ
3

⎞⎟⎠
⎛⎜⎝ cos θ

2e
i
2 (ϕ+ψ) sin θ

2e
i
2 (ϕ−ψ) 0

− sin θ
2e

i
2 (ψ−ϕ) cos θ

2e
− i

2 (ϕ+ψ) 0
0 0 1

⎞⎟⎠ ,
(8.20)

where the angular variables are changing within the intervals 0 ≤ γ < 2π,
0 ≤ ϕ < 2π, 0 ≤ θ < π, and 0 ≤ ψ < 4π. Here the points corresponding to the
values γ and γ + π; ψ and ψ + 2π are pairwise identified, which corresponds
to the Z2 subgroup.

An alternative choice is

Rβ2(γ, ϕ, θ, ψ) = eiγY eiϕT 3
(2)eiθT 2

(2)eiψT 3
(2) (8.21)

=

⎛⎜⎝ e
i γ
3 0 0

0 ei
γ
3 0

0 0 e−
2iγ
3

⎞⎟⎠
⎛⎝ 1 0 0

0 cos θ
2e

i
2 (ϕ+ψ) sin θ

2e
i
2 (ϕ−ψ)

0 − sin θ
2e

i
2 (ψ−ϕ) cos θ

2e
− i

2 (ϕ+ψ)

⎞⎠ .
In other words, the basis of the simple roots #β1, #β2 corresponds to two

different ways to embed the SU(2) subgroup into SU(3). The upper left and
lower right 2×2 blocks correspond to the subgroups generated by the simple
roots β1 and β2, respectively. The third composite root #β3 generates the
SU(2) subgroup, which lies in the corner elements of the 3 × 3 matrices of
SU(3).

Note that there is also so-called maximal embedding, which is given by
the set of matrices

T̃1 =
1√
2

⎛⎝ 0 1 0
1 0 1
0 1 0

⎞⎠ , T̃2 =
1√
2

⎛⎝ 0 −i 0
i 0 −i
0 i 0

⎞⎠ ,
T̃3 =

⎛⎝1 0 0
0 0 0
0 0 −1

⎞⎠ ,
which satisfy the usual su(2) algebra, as well as the relations (T̃i)3 = T̃i. Up
to unitary transformation these matrices are equivalent to the vector repre-
sentation of SU(2). A very detailed analysis of the corresponding monopole
solutions is presented in [341]. We shall not consider the maximal embedding
here.

8.1.6 SU(3) Monopoles

We consider the Yang–Mills–Higgs system, that is governed by the Lagran-
gian (8.3) with a gauge group SU(3), as an explicit example of construction
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of the monopole solutions in a model with a large symmetry group. Thus, the
Higgs field φ = φaT a is taken in the adjoint representation of SU(3), which
is given by the set of Hermitian matrices T a.

Unlike the original SU(2) ’t Hooft–Polyakov monopole solution, the vac-
uum manifold M of the SU(3) Yang–Mills–Higgs theory is a sphere S7

vac in
eight-dimensional space. Thus, the topological classification of the solutions
is related with the mapping of the spatial asymptotic S2 onto coset space
M = SU(3)/H, where H is a residual symmetry of the vacuum. Another,
not so obvious, difference is that now all the points of the vacuum manifold
M are not identical up to a gauge transformation, because the action of the
gauge group SU(3) is not transitive.

Thus, in order to classify the solutions, we have to define the unbroken
subgroup H. According the general relation (8.6), the asymptotic value of
the scalar field in some fixed direction can be chosen to lie in the Cartan
subalgebra, i.e.,

φ0 = v#h · #H . (8.22)

Clearly, this is a generalization of the SU(2) boundary condition φ0 = vσ3/2.
To fix the basis of simple roots, we suppose that all these roots have a positive
inner product with #h.

Furthermore, if the monopole solution obeys the Bogomol’nyi equations,
in the direction chosen to define φ0, the asymptotic magnetic field of a BPS
monopole is also of the form

Bn = #g · #H rn
r3
. (8.23)

Here the magnetic charge g = #g · #H is defined as a vector in the root space
[210,241].

The principal difference from the SU(2) model is that the magnetic charge
and the topological charge are now no longer identical. Indeed, it is seen that
the SU(3) magnetic charge is labeled by two integers. The charge quantiza-
tion condition may be obtained from the requirement of topological stability
in the way already discussed in Chap. 5 [210,241]. In other words, the phase
factor must be restricted by

exp{ie#g · #H} = 1 . (8.24)

General solution of this equation is given by a condition that the vector
charge #g lies on the dual root lattice [178,210,241]:

#g =
4π
e

r∑
i=1

ni
#β∗i =

4π
e

(
n1
#β∗1 + n2

#β∗2
)

= g1#β∗1 + g2#β∗2 , (8.25)

where n1 and n2 are non-negative integers, and #g1, #g2 are the magnetic charges
associated with the corresponding simple roots.
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Recall that a special feature of the basis of simple roots (8.15) is that it
is self-dual: #β∗1 = #β1; #β∗2 = #β2. Thus, in terms of the explicitly defined roots
(8.15), we have

g = #g · #H =
4π
e

[(
n1 −

n2

2

)
H1 +

√
3

2
n2H2

]
. (8.26)

These relations show that a magnetic charge is not so trivially quantized
as in the SU(2) model; the latter has a little bit too much symmetry. Thus,
the question is, if both of the numbers n1, n2 can be set into correspondence
with some topological charges. Evidently, the answer depends on the pattern
of the symmetry breaking.

SU(3) → U(1) × U(1): Maximal Symmetry Breaking

Let us consider two situations that are possible for the G = SU(3) [514]. If
the Higgs vector #h is not orthogonal to any of the simple roots #βi (8.15), there
is a unique set of simple roots with positive inner product with #h. Thus, the
symmetry is maximally broken to the maximal Abelian torus U(1) × U(1)
(see the root diagram of Fig. 8.4, left).

If the inner product of #h and either of the simple roots is vanishing (see
Fig. 8.4, right, where #h · #β1 = 0), there are two choices of the basis of simple
roots with positive inner product with #h, which are related by Weyl reflec-
tions. We shall discuss this type of minimal symmetry breaking below.

In the case of maximal symmetry breaking, the topological consideration
shows that

T3β1T3β1

h

0 11/2-1 -1/2

β2 β3

T8

0 11/2-1 -1/2

β2 β3

T8

h

Fig. 8.4. Orientation of the Higgs field in the SU(3) root space, which corresponds
to the pattern of the maximal symmetry breaking SU(3) → U(1)×U(1) (left) and
minimal symmetry breaking SU(3) → U(2) (right)
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π2

(
SU(3)

U(1) × U(1)

)
= Z2 . (8.27)

Thus, both of the numbers n1, n2 have the meaning of topological charges.
Indeed, we define a magnetic charge as a winding number given by the map-
ping from a loop in an arbitrary Lie group into the circle on the spatial
asymptotic [355]. Then the topological charge of a non-Abelian monopole is
given by the integral over the surface of sphere S2 (cf. the definition (5.46))

G =
1
v

∫
dSnTr(Bnφ0) = #g · #h . (8.28)

Therefore, if #h is orthogonal to the root #β1, only one component of #g may be
associated with the topological charge. Otherwise, there are two topological
integers that are associated with a monopole.

The definition of topological charge (8.28) can be used to generalize the
Bogomol’nyi bound (5.60) for the SU(N) monopoles. If we do not consider
degrees of freedom that are related with electric charges of the configuration,
it becomes

M = v|G| =
4πv
e

r∑
i=1

ni

(
#h · #β∗i

)
=

r∑
i=1

niMi , (8.29)

where Mi = 4πv
e
#h · #β∗i and we suppose that the orientation of the Higgs field

uniquely determines a set of simple roots that satisfies the condition #h·#β∗i ≥ 0
for all i. Thus, it looks like there are r individual monopoles of masses Mi.

Moreover, there is an obvious analogy between the relation (8.25) and the
definition of a magnetic charge of a multimonopole configuration of the SU(2)
model, which is given by the sum over separate monopoles with a minimal
charge. Thus, the question arises, if the monopole solutions of a higher rank
gauge theory may also be understood as a composite system of a few single
monopoles with a minimal charge, massesMi and characteristic sizes of cores

Ri
c ∼ (ve#h · #βi)−1 (8.30)

correspondingly. A very strong argument in support of this conclusion is
given by a direct calculation of the number of zero modes on the monopole
background [513–515].

To analyse the situation better, let us return to a system of spherically
symmetric SU(3) monopoles in the basis of simple roots (8.15). Such a con-
figuration can be constructed by a simple embedding [87,177,341]. The recipe
is obvious: we have to choose one of the simple roots having a positive inner
product with the scalar field, e.g., #β1, and embed the ’t Hooft–Polyakov so-
lution into the corresponding SU(2) subgroup. For example, embedding into
the left upper corner SU(2) subgroup defines the β1-monopole that is charac-
terised by the vector charge #g = (1, 0) and the massM1, while the embedding
into the lower right corner SU(2) subgroup defines the β2-monopole with the
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vector charge #g = (0, 1) and the mass M2. Similarly, one can embed the
SU(2) axially symmetric monopole-antimonopole saddle point configuration
of [327, 448], which yields the state #g = (0, 0), or the two SU(2) monopoles
configuration of [507] which, depending on the root we choose, yields the
states #g = (2, 0) or #g = (0, 2), respectively.

Embedding of the spherically symmetric SU(2) monopole along composite
root β3 gives a #g = (1, 1) monopole with the magnetic charge

g = #g · #H =
1
2
H1 +

√
3

2
H2 .

Moreover, its mass is equal to the sum of masses of the β1-monopole and
β2-monopole: M1 +M2.

The analysis based on the index theorem shows [514] that this configu-
ration is a simple superposition of two other fundamental solutions and can
be continuously deformed into a solution that describes two well-separated
single β1 and β2 monopoles. We shall check this conclusion by making use of
another arguments below. Note that if the Higgs field is oriented along the
composite root, i.e., if #h = #β3, two fundamental BPS monopoles have the
same mass:

M1 =M2 =
2π
e
,

which is half of the mass of the β3 monopole. In all other cases, this degen-
eration is lifted and one of the monopoles is heavier than the other one.

Spherically Symmetric SU(3) Non-BPS Monopoles

To construct the embedded monopoles, we must take into account that the
generators T a

(i) of an SU(2) subgroup commute with the invariant component
of the Higgs field

φ(h) =

(
#h−

#h · #βi

β2
#βi

)
#H, [T a

(i), φ
(h)] = 0 .

Thus, an embedded SU(2) monopole is defined as [87]:

An = Aa
nT

a
(i), φ = φaT a

(i) + vφ(h) . (8.31)

The additional invariant term φ(h) is added to the Higgs field to satisfy the
boundary conditions on the spatial asymptotic. In our basis of the simple
roots, we can write
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#β1 : φ(h) =
h2

2
√

3

⎛⎝ 1 0 0
0 1 0
0 0 −2

⎞⎠ ,
#β2 : φ(h) =

1
4

(
h1 +

h2√
3

)⎛⎝ 2 0 0
0 −1 0
0 0 −1

⎞⎠ ,
#β3 : φ(h) =

1
4

(
h1 −

h2√
3

)⎛⎝ 1 0 0
0 −2 0
0 0 1

⎞⎠ .
(8.32)

Clearly, the embedding (8.31) is very convenient for obtaining spherically
symmetric monopoles [515]. It is also helpful for examing the fields and low-
energy dynamics of the charge two BPS monopoles [295]. Depending on the
boundary conditions and pattern of the symmetry, some other ansätze can be
implemented to investigate static monopole solutions, such as, for example,
the harmonic map ansatz [294] that was used to construct non-Bogomol’nyi
SU(N) BPS monopoles.

In our consideration [467], which is not restricted to the case of BPS
limit, we shall consider ansätze for the Higgs field of a spherically symmetric
βi monopole configuration. Depending on the way of the SU(2)-embedding,
it can be taken6 as a generalization of the the embedding (8.31)

#βi : φ(r) = Φ1(r)τ (i)
r +

√
3

2
Φ2(r)D(i) ,

Ar =0; Aθ = [1 −K(r)]τ (i)
ϕ , Aϕ = − sin θ[1 −K(r)]τ (i)

θ ,

(8.33)

where i = 1, 2, 3, and we make use of the su(2) matrices τ (i)
r =

(
T a

(i)r̂
a
)
,

τ
(i)
θ =

(
T a

(i)θ̂
a
)

and τ (i)
ϕ =

(
T a

(i)ϕ̂
a
)
. The diagonal matrices D(i), which

define the embedding along the corresponding simple root, are just the SU(3)
hypercharge

D(1) ≡ Y =
2√
3
H2 =

1
3

diag(1, 1,−2) , (8.34)

the SU(3) electric charge operator

D(2) ≡ Q = T 3 +
Y

2
= H1 +

H2√
3

=
1
3

diag(2,−1,−1) , (8.35)

6 The first of these ansätze (in a different basis of the simple roots) was already
used in [142,341].
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and its conjugated operator

D(3) ≡ Q̃ = T 3 − Y
2

=
1
3

diag(1,−2, 1) .

The normalization of the ansätze (8.33) corresponds to the su(3)-norm of the
Higgs field |φ|2 = Φ2

1 + Φ2
2 for any embedding.

Inserting the ansatz (8.33) into the rescaled Lagrangian (8.3), we can
obtain the variational equations in terms of the profile functions:

0 = ∂2
rK − K(K2 − 1)

r2
− Φ2

1K = 0 ,

0 = 2Φ1K
2 + 4λr2Φ1(Φ2

1 + Φ2
2 − 1) − r2∂2

rΦ1 − 2r∂rΦ1 , (8.36)

0 = 4λr2Φ2(Φ2
1 + Φ2

2 − 1) − r2∂2
rΦ2 − 2r∂rΦ2 .

Clearly, these equations are identical for any SU(2) embedding. However, the
boundary conditions that we have to impose on the Higgs field, depend on
the type of the embedding.

Let us consider the behavior of the scalar field of the configurations (8.33)
along the positive direction of the z-axis. We obtain

#β1 : φ(r, θ)
∣∣∣∣
θ=0

= Φ1H1 + Φ2H2 = (#h · #H) ,

#β2 : φ(r, θ)
∣∣∣∣
θ=0

=
1
2

[
(
√

3Φ2 − Φ1)H1 + (
√

3Φ1 + Φ2)H2

]
= (#h · #H) ,

#β3 : φ(r, θ)
∣∣∣∣
θ=0

=
1
2

[
(
√

3Φ2 + Φ1)H1 + (
√

3Φ1 − Φ2)H2

]
= (#h · #H).

This yields the components of the vector #h, which determines the nature of
the symmetry breaking.

The boundary conditions that we can impose on configurations, which
minimize the action (8.3) are of different types. First, the rescaled Higgs
potential vanishes on the spatial asymptotic, that is, as r → ∞

|φ|2 = Φ2
1 + Φ2

2 = 1 .

Second, the inner product of the vector #h with all roots has to be non-negative
for any embedding. This yields
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#β1 : (#β1 · #h) = Φ1 ≥ 0 ,

(#β2 · #h) = −Φ1

2
+

√
3

2
Φ2 ≥ 0; (#β3 · #h) =

Φ1

2
+

√
3

2
Φ2 ≥ 0 ,

#β2 : (#β1 · #h) = −Φ1

2
+

√
3

2
Φ2 ≥ 0 ,

(#β2 · #h) = Φ1 ≥ 0, (#β3 · #h) =
Φ1

2
+

√
3

2
Φ2 ≥ 0 ,

#β3 : (#β1 · #h) =
Φ1

2
+

√
3

2
Φ2 ≥ 0 ,

(#β2 · #h) =
Φ1

2
−

√
3

2
Φ2 ≥ 0, (#β3 · #h) = Φ1 ≥ 0 .

(8.37)

Third, the covariant derivatives of the Higgs field have to vanish at spatial
infinity, that is

Drφ = r∂rΦ1τ
(i)
r +

√
3

2
∂rΦ2D

(i) = 0 ,

Dθφ = (K − 1)Φ1τ
(i)
θ = 0 ,

Dϕφ = sin θ(K − 1)KΦ1τ
(i)
ϕ = 0 .

(8.38)

Finally, the solution has to be regular at the origin. The condition on the
short distance behavior implies

K(r) → 1, Φ1(r) → 0, ∂rΦ2(r) → 0,

as r → 0. The energy density also goes to 0 in this limit.
The solution of (8.36) becomes very simple in the BPS limit. Then the

third equation is decoupled and its solution, which is regular at the origin, is
just a constant Φ2 = C where C ∈ [0; 1]. The shape functions of the scalar and
gauge field are well-known rescaled Bogomol’nyi solutions with a long-range
field Φ1

K(r′) =
r′

sinh r′
, Φ1(r′) =

√
1 − C2 coth r′ − 1

r′
, (8.39)

where r′ = r
√

1 − C2.
For a non-zero scalar coupling λ, the system of equations (8.36) may

be solved numerically for the range of values of vacuum expectation values
(Φ2)vac. According to the boundary conditions (8.37), the increasing constant
(Φ2)vac results in rotation of the vector #h in the root space, as shown in
Fig. 8.5. However, for a single fundamental βi monopole, (#h · #βi) ≥ 0 if
(Φ2)vac ≥ 1/2, and in this case (Φ2)vac have to be restricted as (Φ2)vac ∈
[1/2; 1], whereas for a configuration embedded along the composite root #β3,
we have (Φ2)vac ≤ 1/2 [467].
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Fig. 8.5. Domains of rotations of the vector �h for fundamental and composite
SU(3) monopoles

The physical meaning of the third of the ansätze for the scalar field (8.33)
becomes clearer, if we note that on the spatial asymptotic this configuration
really corresponds to the Higgs field of two distinct fundamental monopoles,
(1, 0) and (0, 1), respectively. Indeed, outside of cores of these monopoles in
the Abelian gauge, the scalar field can be written as the superposition:

φ(r → ∞) = v1T 3
(1) + v2T 3

(2) =
1
2

⎛⎝ v1 0 0
0 v2 − v1 0
0 0 −v2

⎞⎠ ,
where the Higgs field of the β1 and β2 monopoles takes the vacuum expecta-
tion values v1, v2 respectively.

Rotation of this configuration by the matrices of the SU(2) subgroup,
which is defined by the third composite root #β3

U =

⎛⎜⎝ cos θ
2 0 sin θ

2e
−iφ

0 1 0

− sin θ
2e

iφ 0 cos θ
2

⎞⎟⎠ ,
yields

U−1φU =
1
2
[v1 + v2]τ (3)

r +
3
4
[v1 − v2]Q̃ . (8.40)

Up to the obvious reparameterization of the shape functions of the scalar
field

Φ1 → 1
2

[F1(r) + F2(r)] , Φ2 →
√

3
2

[F1(r) − F2(r)] , (8.41)

where the functions F1, F2 have the vacuum expectation values v1, v2, re-
spectively, the configuration (8.41) precisely corresponds to the third of the
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ansätze (8.33). Because the su(3)-norm of the scalar field is set to be unity,
the vacuum values must satisfy the condition v21 + v22 − v1v2 = v.

Moreover, the reparameterization (8.41) allows us to write the scalar field
of the β3 monopole along positive direction of the z-axis as

#β3 : φ(r → ∞, θ)
∣∣∣∣
θ=0

=
(
v1 −

v2
2

)
H1 +

√
3

2
v2H2

= (v1#β1 + v2#β2) · #H = (#h · #H) ,

and we conclude that the asymptotic values v1 and v2 are the coefficients
of the expansion of the vector #h in the basis of the simple roots and on the
spatial asymptotic, the fields F1(#β1 · #H) and F2(#β2 · #H) can be identified with
the Higgs fields of the first and second fundamental monopoles, respectively.

Thus, the embedding along the composite simple root #β3 gives two fun-
damental monopoles, which in the case of maximal symmetry breaking, are
charged with respect to different U(1) subgroups and are on top of each other.
The configuration with minimal energy corresponds to the boundary condi-
tion (Φ1)vac = 1, (Φ2)vac = 0. We can interpret it by making use of (8.41), as
two identical monopoles of the same mass. This degeneration is lifted as the
value of the constant solution Φ2 = C increases, the vector of the Higgs field
#h smoothly rotates in the root space and the boundary conditions begin to
vary.

According to the parameterization (8.41), increasing of (Φ2)vac results in
the splitting of the vacuum values of the scalar fields of the first and second
fundamental monopoles; the β1-monopole is becoming heavier than the β2-
monopole. The maximal vacuum expectation value of the second component
of the Higgs field of the β3-monopole is (Φ2)vac = 1/2 or v2 = v1/2. This
is a border value which, according to (8.37), separates the composite β3-
monopole from a single fundamental βi-monopole, for which (#h · #βi) ≥ 0 if
(Φ2)vac ≥ 1/2.

As (Φ2)vac varies from (Φ2)vac = 1/2 to (Φ2)vac = 1, the vector #h rotates
clockwise for the β2-monopole and anti-clockwise for the β1-monopole within
the same domain of the root space (Fig. 8.5, left). The configuration smoothly
moves to the limit (Φ2)vac = 1 when the vector #h becomes orthogonal to one
of the simple roots. The numerical solution of the system of equations (8.36)
is displayed in Figs. 8.6, and 8.7.

Let us consider the behavior of a single fundamental monopole solution as
the vacuum expectation value (Φ2)vac approaches this limit [341,467]. Then,
the “hedgehog” component (Φ2)vac tends to vanish and the monopole core
spreads out as (Φ2)vac is approaches the limit C = 1. This is the case of
minimal symmetry breaking.
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Fig. 8.6. Structure functions of the Higgs field components Φ1(r) and Φ2(r) of the
single fundamental monopole with different vacuum expectation values (Φ2)vac = C
at λ = 1

SU(3) → U(2): Minimal Symmetry Breaking

Let us analyze what happens if the scalar field becomes orthogonal to one of
the simple roots. Suppose, for example, that #h · #β1 = 0, that is, #h = (0, 1).
Then, as r → ∞,

φ→ φ0 = vH2 =
v

2
√

3

⎛⎝ 1 0 0
0 1 0
0 0 −2

⎞⎠ . (8.42)

As we have already mentioned, in this case, two eigenvalues of the mass
matrix coincide. Clearly, the mass matrix then commutes with the generators
of SU(2) subalgebra T a

(1), which correspond to the #β1 simple root and mixes
the degenerated eigenvalues of φ0:
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Fig. 8.7. Structure function of the gauge field K(r) of the single fundamental
monopole for different vacuum expectation values (Φ2)vac = C at λ = 1

[φ0, T
a
(1)] = 0 . (8.43)

Furthermore, there is the U(1) invariant subgroup. Indeed, the diagonal ma-
trix φ0 (8.42), as before, commutes with the electric charge operator Q.

Let us comment on the last statement. Recall that the electromagnetic
subgroup of SU(3) is not just one of the Abelian subgroups generated by the
elements of Cartan subalgebra #H. The electric charge operator Q is defined
by (8.35) as Q = H1 +H2/

√
3 = diag(2/3,−1/3,−1/3) and the eigenvalues

of the matrix Q correspond to the electric charges of the fundamental SU(3)
triplet (quarks). Thus, the electromagnetic subgroup of spontaneously broken
SU(N) theory is compact. Indeed, the elements of this subgroup are given
by U = eiαQ, and there are two points of the group manifold parameterized
by the angles α and α+ 2πN , where N = 3, which are identical7.

However it would be not correct to conclude that the invariant subgroup
H of the minimally broken SU(3) model is a direct product SU(2) × U(1).
This is correct only with respect to the local structure of H, because the
7 There is a principal difference between the SU(3) gauge theory and the SU(2)×

U(1) unified model of electroweak interaction. In the latter, the electric charge
operator is defined as a linear combination

Qew = sin θW T 3 + cos θW Y, sin2 θW = 0.230,

i.e., the electromagnetic subgroup of the Standard Model is non-compact. There-
fore, there is no topologically stable monopole solution within electroweak theory.
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transformation of the electromagnetic U(1) subgroup generated by the elec-
tric charge operator contains the elements of the center Z2 = [−1, 1] of the
SU(2) subgroup:

e3πiQ =

⎛⎝1 0 0
0 −1 0
0 0 −1

⎞⎠ .
Hence, the group of residual symmetry of the vacuum is H = SU(2) ×
U(1)/Z2 ≈ U(2), and there are two different classes of the topologically
non-trivial paths in H: the closed contours that encircle the U(1) subgroup
of H and the loops, which are traveling from the identity to the element of
center Z2 through the U(1) subgroup, and back to the identity through the
SU(2) subgroup [55]. The monopoles with a minimal U(1) magnetic charge
correspond to the contour travel only half-way around the U(1) subgroup,
from the identity to the unit element of the center of SU(2). Such a monopole
has a non-Abelian Z2 charge, as well as a non-Abelian SU(2) charge [55].

Thus, unlike (8.27), the second homotopy group for minimal symmetry
breaking is

π2

(
SU(3)
U(2)

)
= Z ,

and there is only one topological charge. Indeed, for given orientation of the
Higgs field in the simple root basis, the topological charge, which is defined
by formula (8.28), becomes

G = #g · #h =
4π
e

(
n1
#β∗1 + n2

#β∗2
)
· #h = n2

4π
e

√
3

2
.

Thus, only the integer n2, which corresponds to the non-orthogonal to
the vector #h simple root #β2, is associated with the topological charge G [488].

As was pointed out by E. Weinberg, one can understand the origin of
this reduction by taking into account the residual gauge freedom, which still
exists within the chosen Cartan subalgebra #H. The point is that the vector
magnetic charge #g is defined up to a transformation from the Weyl subgroup,
which does not take the vacuum φ0 out of the Cartan subgroup [514]. In the
case of maximal SU(3) symmetry breaking to H = U(1) × U(1), there is
just one fixed basis of simple roots given by the vector #h and both integers
n1, n2 are topological charges (8.25). If the symmetry is broken minimally
to H = SU(2) × U(1), the condition that requires the inner product of the
simple roots with #h to be positive, does not uniquely determine the basis of
the roots. There are two possible sets related by the Weyl reflection of the root
diagram that result from the global gauge transformations of the unbroken
SU(2) subgroup. In the case under consideration, #h is orthogonal to #β1 and we
can choose between two possibilities: (#β1, #β2) and (#β′1, #β

′
2) = (−#β1, #β1 + #β2).

In the alternative self-dual basis, the vector magnetic charge reads

#g =
4π
e

(
n′1#β

′
1 + n′2#β

′
2

)
, (8.44)
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where n′1 = n2 − n1; n′2 = n2. Therefore, only the invariant component of
the vector magnetic charge Tr(#g · #Hφ0) = 4πvn2/e, labeled by the integer n2,
has a topological interpretation. Values of another integer n1 = 0 or n1 = 1
are related to two possible orientations in the root space, which correspond
to the two choices of the basis, or the two possible ways to embed the SU(2)
subgroup that we described above [514].

Indeed, in the case of minimal symmetry breaking, the magnetic charge
g = #g · #H is no longer invariant under the transformation generated by the
elements of the unbroken U(2) subgroup. The explicit form of this transfor-
mation is given by the matrix R (see (8.20)). Such a transformation defines
the so-called magnetic orbit of the charge G [89, 387]. An arbitrary point of
the orbit could be obtained by the transformation

g → R#g · #HR−1 =
4π
e

[
n2

√
3

2
H2 +

(
n1 −

n2

2

)
r̂kT(1)k

]
, (8.45)

where the components of the non-Abelian magnetic charge are connected
with the unit vector

r̂k = (sin θ cosϕ, sin θ sinϕ, cosϕ) ,

which defines a sphere S2 in the group space of SU(3).
The magnetic orbit on the group space travels through the Cartan sub-

algebra in two different points, which are connected by the Weyl reflection.
For the given topological charge n2, each orbit is characterized by the radius
|n1 − n2/2| [89]. According to the general terminology we described above,
a pair of integers n1, n2 − n1 have to be connected with magnetic weights8.
Configurations with a holomorphic charge [n1] = 0 correspond to a simple
embedding of a SU(2) monopole configuration with an arbitrary topological
charge n2 into the SU(3) group [510]. Nontrivial, spherically symmetrical
solutions with n1 �= 0 were considered in [88,229,348,349,509,526].

Thus, in the case under consideration, the fundamental monopoles are
the states labeled by topological charge n2 = 0, 1 and a holomorphic charge
[n1] ∈ Z.

Finally, let us briefly comment on the statement we made at the beginning
of this chapter (cf. (8.1) and (8.2)), concerning the possible contribution of a
non-Abelian magnetic charge of a monopole to the charge quantization con-
dition. Indeed, the first term in (8.45) corresponds to the topological charge,
which is quantizable according to the charge quantization condition, whereas
the second term may be associated with a non-Abelian charge of the mono-
pole. However, this interpretation is not quite clear due to some ambiguities,
which we discuss below.
8 The integer n1 is also called a holomorphic charge [387]. To distinguish it from

a topological charge, the notation in square brackets is used. For example, a
state with a unit topological charge and a unit holomorphic charge is labeled as
(1, [1]).
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8.2 Massive and Massless Monopoles

The question as to what could be the physical meaning of the components
of the non-Abelian magnetic charge, which are abundant at non-maximal
symmetry breaking, has been discussed for years. We refer the reader to the
papers [89,138,387]. Rather convincing seems to be the argument that there
is no topological restriction that forbids decay of an arbitrary configuration
into the state with minimal energy, that is, with a minimal possible value of
the non-Abelian magnetic charge [43,138].

However, in the BPS limit this argument is no longer valid, because all the
states, including the states with non-Abelian magnetic charge, correspond to
the same absolute minimum of energy. Thus, we have to understand what
happens with a massive state in the limiting case of minimal symmetry break-
ing.

Let us return to the SU(3) model. We argued above that there are two
different monopoles corresponding to the two simple roots #β1 and #β2, respec-
tively. However, it follows from the Bogomol’nyi bound (8.29) that only one
configuration with a non-zero topological charge n2 remains massive in the
minimal symmetry breaking case (#h · #β1 = 0):

M =
4πv
e

(
n1
#β1 · #h+ n2

#β2 · #h
)

=M2 = n2

√
3

2
4πv
e
. (8.46)

Another monopole turns out to be massless:

M1 = n1
4πv
e
#β1 · #h = 0 .

This agrees with the results of our numerical calculations above; a single
isolated fundamental monopole spreads out in space, its core radius increases
as vector #h approaches the limit where it becomes orthogonal to one of the
simple roots (see Fig 8.7). The mass of such an “inflated” monopole decreases
and tends to zero.

However, the pattern of symmetry breaking becomes more complicated
for a β3-monopole, which is a composite state of two fundamental monopoles
on top of each other [467]. Recall that the idea is to treat minimal SU(3)
symmetry breaking as a special case of maximal symmetry breaking, i.e.,
to analyse the rotation of the vector #h in the root space. Indeed, it yields
the splitting of the fundamental monopole masses as (Φ2)vac increases. One
would expect that in the limiting case of minimal symmetry breaking, the
β2 monopole is becoming massless, that is, in that limit the vacuum value of
the field F2 should vanish, v2 → 0. However, two monopoles are overlapped
and the presence of the massive monopole changes the situation. Indeed, the
symmetry outside the core of the β1-monopole is broken down to U(1), which
also changes the pattern of the symmetry breaking by the scalar field of the
second monopole. One can see that the vector #h becomes orthogonal to the
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simple root #β2, when (Φ1)vac =
√

3/2, (Φ2)vac = 1/2, or v2 = v1/2. Going
back to (8.42), we can see that, in this case on the spatial asymptotic the
scalar field along the z-axis is

φ(r → ∞, θ)
∣∣∣∣
θ=0

=
3
4
v1Q ,

where Q is the electric charge matrix (8.35). Thus, the symmetry is still
maximally broken and both monopoles are massive.

Equation (8.42) indicates that the symmetry is minimally broken if the
vector #h becomes orthogonal to the simple root #β1 and v1 = v2/2. Then,
the eigenvalues of the scalar field are the same as H2, that is, the unbroken
symmetry group is really U(2). However, for the third composite root, such a
situation corresponds to the negative value of the inner product (#h · #β2) and
it has to be excluded. Thus, the maximal value of the second component of
the Higgs field of the β3-monopole is (Φ2)vac = 1/2.

This conclusion allows us to understand what happens if we consider two
distinct fundamental monopoles well-separated by a distance R0 � Rc. As
the vector #h approaches to the direction orthogonal to either of the sim-
ple roots, the core of the corresponding monopole tends to expand until its
characteristic size approaches the scale of R0 [344, 352]. At this stage, this
monopole loses its identity as a localized field configuration. We have seen
that, if this monopole were isolated, it would spread out and disappear, dis-
solving into the topologically trivial sector. However, as its core overlaps with
the second massive monopole, it ceases to expand [185,186,295,354].

Because at this stage the topological charge is resolved, this state is no
longer a topological soliton. E. Weinberg [344, 517] suggested that such a
configuration be interpreted as a “non-Abelian cloud” of characteristic size
R0, surrounding the massive monopole. The Coulomb magnetic field inside
this cloud includes components that correspond to both Abelian and non-
Abelian charges. However, on distances larger than R0, only the Abelian
component is presented. The zero modes, which correspond to the massless
monopole, are transformed into the parameters of the non-Abelian global
orientation and the parameter characterizing the radii of these clouds [295].

This situation leads to some modification of the Montonen–Olive conjec-
ture. If the symmetry is maximally broken the formal difference from the
situation that we discussed in Sect. 8.1.3 is that the spectrum of the states
is redoubled: there are two self-dual massless photons corresponding to the
two simple roots and two monopoles forming the dual pairs of massive mono-
poles and vector bosons, one for each simple root: (Mβi

� Aβi
). In the case

of minimal symmetry breaking, the state dual to a massless monopole has
to be a gauge boson with mass zero. If the symmetry is broken down to the
subgroup SU(3), we could say that such a massless monopole are states dual
to gluons.
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Because these massless monopoles are not connected with any topological
charges, there is the problem of interpretation of such a state, or, generally
speaking, the problem of interpretation of the magnetic weights. The answer
can be obtained similarly to the case of maximal symmetry breaking, by
analysis of the spectrum of the fluctuations on this background [513–515].
However, in this way, we have to confront some trouble connected with the
problem of the definition of the global non-Abelian gauge transformations
[62,106,396–398].

8.2.1 Pathologies of Non-Abelian Gauge Transformations

Let us recall that in the SU(2) model with the unbroken Abelian subgroup,
the gauge zero mode appears as a result of a time-dependent gauge trans-
formation, which generates an electric charge of the configuration. In other
words, an excitation of the Abelian gauge zero mode transforms a monopole
into a dyon (see the related discussion in Sect. 5.2.1 above).

A naive generalization of the result for the case of the unbroken non-
Abelian subgroup is that there are corresponding time-dependent gauge
transformations that generate some set of non-Abelian zero modes. The exci-
tation of these modes would transform a monopole into a non-Abelian dyon
and it appears plausible that, in the case of minimal symmetry breaking, a
configuration can possess both a non-Abelian magnetic and a non-Abelian
electric charge.

However, this conclusion is not quite correct, because some of these
non-Abelian gauge zero modes turn out to be non-normalizable excitations
[62, 396]. The reason is that a global non-Abelian gauge transformation in
principle cannot be well-defined in the presence of a monopole [106,397,398].

To see this, let us consider the above example minimal symmetry breaking
of the SU(3) model. For the sake of simplicity, we take the vector #h to be
orthogonal to the simple root #β1 once again. The vacuum expectation value
of the Higgs field φ0 (8.42) is proportional to the element of the Cartan
subalgebra H2 and commutes with the generators of the SU(2) subalgebra
T a

(1), as well as with the second generator of the Cartan subalgebra H1.
Note that there is a transformation given by the matrices R (8.20) of the

unbroken U(2) subgroup, which rotates the vacuum φ0 from a singular to the
“hedgehog” gauge [397]:

φ0 −→
SU(3)

Rφ0R
−1 =

v√
3

(
2 0
0 3σkr̂k − 1

)
. (8.47)

This is a generalization of the vacuum asymptotic of SU(2) model that we
discussed in Chap. 5:

φ0 −→
SU(2)

v

2
σkr̂k .
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The diagonal operators T 3
(1) and H1, which commute with φ0, transform

in the same way:

T 3
(1) → RT 3

(1)R
−1 =

1
4

(
2 0
0 − σkr̂k − 1

)
, (8.48)

H1 → RH1R
−1 =

1
4

(
2 0
0 3σkr̂k − 1

)
.

Clearly, these matrices are regular on the sphere S2 given by the unit vector
r̂k. The problem is that there are two other SU(2) generators, which commute
with φ0, but do not have such a property. Indeed, for example, rotation of
the generator T 1

(1) to the “hedgehog” gauge yields

T 1
(1) → RT 1

(1)R
−1 =

1
2

⎛⎝ 0 cos(θ/2) sin(θ/2)e−iψ

cos(θ/2) 0 0
sin(θ/2)eiψ 0 0

⎞⎠ . (8.49)

Evidently, this matrix possesses a singularity at the south pole:

sin(θ/2)eiψ =
x+ iy√
2(1 + z)

−→
cos θ→π

∞.

We may check in a similar way that in the spherical gauge, the generator
T 2

(1) is not regular at the north pole. More generally, it is impossible to define
a regular global gauge transformation that is generated by the non-diagonal
operators T 1

(1) and T 2
(1).

An outline of the proof of this statement is rather simple [55, 63, 397].
Note that on the spatial asymptotic S2, we can neglect all fields but those
that are related to the unbroken symmetry subgroup. Then, we may make
use of some generalization of the Wu–Yang formalism once again, i.e., we can
cover the sphere S2 by two hemispheres S2 = RN ∪ RS . Both on the north
and on the south hemispheres smooth functions ψN and ψS (the section of
the bundle) are defined, which are connected on the equator S1 = RN ∩RS

(the overlap region) by the transition functions U(ϕ):

ψN (θ = π/2, ϕ) = U(ϕ)ψS(θ = π/2, ϕ)U−1(ϕ) . (8.50)

Thus, the gauge transformation U(ϕ) relates the sections of the bundle
and defines a closed contour on the group space. Indeed, we may write
U(ϕ) = exp{iQϕ}, where Q is the electric charge generator (8.35) and the
identification of the points ϕ and ϕ+2πN is supposed. The map of this loop
on the equator defines the first homotopy group, which yields the magnetic
charge of the non-Abelian monopole.

The local gauge transformations defined within each of the hemispheres
have to be consistent with the compatibility condition (8.50), that is,

ψN (θ, ϕ) → UN (ϕ)ψN (θ, ϕ)U−1
N (ϕ) , as 0 ≤ θ ≤ π/2 ,
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ψS(θ, ϕ) → US(ϕ)ψS(θ, ϕ)U−1
S (ϕ) , as π/2 ≤ θ ≤ π ,

UN (θ = π/2, ϕ) = U(ϕ)US(θ = π/2, ϕ)U−1(ϕ) . (8.51)

To define a gauge transformation on the sphere S2 globally, the algebra
of generators T a of unbroken symmetry subgroup H must be independent
of the angular variables θ, ϕ up to an inner authomorphism, which preserves
the Lie algebra of H:

T a
N (θ, ϕ) = gN (θ, ϕ)T ag−1

N (θ, ϕ), as 0 ≤ θ ≤ π/2 ,
T a

S (θ, ϕ) = gS(θ, ϕ)T ag−1
S (θ, ϕ), as π/2 ≤ θ ≤ π ,

where g ∈ H. The compatibility condition (8.50) means that

T a
N (θ = π/2, ϕ) = U(ϕ)T a

S (θ = π/2, ϕ)U−1(ϕ) ,

or

T a = g−1
N (π/2, ϕ)U(ϕ)gS(π/2, ϕ)T ag−1

S (π/2, ϕ)U−1(ϕ)gN (π/2, ϕ)

= Ω0T
aΩ−1

0 . (8.52)

Therefore, the transformation Ω0 ≡ g−1
N (π/2, ϕ)U(ϕ)gS(π/2, ϕ) defines a

trivial authomprphism that is an element of the center of H. Recall that in
the case under consideration, H = U(2) ≈ SU(2) × U(1)/Z2 and the center
consists of two elements9 Ω0 = [−1, 1]. Thus, the gauge function that defines
the first fundamental homotopy group is

U(ϕ) = gN (θ = π/2, ϕ)Ω0g
−1
S (θ = π/2, ϕ) .

Now we can see that, if the angle θ varies from θ = π/2 (equator) to
θ = 0 or θ = π (north and south poles of the sphere, respectively), the
closed contour on the group space can be continuously deformed to a point,
that is, the corresponding winding number is zero. This means that in the
theory with non-Abelian monopoles, the global gauge transformations are ill-
defined in general. The only exception is the trivial case when the function
U(ϕ) = exp{iQϕ} is homotopically equivalent to the zero element [397]. This
condition can be satisfied for an arbitrary charge matrix Q, if the charge
quantization condition is fulfilled and the transition function U(ϕ) maps an
even number of loops on the group space, while the azimuthal variable ϕ on
the equator S1 varies from 0 to 2π. In other words, the generators of the U(2)
invariant subgroup, which commute with the vacuum of the Higgs field, can
be defined globally only if the topological charge of the configuration takes
even values.

On the other hand, it is impossible to define normalizable zero modes
which would correspond to the generators of the non-Abelian subgroup that
9 Of course, this argumentation could be easily applied to an arbitrary semi-simple

group.
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do not commute with the vector magnetic charge g = #g · #H. The reason is that
such a fluctuation of the fields is not compatible with the restrictions imposed
by the Gauss law [62,398]. This contradiction can be removed by introducing
an additional constraint on the vector magnetic charge to be parallel to the
scalar field:

#g · #βi = 0 , (8.53)

for all simple roots orthogonal to #h. The physical meaning of this constraint
is that all long-range forces are restricted to be Abelian.

In our basis of simple SU(3) roots, the constraint (8.53) yields

n1 − n2/2 = 0 .

Thus, the simplest non-pathological configuration with a non-zero holomor-
phic charge [n1] = 1 consists of two massive monopoles.

Thus, we conclude that we have the famous “no go theorem”, which states
that there are no colored dyons [106, 397, 398]. However, this theorem does
not exclude another possibility, namely that we can consider the dual non-
Abelian Lie group G∗ as a gauge group of the configuration. Then there could
be non-Abelian monopoles that transform according to some representation
of the dual group [89,90,334].

8.3 SU(3) Monopole Moduli Space

The conclusion that the multimonopole configurations appear in a rather
natural way in a model with the gauge group rank greater than one caused a
special interest in the investigation of the moduli space of these monopoles.

Let us recall that the idea of the moduli space approximation is to truncate
the infinite-dimensional configuration space of a system to the subspace of
n collective coordinates involving the final number of degrees of freedom.
The low-energy dynamics of the configuration is then described as a geodesic
motion of a point particle on this moduli space.

A straight way to construct a moduli space metric is to analyze the zero
modes around of the full family of solutions for a given magnetic charge. This
metric describes the low-energy interaction between the monopoles. However,
in some cases, an explicit solution is not available. Then we can invert this
logic, namely we can try to make use of the knowledge of low-energy dynamics
to restore, at least asymptotically, the moduli space metric.

To contract the metric on SU(3) moduli space, we make use of an analogy
with the discussion of Sect. 6.3.3, where we considered the classical Lagran-
gian of point-like well-separated SU(2) dyons. Again, we imply a naive picture
of the classical interaction of two fundamental monopoles, which are obtained
by embedding of the single SU(2) monopole configuration along the compos-
ite root #β1 + #β2. However, since these monopoles are charged with respect to
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different Abelian subgroups, the character of interaction between the SU(3)
BPS monopoles depends on the type of embedding [346]. This is also correct
for the non-BPS extension [467].

Indeed, then there is only a long-range electromagnetic field that me-
diates the interaction between two widely separated non-BPS monopoles,
that is, they are considered as classical point-like particles with magnetic
charges gi = #gi · #H = #βi · #H. For a non-zero scalar coupling λ, the contribu-
tion of the scalar field is exponentially suppressed. The energy of the elec-
tromagnetic interaction then originates from the kinetic term of the gauge
field ∼ TrFµνF

µν in the Lagrangian (8.3). Therefore, an additional factor
Tr[(#βi · #H)(#βj · #H)] = (#βi · #βj) appears in the formula for the energy of elec-
tromagnetic interaction. In the case under consideration, (#β1 · #β2) = −1/2,
while (#βi · #βi) = 1. This corresponds to the attraction of two different funda-
mental SU(3) monopoles and repulsion of two monopoles of the same SU(2)
subalgebra due to the non-trivial group structure. The energy of interaction
between the #β1 and #β2 monopoles is then:

Vint = − (r1r2)
r31r

3
2

.

We can check this conclusion by making use of an analogy with the classi-
cal electrodynamics of point-like charges. Let us suppose that both monopoles
are located on the z-axis at the points (0, 0,±R).

The electromagnetic field of this configuration can be calculated in the
Abelian gauge, where the gauge field becomes additive [76]. If the mono-
poles are embedded along the same simple root, say #β1, we can write the
components of the gauge field as

Ar = Aθ = 0, Aϕ = (1 + cos θ1)
σ

(1)
3

2
+ (1 + cos θ2)

σ
(1)
3

2
. (8.54)

Simple calculation yields the components of the electromagnetic field strength
tensor

Frθ = 0; Frϕ = rR sin2 θ

(
1
r31

σ
(1)
3

2
− 1
r32

σ
(1)
3

2

)
,

Fθϕ = −r2 sin θ

(
r −R cos θ

r31

σ
(1)
3

2
+
r +R cos θ

r32

σ
(1)
3

2

)
,

(8.55)

where r1, r2 are the distances of the point r to the points at which monopoles
are placed. The field energy becomes

E = Tr
(

1
r2 sin2 θ

F 2
rϕ +

1
r4 sin2 θ

F 2
θϕ

)
=

1
2

[(
r1

r31

)2

+
(

r2

r32

)2

+
2(r1r2)
r31r

3
2

]
,

(8.56)
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that is, the potential energy of the electromagnetic interaction of two β1

monopoles is repulsive. However, for a #β3 configuration with vector charge
#g = (1, 1), the components of the gauge fields are

Ar = Aθ = 0; Aϕ = (1 + cos θ1)
σ

(1)
3

2
+ (1 + cos θ2)

σ
(2)
3

2
, (8.57)

and, because Tr (σ(1)
3 σ

(2)
3 ) = −1, the field energy is

E =
1
2

[(
r1

r31

)2

+
(

r2

r32

)2

− (r1r2)
r31r

3
2

]
, (8.58)

that is the #β1 and #β2 monopoles attract each other with a half-force compared
to the case of the repulsion of two #β1 monopoles.

Let us now consider the BPS monopoles. To derive the metric on the
SU(3) moduli space, we shall analyze the situation in more detail [239].
Again, suppose that there are two fundamental monopoles at the points
ri, i = 1, 2, separated by a large distance r. The idea is to exploit an anal-
ogy with a classical picture of the non-relativistic interaction between two
point-like charges, moving with small velocities vi. Thus, we consider a clas-
sic, long-range interaction between two particles with magnetic charges #g1, #g2
associated with the corresponding simple roots,

gi = (#gi · #H) =
4π
e

(#βi · #H) . (8.59)

Because we considering the fundamental monopoles, the charge quantization
condition yields g1 = g2 = g = 4π/e.

Recall that some of the collective coordinates of the multi-monopole sys-
tem correspond to the dyonic degrees of freedom. These excitations shall
transform a monopole into a dyon (see Sect. 6.5.1). Other collective coordi-
nates correspond to the spatial translations of the configuration. We make
an assumption that the electric charges of the dyons are also vectors in the
root space, that is [346],

Qi = qi(#βi · #H) . (8.60)

Thus, the potential of interaction of two identical dyons remains proportional
to the inner product (βi ·βj), as in the case of a purely magnetically charged
configuration.

The canonical momentum of one of the dyons, which is moving in the
external field of another static dyon, is given by

P =Mv1 + q1A + gÃ , (8.61)

where the vector potentials of the electromagnetic field generated by the
static dyon are
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A = g2a , Ã = −q2a ,

and we again make use of the definition a of the rescaled Dirac potential (see
(6.53)) :

[∇∇∇× a] = r/r3 = −∇∇∇(1/r) .

Thus, far away from each of the dyons their electric and magnetic fields are

B(i) = gi
r − ri

|r − ri|3
=

4π
e

(#βi · #H)
r − ri

|r − ri|3
,

E(i) = Qi
r − ri

|r − ri|3
= qi(#βi · #H)

r − ri

|r − ri|3
, (8.62)

which correspond to the scalar potentials

A
(i)
0 = qi

(#βi · #H)
|r − ri|

, Ã
(i)
0 = g

(#βi · #H)
|r − ri|

.

In the evaluation of the energy of interaction between the two fundamental
monopoles considered above, we take into account only the electromagnetic
part and neglect the contribution of scalar fields. However, in the BPS limit,
the Higgs field also becomes long-ranged and the mass of the dyon is defined
as

Mi =
(
#h · #β∗i

)√
q2i + g2 , (8.63)

which is a generalization of (8.29). However, this formula is only correct for
a single isolated dyon.

An external field of another dyon modifies the Coulomb-like tail of the
scalar field (cf. (8.10)) as

φi = v#h · #H −
√
q2i + g2

√
1 − v2

i

(#βi · #H)
|r − ri|

. (8.64)

As in the previous consideration of Sect. 6.3.3, we neglect here the differ-
ence between the masses of the monopole and the dyon, i.e., we assume for
simplicity that both the velocities and the electric charges of the dyons are
relatively small.

We also have to take into account the Coulomb-like potential associated
with the dilatonic charge of the Higgs field, which is similar to the minimal
SU(2) model:

Q
(i)
D = (#βi · #H)

√
q2i + g2 . (8.65)

The long-range tail of the Higgs field yields some distortion of the vacuum
expectation value of the scalar field in the neighborhood of another monopole
(see (8.64)). As a result, the size of its core is increasing a bit, whereas the
mass is decreasing:



310 8 Monopoles Beyond SU(2) Group

M →M − (#β∗1 · #β∗2)
r

√
1 − v2

2

√
(q21 + g2)(q22 + g2) . (8.66)

To sum up, the formal difference from the calculations we presented in
Sect. 6.3.3 consists in an additional factor λ = −2(#β1 · #β2), which appears as a
coefficient at all terms of interactions. Thus, by making use of simple analogy
with (6.59), we can immediately write the Lagrangian of relative motion of
two widely separated SU(3) BPS dyons of the same mass10 M as [346]:

L =
1
4

(
M +

λg2

r

)(
ṙ · ṙ − Q

2

g2

)
− λ

2
gQ ṙ · a , (8.67)

where a relative charge of the pair of dyons is Q = |q1 − q2| and the relative
position is defined by the vector r = r1 − r2.

Recall that in the SU(2) theory, the relative electric charge is connected
with the gauge cyclic collective coordinate Υ (t), which parameterizes the U(1)
subgroup. In the case of the SU(3) model, the electric charges q1 and q2 are
related to two different U(1) subgroups, which can be parameterized by two
cyclic variables, the angles α1 and α2, respectively. Then we may interpret
the charges q1, q2 as conserved momenta conjugated to these variables. In the
basis of a self-dual simple root that we are using, the period of the variables
αi is T = 2πe for both subgroups. The relative phase Υ = α1−α2 is a variable
conjugated to the relative charge Q.

The moduli space Lagrangian of relative motion must be written in
terms of the generalized velocities. Thus, by analogy with our discussion
in Sect. 6.3.3, we perform the Legendre transformation

L(r, Υ ) = L(r, Q) + gQΥ̇ ,

where

Q ≡ 2g3

M + λg2

r

(
Υ̇ + (#β1 · #β2) (a · ṙ)

)
. (8.68)

Thus, we finally obtain the transformed Lagrangian of the relative motion of
two widely separated SU(3) dyons [239,346],

L =
1
4

(
M +

λg2

r

)
ṙ · ṙ +

g4

M + λg2

r

(
Υ̇ − λ

2
(a · ṙ)

)2

. (8.69)

As before, this expression does not depend explicitly on the collective
coordinate Υ . This means that the corresponding equation of motion is just
the condition of conservation of the relative electric charge (8.68), rather than
a dynamical equation.

From this form of the Lagrangian (8.69), we can read the asymptotic
metric for the moduli space of two widely separated SU(3) BPS monopoles
10 Of course, one may make use of the reduced mass M = (M1+M2)/M1M2, where

M1, M2 are the masses of the dyons.
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ds2 =
(

1 +
λg2

Mr

)
dr2 +

(
g2

2M

)2

1 + λg2

Mr

(
dΥ + (#β1 · #β2) (a · dr)

)2

, (8.70)

that is, the metric of Taub-NUT space with the length parameter λg2/M .
The principal difference from the asymptotic metric, which describes two

SU(2) dyons, is that the parameter λ remains negative only if both of these
fundamental monopoles correspond to the same simple root. We can expect
this, because in this case, there are two widely separated SU(2) monopoles,
and the corresponding moduli space is described by the singular Taub-NUT
metric (6.64). However, we have seen that, if these two monopoles correspond
to the different simple roots, #β1 and #β2, we have [346]:

λ = −2(#β1 · #β2) = −2[(1, 0) · (−1/2,
√

3/2)] = 1 .

Note that the conservation of both the total and relative electric charges
results from the conservation of the individual electric charges q1, q2 of each
monopole. This yields a U(1) symmetry of the metric of relative motion,
which is not a symmetry of the Atiyah–Hitchin metric (6.143), where relative
charge, in general, is not an integral of motion. This symmetry simplifies the
low-energy dynamics of two distinct SU(3) monopoles; there is no right-angle
scattering, but bounce trajectory in a head-on collision.

A generalization to the case of arbitrary numbers of interacting dyons is
rather obvious [346]. Each BPS dyon is associated with a simple root #βn and
possess electric and magnetic charges gi, Qi defined as by (8.59) and (8.60),
respectively. Moreover, they also have a dilatonic charge Q(i)

D given by (8.65)
and all the long-range forces are proportional to the inner product of the
corresponding simple roots. Thus, we may write the Lagrangian of relative
motion of a system of N well-separated BPS dyons as

L =
1
2
Mnmṙn · ṙm +

g4

2
(M−1)nm

(
Υ̇n + (Wnk · ṙk)

)(
Υ̇m + (Wml · ṙl)

)
,

(8.71)
where n,m ∈ [1, N ], the mass11 of an n-th dyon Mn is defined according to
(8.63) and the matrix Mnm, which has the physical meaning of a reduced
mass matrix, is defined as

Mnn =Mn −
∑
k 	=n

g2(#β∗n · #β∗k)
rnk

, Mnm =
g2(#β∗n · #β∗m)
rnm

. (8.72)

Here the electromagnetic piece of interaction between these widely separated
monopoles is given by the superposition of the Dirac potentials anm

11 As before we neglect the difference between the mass of a monopole and that of
a dyon.
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Wnn =
∑
k 	=n

(#β∗n · #β∗k) ank, Wnm = −(#β∗n · #β∗m) anm .

For each individual potential we have [∇∇∇× ank] = ∇∇∇ 1
|rn − rk|

.

Let us consider the example of a SU(3) configuration consisting of three
monopoles with different masses and topological charges (2, 1) in the case of
maximal symmetry breaking. With our choice of the simple root basis #β1, #β2

given by (8.15), the corresponding mass matrix can then be written as [285]

Mmn =

⎛⎜⎜⎝
M1 − g2

r12
+ g2

2r13

g2

r12
− g2

2r13

g2

r12
M2 − g2

r12
+ g2

2r23
− g2

2r23

− g2

2r13
− g2

2r13
M3 + g2

2r13
+ g2

2r23

⎞⎟⎟⎠ .
Some approximations can be imposed to this system to investigate limiting
cases. For example, if one of the monopoles is very heavy, say M3 � M1 ∼
M2, its position in the frame of the center of the mass of two other monopoles
is fixed. Then, the Taub-NUT metric, which is singular in the limit r12 = 0,
could be recovered from (8.71) [285].

There is very convincing argumentation in support of the conclusion that
the asymptotic metric is exact, if all the interacting monopoles are associ-
ated with different roots [122, 175, 231, 345, 518, 519]. In the above example,
this condition if not satisfied and, when two monopoles that are associated
with the same simple root, approach each other, the moduli space metric
(8.70) develops a singularity. Generally, at small monopole separation we
have to take into account the interaction connected with the short-range
non-Abelian fields inside of monopoles. This interaction could modify the
Lagrangian (8.71).

Obviously, the complete information about the geometry of the moduli
space is much more important than the asymptotic metric of the system of
widely separated monopoles. There is some difference from the case of the
moduli space of SU(2) monopoles, which can be seen, if we consider the
particular case of two distinct interacting SU(3) monopoles.

Clearly, such a moduli space is eight-dimensional and it contains a three-
dimensional center-of-mass subspace R

3 spanned by the translation collective
coordinates

R =
M1r1 +M2r2

M1 +M2
.

However, in general, the moduli space of a higher rank gauge group does not
factorize onto a circle S1, since for the distinct fundamental SU(3) monopoles,
the total electric charge of the configuration is not associated with a periodic
collective coordinate.

Indeed, in the case under consideration, the total charge is defined as a
linear combination
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q̃ =
M1q1 +M2q2
M1 +M2

, (8.73)

where q1, q2 denote the quantized electric charges associated with two dif-
ferent U(1) subgroups. Thus, the relative charge Q = |q1 − q2| is quantized,
but the total charge (8.73) is not quantized, unless the ratio M1/M2 is ratio-
nal [231,345].

Thus, the collective variable υ, which is conjugated to the total charge
q̃, is defined on the R

1 subspace. Then the moduli space of two distinct
fundamental monopoles is of the form [231,345]

M = R
3 × R

1 ×M0

Z
,

where M0 is the relative moduli space parameterized by the relative positions
and phases. The Z factoring over the infinite discrete group appears due to
an identification on gauge variables υ and Υ , which correspond to the total
and relative charges q̃ and Q, respectively [345]. In general, it is a discrete
subgroup of the isometry group of R

1 ×M0.
It has been shown that for two distinct fundamental monopoles, the four-

dimensional subspace of relative motion M0 is a Taub-NUT manifold with
a positive length parameter. In general, the properties and dimension of the
manifold M0 essentially depend on the character of the long-range fields. The
simplest case is the maximal symmetry breaking [162]. Then the monopole
vector charge is g = (1, 1) and we have the system of two separated SU(2)
monopoles, which we discussed above in Chap. 6. Its relative moduli space
M(1,1)

0 is four-dimensional and the moduli space metric must be hyperkähler,
thus its geometry is shown to be smooth Taub-NUT space [175,231,345].

The situation is more complicated in the case of minimal symmetry break-
ing, due to two different possibilities that correspond to the holomorphic
charges [0] and [1], respectively.

A two-monopole configuration with the magnetic charge g = (2, [0]) can
be constructed by simple embedding of the charge two axially symmetric
SU(2) monopole into the SU(3) theory. The corresponding moduli space
M(2,[0])

0 is the charge 2 SU(2) monopole moduli space fibred over S2. The fac-
tor S2 here corresponds to the unbroken SU(2) subgroup, thus, the M(2,[0])

0

is a six-dimensional manifold. However in this case, there are long-range non-
Abelian magnetic fields associated with the unbroken SU(2) subgroup and
the global gauge transformations are ill-defined

If the holomorphic charge is equal to [1], the condition (8.53) is satisfied
and all the long-range fields are Abelian. Then the pathology of the global
gauge transformation disappears and the moduli space obtains additional
degrees of freedom. Indeed, a direct calculation of the number of zero modes
on the g = (2, [1]) monopole background shows that M(2,[1])

0 is of dimension
eight [132,514].
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This example shows that although, the asymptotic form of the moduli
space metric is given by (8.70), its general construction is a very complicated
problem. As mentioned earlier, in Sect. 6.4.5, the metric on the monopole
moduli space and the metric on the space of Nahm data (6.106) are related
by an isometry. Thus, solution of Nahm equations for the SU(3) monopoles
provides a simple way of finding the metric on the SU(3) monopole moduli
space.

8.3.1 SU(3) Monopoles: Nahm Equations

The Nahm approach to the SU(2) multimonopoles can be generalized for
a general SU(N) theory [392, 393]. Moreover, the matrix-valued functions
T k(s), which satisfy the system of non-linear ordinary differential equations
(6.106), must be modified to describe both the cases of minimal and maximal
symmetry breaking.

Let us briefly describe the case of the SU(3) theory. In the simplest pos-
sible case, the symmetry is broken to the maximal torus U(1) × U(1). For
a single fundamental monopole, #g = (1, 0) or #g = (0, 1), embedded along
corresponding simple root, the Nahm data T k(s) (6.104) are defined over the
interval s ∈ [0, 1]. Thus, it is a triplet of real numbers associated with the
position of the monopole, as we discussed in Sect. 6.4.5 above.

For a composite #g = (1, 1) monopole, the solution of the Nahm equa-
tions was constructed in [175]. Then the one-dimensional functions T k(s) in
the interval s ∈ [−1, 1] are given by two triplets T k(s1) and T k(s2), which
are defined over the sub-intervals s1 ∈ [−1, 0] and s2 ∈ [0, 1], respectively.
The Nahm data must be regular inside each sub-interval and some boundary
conditions between these sub-intervals are imposed at s = 0 to provide an-
alyticity over the whole interval [−1, 1]. The corresponding Nahm equations
are satisfied by a trivial solution, thus, these two triplets of real numbers
correspond to the positions of two monopoles and the boundary condition at
s = 0 fixes the relative phase.

Knowledge of the Nahm data for the charge #g = (1, 1) SU(3) monopoles
makes it possible to obtain the metric on the relative moduli space [175,231,
345], which is the Taub-NUT metric with a positive length parameter (8.70).

The example of the #g = (2, 1) monopoles, which we discussed above, is
more complicated. A very detailed study of the SU(3) monopole moduli space
have been done by Dancer [185–188], who also analyzed this particular case.
Further consideration of the SU(3) monopoles was presented in [295].

The Nahm matrices of these SU(3) monopoles are defined over the inter-
val12 s ∈ [−2, 1] with two subintervals, one for each of the monopoles and
some complicated boundary condition at s = 0.

12 In the works by A. Dancer [185,186] they were defined over the “shifted” interval
s ∈ [0, 3].
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The experience that we have already gained from the discussion of the
Nahm data of the SU(2) monopoles, suggest that the Nahm data in the
first subinterval, s1 ∈ [−2, 0], are Hermitian matrices of dimension 2×2. The
rotation invariance means that the proper ansatz is T k(s1) = fk(s1)σk/2. On
the second subinterval s2 ∈ [0, 1], the Nahm data T k(s2) have the dimension
1×1, that is, they are of the form T k(s2) = rk/2, where the vector rk defines
the position of the (0, 1) monopole.

For a minimal symmetry breaking SU(3) to U(2) the situation is different.
Let us briefly describe the properties of the twelve-dimensional moduli space
M of the #g = (2, [1]) monopole. Dancer showed [185,186] that M is a hyper-
Kähler manifold with commuting actions of Spin (3) (which is the double
cover of the SO(3) group of spatial rotations), U(2) (the unbroken gauge
group that we discussed above), and the group of translation of the center of
mass R

3.
Let us separate the collective coordinates of the center of mass and the

coordinates of the relative motion. Then the relative moduli space M0 is an
eight-dimensional irreducible hyper-Kähler manifold obtained by quotation
of M by R

3×U(1), where U(1) is the center of U(2). Therefore, the manifold
M0 has the free commuting action of SO(3) and SU(2)/Z2.

By quotienting M0 further by SU(2)/Z2, one obtains a five-dimensional
space N5, which has a non-free action of rotations SO(3) [186]. This space
describes monopoles with fixed center of mass, quotiented by the action of the
unbroken gauge group. By analogy with the case of the SU(2) monopoles, the
information about the isometries of the moduli spaces allows us to write an
explicit expression for the metric on M0 in terms of invariant one-forms [295].

Further simplification is possible, if we take the quotient of the space N5

by the SO(3) action. The rotational SO(3) symmetry leads to the corre-
sponding ansatz for the Nahm data: T k(s) = fk(s)σk/2. The Nahm equa-
tions (6.106) have a general solution (6.117), which, taking into account the
boundary conditions on the boundaries of the interval s ∈ [−2, 1], are [186]

f1 = −D cnk (Ds)
snk (Ds)

, f2 = −D dnk (Ds)
snk (Ds)

, f3 = − D

snk (Ds)
. (8.74)

Thus, after removal of all the possible symmetries of the monopole mod-
uli space we are left with a two-dimensional submanifold, a quotient space
N5/SO(3). However, the isotropy group is not the same at all points of the
space N5; its quotient by the SO(3) group is not a manifold [187]. There are
six copies of the space N5/SO(3), which form the totally geodesic Dancer
space Y depicted in the Fig 8.8. This space is symmetric under reflection
in each of the three Cartesian axes. The metric and geodesic flow on Y ,
corresponding to the monopole scattering, was studied in [187,188].

As follows from (8.74), a proper parameterization of a two-dimensional
subspace N5/SO(3) is given by the parameters k,D, where 0 ≤ k ≤ 1,
0 ≤ D < 2

3K(k), and K(k) is the complete elliptic integral (6.97). The
parameter D has the interpretation of the separation between the monopoles.
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Fig. 8.8. Geodesic space Y of SU(3) monopoles (Dancer space)

In each of the regions of Y , local (non-orthogonal) coordinates x, y can be
introduced. For example, in the region I, the local coordinates are [187,295]

x = (1 − k2)D2, y = k2D2 .

Points of this sector of Y correspond to the different monopole configu-
rations. Some of them we have already discussed. For example, the particular
value of the separation parameterD = 0 corresponds to the origin of the coor-
dinates x = 0, y = 0. This yields the spherically symmetric monopole studied
in [88, 526]. If the parameter D approaches another limit D = 2K(k)/3, the
configuration consists of two embedded SU(2) monopoles.

In the limiting case k = 0, the elliptic integral takes value K = π/2 and
the separation parameter is defined over the interval 0 ≤ D < π/3. This
corresponds to the border on the sector I defined by 0 ≤ x < π2/9, y = 0.
Because in this limit the elliptic Jacobi integrals become simple trigonometric
functions, the corresponding Nahm data define the trigonometric monopoles
[185]. They are actually the axially symmetric monopoles found by Ward
[509].

In the opposite limit k = 1, the elliptic integralK diverges logarithmically
and the elliptic integrals approach the hyperbolic functions. These are the
so-called hyperbolic monopoles. They correspond to another border of the
segment I defined by the line segment x = 0, 0 ≤ y < ∞. The analysis of
this configuration shows that these monopoles are also axially symmetric.
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This family interpolates between the case of two widely separated embedded
SU(2) monopoles of charge one (y → ∞) and a spherically symmetric charge
two monopole at the origin.

The geodesic on Y corresponds to the monopole scattering. For example,
the two line segments of the border of the sector I together correspond to
the geodesic on the space Y . As we move along it, two well-separated axially
symmetric SU(2) monopoles approach each other, collide to form the spheri-
cally symmetrical configuration, which then deforms to the axially symmetric
Ward monopoles [185]. This a generalization of the monopole scattering that
we considered in Sect. 6.5.1.

There are some interesting features of the SU(3) monopole scattering [187,
188]. For example, there can be double scattering of two monopoles at right-
angles in two orthogonal planes. In turns out that among the geodesics are
unusual ones that do not describe a trivial scattering of two monopoles, but
a process where two colliding monopoles form a bound state asymptotically
moving together to the border of Y characterized byD = 2K(k)/3. This is the
case when two charge one monopoles in initial state (#g = (1, 1)) scatter into
the final state g = (2, [1]). Thus, there are two SU(2) embedded monopoles
and a massless monopole state, excitation of which carries off the kinetic
energy when the monopoles stick together [58]. The parameter D in this
picture corresponds to the radius of such a non-Abelian cloud [295].

From the point of view of the Montonen–Olive duality, such a process is a
very intriguing dual analog of the confinement in the dual SU(3) theory, that
is, the Quantum Chromodynamics. Indeed, there is some obvious evidence
that quark binding into colorless states, baryons and mesons, is associated
with a number of non-perturbative effects. As we shall see in the next chapter,
here the monopoles can really play an outstanding role.



9 Monopoles and the Problem of Confinement

9.1 Quark Confinement in QCD

One of the reasons why nowadays there is such a strong interest in the mono-
pole problem is a subject that we have not discussed yet, namely the problem
of confinement. It has been quite popular since the beginning of the 1980s
to believe that monopoles in the QCD vacuum could be related with this
remarkable phenomenon, which still remains one of the very few Big Un-
solved Problems of the theoretical physics of the XXI-st century. Moreover,
this is the “classic question that has resisted solution over the years”, which
was included by the Clay Mathematics Institute in the list of seven Millen-
nium Prize Problems [14]. The award will amount to $1,000,000, thus, it is
worth-while to account for more information about the matter.

We consider the well-known Lagrangian of the SU(3) gauge theory in-
volving three flavors of fermions in some representation of the gauge group;
the quarks:

L = −1
4
F a

µνF
µνa + ψi(iDµγ

µ −mi)ψi , (9.1)

where ψi is the spinor field and the index i = 1, 2, 3 labels the flavors1. This
is Quantum Chromodynamics, the renormalizable asymptotically free gauge
theory, which is generally accepted as a correct theory of strong interactions.
This is a very remarkable theory, since the corresponding QCD Landau pole,
i.e., the dynamically generated mass scale ΛQCD at which the running cou-
pling constant blows up and the model becomes completely useless, in con-
trast to QED lies in a low-energy domain. In other words, Nature gives us
the rare possibility of seeing what happens with a theory as we approach a
non-perturbative regime.

The answer is known from the experiment: on large distances (or small
scales of momenta) there are neither quarks nor gluons, but colorless bound
states, baryons and mesons, as physical variables. That is the so-called weak
definition of confinement: there are no color states in the physical spectrum.
Thus, the drastic difference from Abelian theory is that the quarks and gluons
are no longer proper degrees of freedom of QCD over the entire range of scales.

1 In the next chapter we shall discuss the structure of the fermionic action in more
detail.
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Weak definition of confinement of colour, which is common in popular
literature, is not quite satisfactory because the mechanism of quarks binding
into the hadrons remains a black box. Again, experiment tells us that the
character of the gluon-mediated quark-antiquark interaction becomes differ-
ent as we approach the strong coupling regime; the confining potential is
linear, which can be explained by formation of a flux tube connecting quark
and antiquark.

There are many phenomenological models that have successfully used this
observation to describe the spectrum of hadrons. Thus, the strong definition
of confinement is to explain, starting from conventional perturbative QCD,
the origination of the linear potential between the quarks, and that is a real
challenge. Actually, there are two different regimes of QCD, the perturbative
region and the confinement phase, where the strong interaction forces the
quarks and gluons to condense. The problem of strong confinement is the
problem of phase transition between the confinement phase and deconfine-
ment phase of QCD.

We can try to understand what happens, if we notice that a hierarchy of
scales of QCD is provided by two quantities: the characteristic scale of chiral
symmetry breaking Λχ ∼ 1 GeV and ΛQCD ∼ 180 MeV . The perturbative
QCD governs the scales of momenta above the Λχ. In this domain, the quarks
and transverse gluons are physical asymptotic states in an exact analogy with
QED, where asymptotic states are electrons and transverse photons. On the
scale of the mass of the W -boson, the QCD coupling constant is ∼ 0.11 and
the theory irreproachably agrees with experimental data.

However, the situation is more subtle because the coupling quarks with
gluons becomes non-perturbative at the scale of Λχ. This is the scale of an-
other remarkable phenomenon: spontaneous chiral symmetry breaking. Note
that, if we neglect the quark mass term, the Lagrangian (9.1) turns out to
be invariant not only with respect to the SU(3) gauge transformations. Since
the Lagrangian (9.1) in the massless limit decomposes into two disconnected
parts, which correspond to the left and right fermions coupled to the gauge
field, it is also invariant under the global unitary transformations U(3)×U(3),
which independently rotate these left- and right-hand components:

ψ̄R(x) → ψ̄R(x)U−1
R , ψR(x) → URψR(x) ,

ψ̄L(x) → ψ̄L(x)U−1
L , ψL(x) → ULψL(x) . (9.2)

This is so-called chiral symmetry, which is specific for QCD. Note that
this symmetry does not survive completely on a quantum level, since clas-
sical invariance with respect to the Abelian transformations of the chiral
components ψL → ψLe

iα, ψR → ψRe
−iα is destroyed by an anomaly. Thus,

the global symmetry of QCD in the perturbative domain, above the scale of
Λχ ∼ 1 GeV , remains SU(3) × SU(3) × U(1).

The problem is that the chiral transformations mix the states with oppo-
site P -parities. Therefore in the chiral-invariant world, the masses of two
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states having the same set of quantum numbers, but P -parity, are iden-
tical. Naively, we could expect that a small masses of the bare quarks
(mu � 4 MeV,md � 7 MeV ) are responsible for some tiny splitting in the
spectrum of mesons. However, the experimental data tells us that the real
mass splitting is huge. Indeed, let us consider two states with the same quan-
tum numbers but opposite parity, the vector ρ-meson, which has the same
quark content as pions, and the light axial vector a1-mesons. They have the
masses mρ = 770 MeV and ma = 1260 MeV , respectively. Therefore, the
chiral symmetry must be broken spontaneously by some mechanism.

Experimental values of the phenomenological parameters of the QCD sum
rules, which characterize the QCD vacuum, provide some clue to the mystery
of non-perturbative QCD [196]. There is a quantity that can be associated
with an order parameter describing the spontaneous chiral symmetry break-
ing, the chiral condensate < ψ̄ψ >� −(240 MeV )3. By definition, it is a
closed quark loop and its non-zero value means that a nearly massless quark
propagating in QCD vacuum for some reason obtains a dynamical mass.

Another important characteristic of the QCD vacuum is the so-called
gluon condensate

1
32π2

< FµνF
µν >� (200 MeV )4 .

One may consider the non-zero value of this condensate as a signature of
the non-trivial structure of the QCD vacuum [196]. Indeed, if we consider
zero-point oscillations over a trivial vacuum, such a quantity vanishes, since
the average potential energy of zero-point oscillations < (Ba

n)2 > is equal to
the average kinetic energy < (Ea

n)2 > and, therefore, < FµνF
µν >= 2 <

(Ea
n)2 − (Ba

n)2 >= 0. Thus, perturbative fluctuations cannot be responsible
for a non-zero value of the gluon condensate. This parameter indicates that
there are some large-scale non-perturbative fluctuations of the gauge field in
the QCD vacuum.

On the other hand, a non-zero value of the chiral condensate indicates
that there are fermionic zero modes in the QCD vacuum, because [112]

< ψ̄ψ >= −πν(0) , (9.3)

where ν(λ) is an averaged spectral density of the Dirac operator: iγµDµψ =
λψ. However, according to the index theorem (cf. the following discussion in
Chap. 10) this means that the background gauge field must be characterized
by some non-trivial topological number.

A very elegant description of the mechanism of chiral symmetry breaking
by instantons was developed in 80’s (the so-called instanton liquid model,
see [195,196,452] and references therein). The remarkable conclusion is that
although both spontaneous chiral symmetry breaking and phase transition of
QCD into the confinement phase take place approximately at the same non-
perturbative scale, the mechanisms of those phenomena may be completely
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different. Moreover, the weak confinement, that is the binding of quarks into
hadrons, can be explained entirely as an effect of the instanton-induced ef-
fective interaction between light quarks [196,452]. At the same time, it looks
as thought the instanton liquid model cannot generate a linear potential of
interaction between quarks that can fit the experimental dates. Thus, the
problem of strong confinement remains unsolved. Actually, one must find a
consistent way to combine two completely different pictures, the perturbative
QCD and a low energy effective theory, e.g., the Skyrme model, which deal
with quarks and gluons and hadronic degrees of freedoms, respectively. The
underlying description must interpolate dynamically between these limiting
cases and all non-perturbative effects must vanish into thin air as we move
above Λχ in the energy scale.

There is a quantity that describes the interaction between the quarks and
can be associated with a non-local order parameter that characterizes the
phases of QCD. This is the Wilson loop operator, the trace of the parallel
transport along a finite closed path in space-time:

W (C) = Tr

⎧⎨⎩P exp

⎡⎣i∮
C

Aµ(ξ)dξµ

⎤⎦⎫⎬⎭ (9.4)

(P marks the path ordering along the contour C). If the contour is closed, the
Wilson loop is a gauge invariant quantity. The Wilson loop can be interpreted
as an amplitude of propagation of a quark-antiquark static pair along time
direction. The quarks are separated by the distance R and, for a large value
of time T , we can write

W (C) � exp [−V (R)T ] ,

where V (R) is the energy of static interaction between the quarks. If this
energy for a large quark separation grows linearly, that is, V (R) = σR, then
the Wilson rectangle loop behaves as follows

W (C) � e−σRT . (9.5)

This relation is known as the area law and it is a signature of confinement.
The parameter σ is called the string tension.

Note that in quenched QCD, that is, in the limit of infinitely heavy
quarks, the string tension is a good order parameter that characterizes the
confinement-deconfinement phase transition. On the other hand, the chiral
condensate is a proper order parameter in the chiral limit (zero quark mass).
However, current lattice calculations suggest that the chiral condensate and
the string tension are non-vanishing in both phases (although both these
quantities are suppressed in the deconfinement phase). Thus, the realistic
QCD experiences not a phase transition, but the crossover.

Obviously, in the deconfinement phase, the exponent in the Wilson loop
depends on the distance R in a different way. It tends to the limit that is
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just double the quark mass (no interaction at all). However, even if we have
introduced a proper order parameter to describe the QCD phase transition,
the question still remains: what is the mechanism of the confinement?

Nowadays, a common point of view is that there are some non-
perturbative configurations of the gauge field that play a crucial role in the
confinement of color degrees of freedom, the quarks do not have much to do
with it2. Thus, confinement is considered to be a property of pure gluody-
namics.

There are several phenomenological approaches to model non-
perturbative properties of the Yang–Mills vacuum, for example, the instan-
ton liquid model, or the stochastic QCD vacuum model, etc. (for a review
see [452,475]). Probably one of the most popular versions of the confinement
model on the market today is a direction that was initiated in seventies by
Mandelstam [362, 364], ’t Hooft [271, 276] and Nambu [395]. This approach
is based on a direct analogy with the theory of superconductivity. In this
simple qualitative picture, the confinement is explained as a dual Meissner
effect that prevents the electric color flux from spreading out.

The basic idea is that in the infrared limit QCD takes the form of the
effective dual Abelian Higgs model. Then the confinement of color can be
understood as the effect of monopole condensation in the QCD vacuum. By
analogy with the Cooper condensation in a superconductor sample, the cor-
responding order parameter is a monopole condensate < ϕ >�= 0, whose
non-zero value yields squeezing of the chromoelectric field into a flux tube,
just as the Abrikosov string is formed in a superconductor. That would imply
a linear confining potential between quarks.

There are two subtle points in this very popular picture. First, the idea
about equivalence between low-energy QCD and a dual superconductor model
still remains highly speculative3. Second, there really are electric charges in
a normal superconductor that may condense into the Cooper pairs. In the
monopole condensation model, the monopoles have to be created first. This
needs an additional energy. Therefore, such a model can work if the monopoles
are almost massless. This is in agreement with our discussion of the properties
of the non-Abelian monopole solution of the Georgi–Glashow model above:
the monopole mass M is proportional to the inverse gauge coupling constant
e and, therefore, M tends to zero as we approach the scale of ΛQCD.

However, the worrisome question is that now we have to deal with glu-
odynamics and it is not clear how monopoles could appear in a pure gauge
theory. Indeed, we have seen that without a contribution of the scalar field,
the monopole-like solutions are singular. The approach designed to discover

2 Note that Gribov argued against this paradigm [248].
3 This type of duality can be proved in some supersymmetric generalization of

QCD which, alas, is not realized in our real world. We shall consider this model
in the last part of this book.
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monopoles in a theory, where they cannot exist, is called Abelian projection.
We shall discuss this technique in this chapter.

9.1.1 Dual Superconductor

Before proceeding with the description of Abelian projection, let us consider
the physical content of the idea of dual superconductivity. First, we explain
qualitatively what the dual superconductor itself is and what happens if we
put a test charge (quark) into such a medium.

In the simplest Abelian case, we can summarize our description above in
the following low-energy phenomenological form of the model

L = −1
4
F̃µνF̃

µν +
1
2
|Dµϕ|2 −

λ

4
(
|ϕ|2 − v2

)2
, (9.6)

where the covariant derivative of the complex scalar field ϕ is defined as

Dµϕ = ∂µϕ+ igÃµϕ , (9.7)

and the dual field strength tensor is written via dual potential Ãµ as follows:

F̃µν = ∂µÃν − ∂νÃµ =
1
2
εµνρσF

ρσ .

Note that the Lagrangian (9.6) is invariant with respect to U(1) gauge trans-
formation ϕ→ eieαϕ.

Clearly, this theory differs little from standard Landau–Ginzburg model.
The only point is the permutation of the magnetic and electric fields, which
can be considered as a result of the discrete transformation (1.81). The scalar
complex order parameter field < ϕ > in this dual picture must be treated
as a many-particle macroscopic wave function that describes a hypothetic
monopole condensate. Even although the properties of such a system are
well-known, we will briefly recapitulate them.

Let us consider the static configuration ∂0ϕ = 0, ∂0Ãµ = 0 in the
Hamiltonian gauge Ã0 = 0. Then the energy of the system (9.6) reads

E =
1
2
[εijk∂jÃk]2 +

1
2

(
∂kϕ− igÃkϕ

)(
∂kϕ

∗ + igÃkϕ
∗
)

+
m2

2
|ϕ|2 +

λ

4
|ϕ|4 .
(9.8)

It is well-known that if the parameter m2 = λv2 is positive, the minimum
of the energy (9.8) is characterized by a vanishing condensate < ϕ >= 0.
In this phase, the vacuum expectation value of the monopole current jk =
− i

2 (ϕ∗∂kϕ − ϕ∂kϕ
∗) vanishes, if the condensate field slowly varies in space.

Meanwhile, the dual photon associated with the fluctuations of the field Ãk

remains massless.
However, if m2 < 0, the vacuum state is completely different, because

the minimum of the functional (9.8) corresponds to < ϕ >= v. Here, we en-
counter the spontaneous symmetry breaking mechanism once again. Indeed,
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if the vacuum would be U(1) invariant, a vacuum expectation value of any
magnetically charged field, such as ϕ, would vanish. Otherwise, the symmetry
of the action is no longer a symmetry of the vacuum, that is, the symmetry
is spontaneously broken.

It is convenient to represent ϕ as ϕ = ρ exp[iα]. The phase, a massless
field α, is actually an unphysical Goldstone mode. It may be eliminated by
the gauge transformation

ϕ→ e−iαϕ, Ãµ → Ãµ(x) − 1
g
∂µα .

The energy then becomes

E =
1
2
[εijk∂jÃk]2 + (∂kρ)2 + g2ρ2Ã2

k +
λ

4
(
ρ2 − v2

)2
,

and for the small excitations about the non-trivial vacuum, χ = ρ − v and
Ãk, we have the equations

(∂2
k + 2g2v2)Ãk = 0 , (9.9)

(∂2
k + λv2)χ = 0 , (9.10)

where, as usual, the Lorenz condition for a dual vector potential has been
used. Thus, we are dealing with one Higgs field with the mass m =

√
λv and

one massive vector field with the mass mv =
√

2gv. The Goldstone mode
disappears, having been transformed into the longitudinal component of the
gauge field and the U(1) symmetry is broken.

We can treat the (9.9) as a dual analog of the London equation. Phe-
nomenologically, it implies the existence of a steady magnetic current at zero
magnetic field. Clearly, (9.9) means that the electric field in a dual supercon-
ductor should vanish exponentially within the sample as exp{−mvr}. Thus,
an external electric field does not penetrate into a dual superconducting sam-
ple beyond a thin boundary layer, whose thickness is about the inverse mass
of the vector field: λ1 = m−1

v . This is the so-called dual Meissner effect. It
the context of field theory, we can say that the broken gauge symmetry of the
QCD vacuum in a dual superconducting phase leads to massive dual photons.

Note that we actually have two length scales in (9.9): the second scale is
given by the inverse mass of the scalar field as λ2 = m−1

s . A superconductor
is called type I if λ1 < λ2, otherwise we have a superconductor of type II.

Let us recall that the dual Higgs model (9.6) contains the Abrikosov–
Nielsen–Olesen string solution [64, 399], which, in the context of our consid-
eration, describes a finite electric flux tube. The topological analyses again
helps us. Indeed, for the energy to be finite, it is necessary that the field
ϕ minimizes V [ϕ] at the two-dimensional spatial infinity. This means that
ϕ(|r| = ∞) may take vacuum values on the S1 circle |ϕ| = v. However, the
spatial infinity of two-dimensional space is also the circle S1. As a point moves
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around this circle, the value of ϕ can wind an integer number of times n ∈ Z

around the circle |ϕ| = v, that is, we have a homotopic mapping φ : S1 → S1,
which was considered in Chap. 3 (cf. discussion on page 79). A solution that
is characterized by a winding number n is possible for a configuration with
the boundary conditions at r → ∞

ϕ(r, θ) → v exp(inθ), Ãk → n

gr
êk , (9.11)

where r and α are the polar radius and the angle in the cylindrical coordi-
nates in the two-dimensional plane, and êk is the unitary vector tangential to
the circle of radius r. Thus, we relate the orientation of ϕ(x) on the complex
plane with spatial coordinates, just as in the case of the ’t Hooft–Polyakov
monopole, and the covariant derivative of the scalar field vanishes asymptot-
ically again:

Drϕ→ 0, Dθϕ→ 1
r
∂θϕ+ igÃθϕ

=
inv

r
exp(inθ) − inv

r
exp(inθ) = 0 .

(9.12)

As we have already mentioned, any deviation from an integer value of n
results in a discontinuity of ϕ, which leads to an infinite energy of the con-
figuration. The winding number is simply the topological charge.

The boundary condition (9.11) results in remarkable properties of the
solution. Let us calculate the flux Φ of the electric field in the z-direction.
According to the Stokes theorem, it reads

Φ =
∮
S1

Ãkdlk =
2πn
g
. (9.13)

This is the dual version of the famous condition for flux quantization. It
states that there is a nontrivial vortex solution that describes the electric
field penetrating the superconductor along a line, the so-called flux tube.

In order to describe this object better, let us find the localization of the
electric field. It cannot be distributed over the whole area R

2/{0} of the
two-dimensional plane, because the potential (9.11) does not produce any
electric field for any point but the origin {0}, where it is singular. Thus,
the electric field should be present near the core of the solution, where the
dual potential deviates from the boundary conditions (9.12). At some point
of this region, the field ϕ must vanish, since the homotopic classification is
equivalent to the description in terms of the two-dimensional Poincaré–Hopf
index. The latter is defined as a mapping of a circle surrounding an isolated
point r0, where the scalar field is vanishing, φ(r0) = 0, onto a sphere of unit
radius S1. Thus, the winding number is equal to the sum of non-degenerated
zeros of the scalar field. To prove this, we have to shrink the contour S1

on the spatial boundary down to a very small one, quite near the core. The
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winding number is n = 1 for the former and n = 0 for the latter. Because the
winding number is an integer, the abrupt change of n can occur only at the
moment when the contour crosses the point where ϕ = 0, at which the phase
of ϕ is undefined. The nulling of ϕ means that the superconducting state is
destroyed. In physical terms, we say that the electric field penetrates into the
dual superconductor along the flux tube where the dual superconductivity is
destroyed. The tube thickness is a result of the balance between the surface
tension of the interface between the normal and the superconducting phases
(which tries to compress the tube) and the pressure of fields compressed in
the tube.

To complete our discussion, we recall that the relation between the char-
acteristic scales of the vector and the scalar fields, λ1 and λ2, respectively,
defines the dynamical properties of the system [127]. By analogy with ex-
pression (5.57), the linear energy density of the vortex, the so-called string
tension, can be expressed as a sum of a surface term equal to π2m2

v/g
2 and

an integral term, the minimization of which allows us to find the solution. For
|n| ≥ 2, this still allows a choice between a “fat” single vortex with flux nΦ1

and a multi-vortice configuration composed of n widely separated vortices
with unitary flux Φ1. As to which possibility is realized depends on the ratio
λ1/λ2. In type I superconductors, a vortex with |n| ≥ 2 has a lower energy
than n vortices with unitary winding number. These vortices tend to merge
together. The situation is reversed in the type II dual superconductor, where
the vortices with large n decay into many vortices with Q = 1.

Coming back to the properties of QCD vacuum, we can refer to the numer-
ical calculations that were performed in the case of pure SU(2) gluodynamics
on a lattice [456]. The result shows that there probably the second possibility
is realized, but there is also a possibility that λ1 = λ2 is not excluded (see
the discussion in the review [165]).

So far, we have discussed the properties of a hypothetic medium: a dual
superconductor. Now let us suppose that, in addition to the dual photon
and a collective macroscopic field ϕ, which describe a monopole condensate,
our model also includes massive electrically charged spinors q. Since the cor-
responding particles, the quarks, are very heavy, they do not destroy the
collective dynamics of the monopole condensate. However, the properties of
the vacuum state would strongly affect the character of interaction between
the quarks. In a normal phase, the field of two electrically charged test parti-
cles with opposite charges is the standard electric field of a dipole. However,
in the superconducting phase, monopoles condense and there are monopole
currents, which form the flux tube between the quarks (see Fig. 9.1). The
energy of the flux tube is proportional to its length, that is, we have a linear
potential of quark-antiquark interaction.

Further development of this formalism was presented in [98, 99, 101, 102,
359]. This is a more realistic model of the dual description of long-distance
QCD which, in the absence of quarks, is given by the Lagrangian of the
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<gg> = 0
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q q
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Fig. 9.1. Formation of the chromoelectric flux tube as a dual Meissner effect

non-Abelian vector SU(3) field (dual gluons) coupled with the isoscalar Higgs
field. In this model the latter must carry color magnetic charge. These fields
are weakly coupled at long distances, in contrast to original quark-gluon
interaction. The spontaneous symmetry breaking mechanism produces the
mass of the dual gluons.

The model can be extended to incorporate classical heavy quarks at finite
separation. Since dual coupling is weak and quarks supposed to be very heavy,
the dual Lagrangian can be expanded in inverse powers of the quark mass
and then various calculations can be performed to estimate the form of the
potential of interquark interaction. This matter is, however, out of the scope
of the present book and we refer the reader to the original papers for a
detailed description of this approach. Here, we only note that it would be very
interesting to see whether such a dual QCD has something in common with
the low-energy effective theory of massive and massless SU(3) monopoles,
which we discussed in Chap. 8. The dual superconductivity will remain only a
phenomenological model until it is explicitly derived from QCD. Moreover, so
far we have no analytic proof of the appearance of the monopole condensate,
neither in realistic QCD nor in pure gluodynamics.

Probably the reason why the model of dual superconductivity has become
so popular, is mainly due to an interesting observation: at our present state
of knowledge in all theories that allow us to prove the strong confinement
analytically, this phenomen appears as an effect caused by the monopole
condensation! Unfortunately, all these models, compact QED [429], the SO(3)
Georgi–Glashow model [430] and the N = 2 SUSY Yang–Mills theory [469]
differ a lot from the realistic QCD. However, there are some evidences that
may suggest that the QCD vacuum does behave as a dual superconductor.
The most convincing arguments came from the lattice formulation of QCD.

9.2 Monopoles in the Lattice QCD

The most successful non-perturbative approach to QCD is the lattice for-
mulation due to Wilson [521]. The original motivation was to construct a
gauge-invariant formulation of a field theory, where the fundamental notion
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is the partition function4

Z =
∫

DAµDψDψ̄e−S[Aµ,ψ̄,ψ] , (9.14)

rather than an action functional S[A, ψ̄, ψ]. The functional integration here
involves both the gauge Aµ and the Grassmann variables ψ, ψ̄.

A consistent operational definition of the partition function can be given,
if we discretize the Euclidean space in a gauge invariant way. This allows us
to replace the integration over the gauge connection Aµ, which takes values
in the Lie algebra, by functional integration over the group space.

Wilson used a discrete version of the path ordered phase factor that a
fermion wave function ψ picks up when a fermion is moving from a point x
to y in the presence of a gauge field Aµ:

ψ(y) = P exp

⎧⎨⎩
y∫

x

ieAµdx
µ

⎫⎬⎭ ψ(x) .

Clearly, for a closed path this phase factor is the Wilson loop (9.4).
In the lattice formulation, the fermions, which are labelled by an integer

n, are placed at the nodes of a four-dimensional hypercubical lattice. The
gauge fields are associated with the links joining the nearest neighbor sites.
Then a parallel transport along a link is given by a unitary matrix

Uµ(n) ≡ U(n, n+ eµ) = exp{iaeAµ(n)} ∈ SU(N) , (9.15)

where a is a lattice spacing, e1 = (1, 0, 0, 0), etc., and the vector field Aµ lies
in some representation of the gauge group. In the following, we shall use the
shorthand aeAµ(n) ≡ θµ(n).

The local gauge SU(3) transformation of the field variables on a lattice
are defined on each link as

ψ(n) → V (n)ψ(n), ψ̄(n) → ψ̄(n)V †(n) ,

Uµ(n) → V (n)Uµ(n)V †(n+ eµ) ,

where a unitary matrix V (n) belongs to the same representation as Uµ(n).
Note that the path ordering of the phase factor after discretization transforms
into the relation

U−µ(n) ≡ U(n, n− eµ) = exp{−iaeAµ(n− eµ)} = U†
µ(n− eµ, n) .

There are two types of gauge invariant quantities on a lattice:

• A path-ordered string of products such as
4 Here we use the Euclidean form of the action.
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Tr ψ̄(n)Uµ(n)Uν(n+ eµ) . . . Uλ(m− eλ)ψ(m) ,

where the trace is the usual matrix trace over the group indices. The fermionic
part of the lattice action

Sferm =
a3

2

∑
n,µ

[
ψ̄(n+ eµ)γµUµ(n)ψ(n) − ψ̄(n)U†

µ(n)γµψ(n+ eµ)
]

(9.16)

has such a form. Note that if we set up a periodic boundary condition on a
lattice, such a string will be closed by the periodicity and we do not need to
cap the string by the fermions. These strings are called Polyakov lines.

• Let us consider a plaquette Πµν(n) an elementary square of the lattice
labelled by the corner site n and two unit vectors eµ, eν . Then the lattice coun-
terpart of the Wilson loop operator (9.4) is the operator of parallel transport
around the elementary plaquette

Πµν(n) = Tr

{
Uµ(n) Uν(n + eµ) U†

µ(n + eν) U†
ν (n)

}
= Tr

{
U(n, n + eµ)U(n + eµ, n + eν + eµ)U(n + eν + eµ, n + eν)U(n + eν , n)

}
.

The action of the gauge field has to be built up of the set of these loops.
Indeed, let us consider the integral over the group variables

Z =
∫ ∏

n,µ

dUµ(n) exp
[
−2N
e2

Re{1 −Πµν(n)}
]
. (9.17)

Here dU is the Haar measure of the integration, which is invariant with
respect to the left action of the group, namely d(V U) = dU and is supposed
to be normalized to unity, that is,

∫
dU = 1. The summation over the links

µ < ν must be taken under the exponent to avoid double counting.
If the lattice spacing a is small compared with the characteristic scales of

the theory, the continuum limit can be recovered from the expansion of the
link variable (9.15), Uµ(n) ≈ 1 + iaeAµ +O(a2). Indeed, in the lowest order
in lattice spacing we have∑

n

∑
µ<ν

Re Tr{1 −Πµν(n)} ≈ a4
∑

n

1
2

∑
µ,ν

1
2N

TrFµνF
µν +O(a6) ,

where, for a given plaquette, we trade the sum over directions µ < ν from
a point n for half of the sum over all directions:

∑
µ<ν

→ 1
2

∑
µ,ν

. Thus, in the

continuum limit a standard gauge action is recovered:

Sgauge −→
a→0

1
e2

∫
d4xTr FµνF

µν .
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9.2.1 Compact QED and Lattice Monopoles

Thus, the functional integral of the lattice Yang–Mills theory can be written
as

Z =
∫

DUe−NSgauge ,

where the Euclidean lattice action of the gauge field is

Sgauge = − 1
2e2
∑

n

∑
µ,ν

Tr
[
Πµ(n) +Π†

µ(n)
]
. (9.18)

For the sake of simplicity, let us consider the Abelian electrodynamics
on a lattice. Polyakov pointed out [429] that there is a qualitative difference
between such a theory formulated in terms of periodic variables Uµ(n), the
elements of the Lie group, and the conventional QED, where the dynamical
variable is a connection Aµ, an element of the corresponding Lie algebra.
Consequently, unlike the continuum QED, its lattice counterpart has mono-
poles built into it. Moreover, there is a confinement phase of lattice QED
associated with the monopole condensation.

The U(1) theory on the lattice is called the compact QED, because the
corresponding action can be written in terms of angular variables. Indeed, we
now have Uµ(n) = eiθµ(n), where θ is a phase that can be integrated over the
compact domain [−π;π]. Moreover, each plaquette can also be characterized
by an angular variable (cf. Fig. 9.2)

Πµν(n) = ei(θµ(n)+θν(n+eµ)−θµ(n+eν)−θν(n)) ≡ eiθµν(n) ,

and the theory is compact, since the range of functional integration is finite.
Let us prove that the lattice compact QED contains Abelian monopoles.

Note that the plaquette variable θµν(n) describes a field flux through the
plaquette. Indeed, in the limit of small lattice spacing, we have

θµν = ae(∆νθµ −∆µθν) ≈ −a2eFµν , (9.19)

θ2(n+e )1 2(n)−θ

θ1(n)

1(n+e )1−θ

θ
12

(n)

n n+e 1

Fig. 9.2. Plaquette variables of the lattice QED
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where the operator of the nearest-neighbour finite differences ∆ replaces the
usual derivative:

∆νθµ(n) ≡ θµ(n+ eν) − θµ(n) ≈ a∂νθµ(n) . (9.20)

We can also define the operator of backward differences

∆d
νθµ(n) ≡ θµ(n) − θµ(n− eν) , (9.21)

with the property ∆d = −∆†

Thus, the Wilson–Polyakov action of compact electrodynamics can be
represented in so-called “cosine” form:

Sgauge = − 1
e2

∑
n

∑
µ,ν

cos θµν(n) . (9.22)

The very simple structure of this expression was used by Villain to apply
a remarkable transformation of the partition function (9.17) [504]. Indeed, in
the Abelian theory, the integrand is a periodic function of variable θµν , so we
may expand it in Fourier series. In the weak coupling limit, this procedure
yields the Villian approximation [24,111,423]

exp
{

1
e2

cos θµν

}
−→
e→0

mµν=∞∑
mµν=−∞

exp
{
− 1

2e2
|θµν − 2πmµν |2

}
. (9.23)

The partition function with the action in the Villain form has the same
symmetry properties as for the Wilson action. Moreover, it was proved that
the phase structure of both models is similar.

The antisymmetric tensor mµν appears in the Villain action due to peri-
odicity of the cosine in the initial formulation. It is a set of six independent
integers at each lattice site, which does not contribute to the action since they
are integer multiplies of 2π. However, it is possible to redefine a compact pla-
quette field θµν → θ̄µν = θµν − 2πnµν , θ̄µν ∈ [−π, π[, µ < ν, where nµν is an
independent plaquette variable. Thus, the physical field θ̄µν is composed of
two pieces: the contribution of the electromagnetic gauge field living on the
links and the field of the string penetrating the plaquette.

Indeed, the parallel transport over the plaquette Πµν , which encloses a
string, contributes a phase 2πnµν which remains invisible due to the com-
pactness of the model. Note that for a static monopole field, this is a lattice
analog of the continuum formula (1.49), the sum of the Coulomb field of a
monopole and the quantized singular flux. In the continuum limit, mµν be-
comes a singular two-dimensional structure that represents the Dirac string
world sheet.

Let us consider the Maxwell equations of the compact QED in the Villain
form corresponding to the action in (9.23):
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∆µθ̄µν ≡ ∆µ(θµν − 2πmµν) = 0 , (9.24)

and
1
2
εµνρσ∆ν θ̄ρσ ≡ 1

2
εµνρσ∆ν(θρσ − 2πnρσ) = 2πjµ , (9.25)

where we take into account that εµνρσ∆νθρσ ∝ εµνρσ∆ν∆ρθσ ≡ 0 and use
the definition of the magnetic current

jµ =
1
2
εµνρσ∆νnρσ . (9.26)

Thus, the Bianchi identity is violated on the lattice. Note that the magnetic
current is conserved in the sense that ∆µjµ = 0. Then, the monopole current
forms a closed loop on the periodic lattice.

The magnetic charge can be calculated if we integrate the magnetic cur-
rent jµ over three-dimensional volume V . Let us choose the time direction
to be µ = 4 and consider an elementary three-dimensional cube V (n) at a
fixed moment of time. Then the Abelian magnetic charge is defined by the
flux through the surface δV , which consists of the six plaquettes Πij (see
Fig. 9.3):

g = −
∑

δV (n)

nij(n) , (9.27)

where integers nij correspond to the number of strings passing through the
plaquette Πij . In Fig. 9.3 only n12 = 1. Clearly, the unit magnetic charge is
placed at the centre of the cube V (n).

Finally, let us note that, unlike the conventional QED, there is no problem
with singularities or the physical interpretation of the solution, since both the
monopoles and the string fields are defined not on the original lattice, where
the fermions and the gauge fields are living, but on the dual lattice, where
the variable mµ corresponds to the monopoles on the dual links.

θ12 θ12θ12

n+2e3  n+e n3n+3e3

Fig. 9.3. Lattice monopoles and strings in the compact QED
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9.2.2 Lattice Duality

It turns out that the idea of duality, which arose in the context of Maxwell
electrodynamics, can be generalized to other models. From a modern point
of view, the notion of duality means that there are two (or even more) com-
pletely equivalent formulations of the same theory, which use different sets of
fundamental variables. Moreover, these dual formulations are usually related
by the interchange of some parameters, such as, for example, the coupling
constant e2, and its inverse 1/e2. Historically this interpretation of duality
goes back to the work by Kramers and Wannier [338], who introduced the
transformation of the lattice duality to evaluate the temperature of the phase
transition of the two-dimensional Ising model.

Dual formulation of the compact QED was first investigated by Banks,
Myerson and Kogut [111]. They found a transformation that brings the lattice
theory to the form describing a monopole gas with magnetic Coulomb inter-
action5. In fact we can perform a duality transformation that transforms the
compact U(1) gauge theory into a non-compact Abelian Higgs model [427].
The scalar field in this model describes monopoles that are condensed in the
superconducting phase, where a dual photon becomes massive. This picture
obviously is in a perfect agreement with the phenomenological discussion of
the previous section.

Recall that at the end of Chap. 1 we briefly mentioned that a usual
electromagnetic duality can be considered as a transformation that changes
the variables of the functional integration. In particular, we may make use of
a Gaussian integration over an auxiliary field that can be promoted to the
dual variable (see the discussion on page 24). We can apply this idea to the
partition function of the compact QED in the Villain form with the action
(9.23) [319]

Z =
∫ ∏

n,µ,ν

π∫
−π

dθµ(n)
2π

nµν=∞∑
nµν=−∞

exp
[
− 1

2e2
|θµν(n) − 2πnµν(n)|2

]
. (9.28)

The starting point here is the Gaussian integration over an auxiliary ten-
sor field Θµν , which, up to a normalization factor, allows us to represent the
Villain partition function as

Z �
∫ ∏

n,µ<ν

∫
dΘµν(n)

π∫
−π

dθµ(n)
∞∑

nµν=−∞
(9.29)

exp
{
−e

2

2
[
Θ2

µν(n) + iΘµν(n)[θµν(n) − 2πnµν(n)]
]}
.

5 A very nice and compact geometrical description in terms of the differential
forms on the lattice was constructed by Fröhlich and Marchetti [227] (see also
[165,427]).
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Note that, unlike θµν , the field Θµν is defined on the plaquette, not on the
links. Now the summation over integer numbers in (9.29) can be performed
using the Poisson sum formulae:

∞∑
l=−∞

δ(x− l) =
∞∑

m=−∞
e2πimx,

∞∑
l=−∞

f(l) =
∞∑

m=−∞

∫
dαf(α)e2πimα.

(9.30)
Thus, the field Θµν is forced to take integer values. Furthermore, integra-

tion over θµ yields the equation ∆d
µΘµν = 0, which is satisfied automatically,

if we define a dual vector potential (cf. definition (9.19)) as

Θ̃µν(∗n) ≡ 1
2
εµνρσΘρσ(n) =

(
∆d

µθ̃ν(∗n) −∆d
ν θ̃µ(∗n)

)
, (9.31)

where θ̃µ(∗n) ∈ Z. . Thus, the dual transformation of the partition function
yields [111,319]

Z �
∑
θ̃µ∈Z

∏
∗n,µ,ν

exp
[
−e

2

2
Θ̃2

µν(∗n)
]
. (9.32)

Clearly, the weak coupling limit of the model (9.29) corresponds to the
strong coupling limit of the model (9.32), that is, the duality maps these
limits again. Thus, the four-dimensional compact gauge theory is dual to a
Z gauge theory.

However, the dual variables θ̃µ are defined not on the links of original
lattice Λ4, but on the cubes of the dual lattice ∗Λ4, whose sites are labeled
by an integer ∗n (see Fig. 9.5).

The dual lattice ∗Λ4 is obtained by a shift of the original lattice by
half of the lattice spacing a in all four dimensions (cf.the shift of the three-
dimensional analog as in Fig. 9.4). Sites of the dual lattice are set into cor-
respondence to the original hypercubes, their links are dual to the original
three-cubes, the plaquettes are dual to the original plaquettes and the sites
correspond to the dual hypercubes. Clearly, if we introduce differential forms
both on the original and dual lattices, this definition precisely corresponds
to the Hodge star duality (3.31) of these forms.

Thus, the lattice duality supposes not only transformations of the pla-
quette field variables θµν(n) → Θ̃µν(∗n), but also transition from Λ4 to ∗Λ4.
The operator ∆µ is defined on the links of the original lattice, while the
operator ∆d

µ acts on the links of dual lattice. Furthermore, the lattice mono-
poles are described by the magnetic current mµ(∗n) (9.26), which is dual to
three-tensor ∆νnµν(n). While the former current is defined on the links of
the dual lattice, the integers nµν(n) are defined on the original lattice Λ4.

By analogy with (9.15), we can define the dual Abelian group matrices

Ũµ(∗n) = eigaθ̃µ(∗n) .
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∗Λ

Λ

Fig. 9.4. Original and dual lattices in d = 3

(*n)1Θ
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 *n+*e 

 n - e 1

Θ2

 *n

 n

 n - e 2

 n + e 1

Fig. 9.5. The original lattice and the definition of the lattice dual plaquette vari-
ables Θ̃µν(∗n) of the dual lattice
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Then the dual action in (9.32) can be represented as a sum over dual plaque-
ttes:

Sd = −e
2

2

∑
∗n

∑
µ,ν

Tr
[
Π̃µ(∗n) + Π̃†

µ(∗n)
]
, (9.33)

where the dual plaquette field is

Π̃µ(∗n) = Tr
{
Ũµ(∗n)Ũν(∗n+ eµ)Ũ†

µ(∗n+ eν)Ũ†
ν (∗n)

}
.

Let us return to the evaluation of the partition function (9.32). We can
transform the summation over the integers θ̃µ into an integral by making use
of the second of the Poisson identities (9.30) above. This yields

Z �
∫

Dθ̃µ exp

[
−e

2

2

( ∑
∗n,µ,ν

Θ̃2
µν(∗n)

)
+ 2πi

∑
∗n,µ

θ̃µmµ

]
, (9.34)

where mµ(∗n) is the integer-valued magnetic current (9.26), which is coupled
with a dual photon θ̃µ(∗n).

Since the integral over the dual gauge potential θ̃µ(∗n) is Gaussian, taking
into account (9.31), we finally obtain [111,319]

Z �

∑
nµ(∗n)∈Z

(∏
∗n

δ(∆µmµ)

)
exp

⎡⎣−2π2

e2

∑
∗n,∗n′

mµ(∗n)D−1(∗n− ∗n′)mµ(∗n′)

⎤⎦ ,
(9.35)

where D−1(∗n−∗n′) is the lattice version of four-dimensional massless prop-
agator that satisfies �D−1(n − n′) = δnn′ , and � ≡ ∆µ∆

d
µ is the lattice

Laplace operator.
The partition function (9.35) describes integer-valued ring currents of

massless monopoles that propagate along the links of dual lattice. Actu-
ally, this is a three-dimensional lattice Coulomb gas in a plasma phase. The
problem is now to sum over such configurations to take into account their
contribution to the Wilson loop operator.

Thus, there is a disordering mechanism connected with monopole loops
because the monopole density changes as the coupling constant varies. In
the perturbative domain, the monopole ring currents are strongly suppressed
and we can drop it. However, when e2 becomes large, there are macroscopic
monopole loops that disorder the system. In his pioneering work, Polyakov
showed [429] that, in this case, the Wilson loop operator satisfies the area law
and there is confinement in the compact QED due to monopole condensation.
To check this conclusion, we must define on the links of the original lattice
an external integer-valued electric current with a charge q ∈ Z [111]
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Jµ =

⎧⎪⎪⎨⎪⎪⎩
q if link (n, n+ eµ) lies in the contour C,

−q if link (n+ eµ, n) lies in the contour C,

0 otherwise .

(9.36)

This current represents a Wilson loop. In other words, we have a monopole
gas interacting with an external magnetic field generated by the stationary
ring current Jµ and the corresponding terms must be included into the action
(9.35). This is a picture of dual electrodynamics in the superconducting phase,
where a linear force between two well-separated charges arises due to the flux
formation.

However, we have to remember that the confinement here is no more than
an artifact of the model, the compact lattice QED. Indeed, in the continuum
limit we are forced to take e2 → 0. Then the Coulomb self-energy of mono-
poles blows up, their density goes to zero exponentially and no trace of the
monopoles remains [111].

Another way to establish a relation between the Polyakov result and our
phenomenological understanding of confinement as a dual Meissner effect,
was discussed by Fröhlich and Marchetti [227], who pointed out that the
partition function (9.32) can be represented as a limit of the non-compact
dual Abelian Higgs model

Z �
∞∫

−∞
Dθ̃

π∫
−π

Dϕ exp
{∑

∗n,µ

Sd +
1
2

∑
∗n,µ

∣∣∣ϕ(∗n) − Ũ(∗n)ϕ(∗n+ eµ)
∣∣∣2

+
λ

4

∑
∗n

(|ϕ|2 − |ϕ0|2)2
}
, (9.37)

where Sd is the dual gauge action (9.33), which is defined via dual plaquette
matrices Ũ(∗n). The dual scalar field is parametrized as usual: ϕ(∗n) =
ρ(∗n)eα̃(∗n). It carries a magnetic charge g and this is the magnetic order
parameter that we discussed in the previous section. Now we note that in the
London limit λ→ ∞, the scalar field becomes infinitely heavy and its radial
dependence is completely frozen out: ρ = |ϕ0| for all sites of the dual lattice
∗n ∈ Z. Now only the phase α̃(∗n) ∈ [−π, π] of the Higgs field remains a
physical degree of freedom of the scalar field. In other words, in the London
limit, the action of the model (9.37) is defined in terms of the compact angular
variable α̃(∗n). In the unitary gauge α̃(∗n) = 0, the angular dependence of
the dual Higgs field can also be gauged out and the partition function reduces
to the form

lim
λ→∞

Z �
∞∫

−∞
Dθ̃ exp

{∑
∗n,µ

Sd +
|ϕ0|2

2

∑
∗n,µ

∣∣∣1 − Ũ(∗n)
∣∣∣2} . (9.38)

It is clear now that, in the limit of infinite dual photon mass |ϕ0| → ∞, the
dominating contribution to the partition function comes from the vicinity of
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the configurations Ũ(∗n) = 1, that is, θ̃µ(∗n) = 2πmµ(∗n), where mµ(∗n)
are integers that we identify with the magnetic current (9.26). Performing
Gaussian integration over the dual gauge field θ̃(∗n), we finally recover the
dual Z field theory in the form (9.32) [227,427]. Thus, we may conclude that
the compact QED is equivalent to the dual Abelian Higgs model in the double
limit of infinite dual photon mass and infinite dual Higgs mass.

9.3 Abelian Projection

9.3.1 “Monopoles” from Abelian Projection

So far we have discussed a model that is very different from conventional
QCD. Although a lattice model of such a type can be generalized for the case
of a compact non-Abelian gauge theory, it still remains a rather phenomeno-
logical model, which, however is in fairly good agreement with phenomeno-
logical QCD (see, e.g., [98, 99]). The crucial point is that the idea of duality
between the Abelian Higgs model and low-energy QCD remains a speculation
that must be proved.

Indeed, a sensitive spot of the dual superconductor picture is that there
are no monopoles in the gluodynamics. Moreover, there is no Higgs field that
would break the symmetry spontaneously to the Abelian subgroup. Therefore
a monopole “á la ’t Hooft–Polyakov”, that is, a localized solution of the
classical field equations, does not exist in a pure gauge theory. However,
there might exist some large-scale field configurations that, in some gauge,
could look “like a monopole”.

The idea to consider such configurations as a driving force of the confine-
ment, was pushed forward by ’t Hooft [275], who in 1981 suggested a strategy
of separation of these “monopoles” in gluodynamics. The guiding idea comes
from the observation that a proper treatment of any gauge theory is con-
nected with a procedure of separation of the physical degrees of freedom. In
other words, we have to fix some particular gauge that can be considered as
a constraint imposed on the model.

It is quite possible, however, that, in some isolated points, the correspond-
ing gauge condition turns out to be singular. For example, a non-physical
degree of freedom of the Abelian Higgs model (9.8), the phase of the scalar
field, can be eliminated by imposing the unitary gauge, as above:

ϕ→ Uϕ = |ϕ|, U = exp(−inα), Ãµ → Ãµ − 1
g
∂µα . (9.39)

So far, we have paid little attention to the singularity at the origin of the
corresponding parameter, an azimuthal angle of polar coordinates. At this
point, the gauge fixing condition becomes ill-defined. However, this is pre-
cisely the point where such a transformation creates a singular magnetic flux
that penetrates the plane.
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This singularity, of course, is not physical and such a vortex is no more
than an artifact of the gauge condition that we fixed. However, we have to
remember that the Abelian Higgs model contains stable topologically non-
trivial solutions of the field equations, the Abrikosov–Nielsen–Olesen vortices.
The scalar field determines the thickness of the string, which becomes infi-
nitely thin in the London limit. These configurations are regular everywhere
on the plane and they are located precisely at the points where a singularity
of the gauge fixing condition (9.39) occurs. Thus, the guess by ’t Hooft was
that these singularities might be a signature of the topologically non-trivial
field configuration.

Let us consider how this idea can be implemented in an non-Abelian gauge
theory [275, 276]. The dynamical variables are now the Yang–Mills vector
potentials Aµ(xµ), the elements of the Lie algebra. A gauge fixing condition
must be imposed as a constraint on the physical states in the Hilbert space.
This is an important step since the physical situation becomes much clearer
in a proper gauge. One example is the background gauge condition that we
imposed in Chap. 6 to quantize the monopoles. However, we are free to choose
instead the Lorentz gauge ∂µAµ = 0, or the unitary gauge as above, or any
other gauge fixing condition.

At the same time, the partition function must be independent of an ex-
plicit form of the gauge condition. This is the step where Faddeev–Popov
ghosts appear (see, e.g., Chap. 12 of [15]). Despite their bizarre properties
(they are scalars but do anticommute), the ghost fields are harmless, since
they are not propagating and the only effect of the ghosts is to provide the
invariance of the partition function under variation of the gauge condition.
However, there is no guarantee that the separation between the physical states
and ghosts, which exists in the perturbative domain, remains unchanged in
the strong coupling regime. On the other hand, some gauge fixing conditions
may have degenerated solutions, the Gribov copies. The latter ambiguity
arises in the Yang–Mills theory. Thus, we have to analyze the gauge fixing
procedure in more detail.

The conjecture by ’t Hooft is to make use of the gauge fixing procedure as
an instrument to trace up the monopole-like configurations in gluodynamics.
Let us consider the SU(N) Yang–Mills theory. Unlike the above considered
Georgi–Glashow model, there is no scalar field that provides the spontaneous
symmetry breaking to U(1). However, there are Abelian subgroups given by
the elements of the diagonal Cartan subalgebra. We may try to separate
related degrees of freedom by imposing some condition that does not affect
the diagonal subgroup of SU(N), thus the gauge shall be not fixed completely.

Let us consider a fairly general gauge non-invariant field X(xµ) in the
adjoint representation of SU(N). This is an N × N traceless matrix, which
under local gauge transformations U(xµ) transforms as

X(xµ) → U(xµ)X(xµ)U−1(xµ) . (9.40)
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The explicit meaning of the field X can be different. For example, it might
be the Polyakov loop operator or the Wilson loop (9.4). The composite field
operators are also possible. For example, in a model with the spinor matter
field, we may consider (X)ij = ψ̄iψj , where i, j are the group indices. In the
pure gluodynamics with the gauge group SU(N) with N > 2, we may also
consider (X)ij = Fµν

i Fµν
j .

Moreover, in general, such a field X does not need to be a Lorentz scalar,
thus the choice (X)ij = (F 12)ij is also acceptable. Only the transformation
law (9.40) is essential for our choice, and therefore, the gauge potential (Aµ)ij

must be ruled out due to the affine character of the corresponding transfor-
mation. The trick of the Abelian projection is to treat X as an ersatz that
would substitute the Higgs field.

Clearly, the proper choice of a matrix U(xµ) ∈ SU(N) makes it possible
to diagonalize X:

X → UXU−1 =

⎛⎜⎝λ1 . . . 0
...

. . .
...

0 0 λN

⎞⎟⎠ , (9.41)

where we suppose some ordering for the eigenvalues λi. If, for example, the
field X lies in the Lie algebra of SU(N), that is, (X)ij = (Xa)(T a)ij , where
(T a)ij are the SU(N) generators in the adjoint representation, the eigenvalues

may be ordered as λ1 > λ2 > · · · > λN , with
N∏

i=1

λi = 1. If the field X lies in

the group SU(N), we have

λi = eiφi ,

N∑
i=1

φi = 0, |φi − φj | ≤ 2π, ∀ i, j ,

and then the ordering φ1 > φ2 > · · · > φN is natural [339]. Evidently, such a
field X resembles the definition (8.7).

However, if we make use of the transformations (9.40) as a special gauge
condition, we see that this does not fix the gauge completely. Indeed, the
matrix U is defined up to the left multiplication by a diagonal SU(N) matrix

V =

⎛⎜⎝ e
iω1 . . . 0

...
. . .

...
0 0 eiωN

⎞⎟⎠ ,
because X = V XV −1 and [X,V ] = 0. The matrix V , therefore, lies in the
diagonal Cartan subgroup of SU(N). Recall (see the discussion on page 278)
that the corresponding subalgebra of dimension N − 1 is generated by the
operators #H = (H1,H2 . . . HN−1). These transformations are just rotations
about the axis T 3, T 8, T 15 . . . .
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Thus, the residual local gauge group is U(1)N−1, which justifies the notion
of Abelian projection. Indeed, in the gauge, where the field X is diagonal,
the vector-potential becomes

Aµ → A′
µ = UAµU

−1 +
i

e
U∂µU

−1 , (9.42)

and its diagonal components ai
µ ≡

(
A′

µ

)
ii

transform as N − 1 “photons”:

ai
µ →

(
ai

µ

)′
= ai

µ +
i

e
∂µωi . (9.43)

The condition of tracelessness of the SU(N) matrix Tr Aµ = 0 yields the
constraint on these fields

N∑
i=1

ai
µ = 0 .

The remaining N(N−1) off-diagonal components of the matrix (Aµ)ij trans-
form as the charged matter fields, that is,

(Aµ)ij → ei(ωi−ωj) (Aµ)ij .

We shall refer to them as “gluons” [339].
However, these “gluons” in such an Abelian projected gluodynamics are

not massless. Indeed, recall that the matrix X, which we are trying to diag-
onalize, is treated as is it were an ersatz of the Higgs field. Then the mass
term of the “gluons” as usual arises from the square of the covariant derivative
Tr(DµX)2, which contains the mass term e2(ωi − ωj) (Aµ)2ij . These massive
states are charged with respect to the Cartan subgroup of SU(N) and their
electric charges are qi = ±1. The separation between the massless “photons”
and the massive “gluons” is, of course, completely artificial since it depends
on the way we fixed the gauge.

Let us return to the gauge fixing condition, which can be included into the
Lagrangian of the theory. In order to do this, we shall introduce the Lagrange
multipliers bij for the off-diagonal components of the field X and fix the
remaining N − 1 Abelian degrees of freedom via some standard condition,
e.g., the Lorentz gauge [275,277]:

Lgauge =
N∑

i<j

bijXij +
N−1∑
i=1

ci∂µa
i
µ . (9.44)

Recall that the gauge fixing procedure must not destroy the gauge in-
variance of the partition function, which has to include the Faddeev–Popov
determinant. Thus, the ghosts term also appears in the Lagrangian. This con-
ventional procedure is self-consistent also in the Abelian projected gluody-
namics, where massless ghost fields are not propagating as they should [275].
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The procedure of Abelian projection makes it possible to separate so-
called “QEDN−1” from the original non-Abelian gluodynamics. However,
by analogy with the singularity of the gauge fixing condition of the Abelian
Higgs model (9.39) at the origin, the gauge in which the “Higgs” field X(xµ)
is diagonalized may also be singular at some isolated points x(i)

µ , where the
matrix of the local gauge transformation U(xµ) rotates X(x(i)

µ ) to the form
(9.41) with two degenerated eigenvalues:

λi = λi+1 ≡ λ . (9.45)

If X is an element of the group SU(N), that is, λi = eiφi , this relation leads
to identification of the phases φi = φi+1 + 2πn.

This is the precisely the point where “would-be monopoles” arise. Indeed,
let us consider the neighborhood around x(i)

µ , where the matrix of the Abelian
projection has a singularity. In order to do this we shall not diagonalize the
matrix X completely, taking the 2 × 2 Hermitian submatrix into considera-
tion, where two adjacent eigenvalues come close to being degenerated. In this
intermediate gauge we have

X =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

D1

... 0
... 0

. . . . . . . . . . . . . . .

0
...
λ+ ε3 ε1 − iε2
ε1 + iε2 λ− ε3

... 0

. . . . . . . . . . . . . . .

0
... 0

... D2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
∝ λ+ εa(xµ)σa . (9.46)

Here Dk are diagonal blocks with non-coinciding eigenvalues other than λ
and we use a standard parameterization of an SU(2) matrix by the set of
Pauli matrices.

Clearly, the singularity arises if all the components εa(xµ) → 0 as we
approach the point x(i)

µ . These three constraints define a world line or a point
in the three-dimensional space where a “would-be monopole” is located. On
the other hand, the degeneration of the eigenvalues means that at x(i)

µ the
residual group of symmetry is no longer the Cartan subgroup U(1)N−1, but
the non-Abelian group U(1)N−3 × U(2).

Note that in the neighborhood of the singularity x(i)
µ , the non-Abelian

components εa(x) of the “Higgs” field X may be written as an expansion
into a series

εa(x) =
(
x− x(i)

)b

∂bε
a(x(i)) ∼

(
x− x(i)

)a

.

Clearly, this resembles the “hedgehog” asymptotic of the scalar field in the
Georgi–Glashow model.
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The last step in the diagonalization of the matrix X is to rotate this
“Higgs” field within the SU(2) subspace to the unitary gauge (5.50). This
can be done if we apply the already familiar singular gauge transformation
(5.3)

U(θ, ϕ) = eiσ3
ϕ
2 eiσ2

θ
2 e−iσ3

ϕ
2 =

(
cos θ

2 − sin θ
2e

−iϕ

sin θ
2e

iϕ cos θ
2

)
, (9.47)

which is ill-defined at the south pole of the S2 sphere in the SU(2) subspace.
We can decompose the matrix of this transformation as U = UregU(θ, ϕ),

where a regular matrix Ureg ∈ SU(N) is constant in the neighborhood
around x(i)

µ . This is a singularity of U(θ, ϕ) that is responsible for the non-
vanishing of the magnetic current (cf. definition (5.33) in Chap. 5):

mi
µ =

1
2
εµνρσ∂νf

i
ρσ , (9.48)

where the “electromagnetic” field strength f i
µν = ∂µa

i
ν − ∂νa

i
µ. Indeed, in

terms of the original fields this tensor can be written as

f i
µν =

(
UFµνU

−1 +
[
U (Aµ + i∂µ)U−1, U (Aν + i∂ν)U−1

])
ii

. (9.49)

Since the tensor Fµν is supposed to be regular everywhere, the singularities
in (9.49) could only originate from terms ∼ U∂µU

−1.
Using the definition of the current mi

µ, we may evaluate the magnetic

charge given by the volume integration over the region around the point x(i)
µ :

gi =
1
4π

∫
d3x mi

0 =
1
8π

∫
d2Sn εnmkf

i
mk

= − i

4π

∫
d2Sn εnmk

[
U∂mU

−1, U∂kU
−1
]
ii

=
i

4π

∫
d2Sn εnmk∂m

[
U∂kU

−1
]
ii
. (9.50)

The integrand in the last line is written as a total derivative. However, the
singularities of the matrices U(xµ) do not allow us to apply the Gauss theorem
naively.

Let us note that the magnetic currents vanish everywhere except at the
point x(i)

µ where two eigenvalues coincide. Hence we may restrict the area
of integration to be the infinitesimal sphere S2

ε (x(i)
µ ) surrounding this point.

Then only the singularity of the SU(2) matrix U(θ, ϕ) matters and we have
[339]

gi =
1
8π

∫
S2

ε

dSµν εµνρσ∂ρ(1 − cos θ)∂σϕ [σ3]ii . (9.51)
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This expression can be considered by analogy with the definition of the topo-
logical charge (5.37) as a counterpart of the Brouwer index of the “genuine”
monopole configuration in the Georgi–Glashow model. In the latter case, the
zeros of the scalar field are associated with the positions of the monopoles.
Indeed, the integrand in (9.51) is the Jacobian of the transformation from lo-
cal coordinates on sphere S2

ε (x(i)
µ ) to group coordinates θ, ϕ. In other words,

it defines the map S2
ε (x(i)) → S2(θ, ϕ), which is characterized by the sec-

ond group of homotopy π2(S2) = Z. Thus, our “would-be monopoles” are
carrying the charges gi = ±1/2 with respect to the Abelian subgroup.

Generalization of this scheme to a “multimonopole” configuration is ob-
vious: now two eigenvalues λi and λi+1 become degenerated in a number of
points {x(i)

µ }, where label i takes any values from 0 to N . Then we have
to sum over all monopole locations in a volume V . The constraint, which

follows from our definition of the magnetic charge, is that
N∑

i=1

gi = 0. Fur-

thermore, because there are U(N)N−1 electric charges of massive “gluons”
qi = ±1, a generalization of the charge quantization condition with respect
to the Abelian subgroup is

N∑
i=1

eigi =
n

2
, n ∈ Z .

Let us recall once again that the “monopoles” that we are discussing
are not real field configurations, but rather fictive objects that appear as an
artifact of the formalism of the gauge fixing and Abelian projection. The con-
jecture by ’t Hooft and others is that the proper choice of the gauge fixing
condition may separate such field configurations that dominate in the par-
tition function of gluodynamics in the strong coupling regime. Then these
configurations look like U(1) “monopoles” in the Abelian gauge, but actu-
ally they are rather the large scale fluctuations of the non-Abelian gauge
field. In the Landau gauge, for example, the dual Meissner effect is observed
without monopole condensation, but an operator of mass dimension 2 ap-
pears instead, providing the gluon condensate and the mass generation of
the Abelian electric fields [485].

Indeed, we know already that an infinite chain of instantons along the
Euclidean time direction is identical to a single BPS monopole. Other field
configurations can also produce a similar effect. This conjecture can be proved
numerically, if we apply the scheme of Abelian projection to the gluodynamics
on a lattice [339]. These calculations showed (see, e.g., [265,464,484] or [165]
and references therein) that the monopole currents appear in the Abelian
projected gluodynamics. However, we are not so optimistic to claim that
monopoles were really copiously observed. More likely we have to say that
these monopoles are artifacts of the gauge fixing condition that was imposed
to reduce gluodynamics to the Abelian gauge theory. Moreover, the monopole
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dominance in the confinement phase of gluodynamics was observed up to now
only in the special case of the so-called maximal Abelian gauge.

9.3.2 Maximal Abelian Gauge

Clearly, the formalism of the Abelian projection has many ambiguities. There
is no natural candidate that could play the role of the “Higgs” field X. More-
over, it is not clear what is supposed to be the right choice of the gauge fixing
condition. An argument of renormalizability of the gauge fixing condition was
used by ’t Hooft [275], when he introduced the maximal Abelian gauge, which
is both Lorentz covariant and gauge covariant, with respect to the Cartan
subgroup. Let us introduce such a condition as follows: we decompose the
gauge field into purely diagonal and purely off-diagonal parts:

Aµ = aµ +Aoff
µ .

The maximal Abelian gauge is defined as [275,339]

Dµ(a)Aoff
µ ≡ ∂µA

off
µ + ie

[
Aoff

µ , aµ

]
= 0 . (9.52)

Thus, this is a differential equation rather than a straightforward condition
of diagonalization. However, it also separates a residual U(1)N−1 symmetry
with respect to the transformations from the Cartan subgroup, since the
diagonal elements (aµ)ii transform as a massless “photon” field, whereas Aoff

µ

corresponds to the massive charged “gluons”. For example, in the simplest
case of SU(2) gauge theory the gauge condition (9.52) is(

∂µ ± ieA3
µ

)
A±

µ = 0, where A±
µ = A1

µ ± iA2
µ . (9.53)

This equation can be treated as a condition of minimization of the functional
F [A±] =

∫
d4x[(A1

µ)2 + (A2
µ)2], that is, it makes the non-Abelian field Aµ as

diagonal as possible.
The disadvantage of the gauge fixing condition (9.52) is that in such

a gauge, the massless ghosts shall propagate [275] and this problem is not
resolved yet. Another problem is that for a fixed configuration Aµ, there could
be Gribov’s copies among solutions of the equations (9.53), which must be
excluded [109,255]. As yet there is no clear understanding of how to deal with
this problem in a continuum theory, although in the lattice model Gribov’s
copies can be eliminated [255].

Moreover, we can see that the regular ’t Hooft–Polyakov monopole solu-
tion in the hedgehog gauge itself does not satisfy the maximal Abelian gauge
condition. Indeed, let us consider its spatial asymptotic Aa

k = εamkxk/(er2).
Then we have (

∂µ ± ieA3
µ

)
A±

µ = ∓cos θ
er2

e±iϕ .

Thus, the ’t Hooft–Polyakov monopole has too many non-Abelian degrees of
freedom to fit the condition (9.53). However, in the unitary gauge (5.50) it has
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only the Abelian component A3
µ, that is, the unitary gauge for a monopole

is the maximal Abelian gauge as well.
The maximal Abelian gauge is becoming very popular, since it makes

possible to discover monopoles in a number of unusual places. Indeed, we can
expect in advance that the field of an infinite chain of instantons satisfies
the maximal Abelian projection, since this configuration, up to the gauge
transformation, is identical to the BPS monopole. However, the miracle of
Abelian projection allows us to produce a monopole current even from a
single instanton!

Following [163], let us consider the field of an SU(2) instanton, a topo-
logically nontrivial solution of the pure Yang–Mills self-duality equations:

Aa
µ =

2
e

ηaµνxν

r2 + τ2 + ρ2
, (9.54)

where τ is Euclidean time and an arbitrary parameter ρ is called the size of
an instanton. The self-dual ’t Hooft tensor ηaµν is defined as

1
2
εµνρσηaρσ = ηaµν =

⎧⎨⎩
εaµν , µ, ν = 1, 2, 3
δaν , µ = 4
−δaµ, ν = 4

.

The field of an instanton can be written in components as

Ak = −1
e

(τσk − εkmaxmσa)
r2 + τ2 + ρ2

,

A4 =
1
e

xaσa

r2 + τ2 + ρ2
. (9.55)

Now recall that this solution is defined up to the gauge transformations
(5.2)

Aµ → U−1AµU − i

e
U−1∂µU , (9.56)

which particularly can be used to set the gauge A4 = 0 [27]. We may consider
the general form of SU(2) transformation

U = n0 + iniσi, where nµ =
xµ√
r2 + τ2

,

which rotates the instanton field (9.54) to the form

Aa
µ =

2ρ2

e

ηaµνxν

(r2 + τ2)(r2 + τ2 + ρ2)
, (9.57)

where ηaµν is the anti-selfdual ’t Hooft tensor with the properties
1
2εµνρσηaρσ = −ηaµν .

Recall that the instanton is defined as a mapping S3 → S3. Thus, such a
transformation unwinds the singularity at infinity, but creates a singularity at
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the origin [163]. Clearly, this field obeys the condition of the maximal Abelian
projection (9.53), but the gauge transformation produces a singularity whose
origination is discussed in Appendix C in detail.

We already know that a bit more careful treatment of such a singularity
allows us to see that the field strength tensor Fµν does not change under
these transformations. However, in the formalism of the Abelian projection,
we restrict our consideration to the diagonal components of the potential A3

µ

only. Then the “Abelian” field strength f i
µν = ∂µA

3
ν − ∂νA

3
µ contains the

singularity of string type and monopole current jiµ (9.48) does not vanish. In
the case of a single instanton, placed at the origin of a coordinate system,
this current is a straight line that passes through the center of the instanton.

Thus, the claim is that, in some gauge, the field of a single instanton after
the “Abelization” procedure produces singularities of monopole type [163].
It was shown that, in the case of the dilute gas of instantons, the mechanism
of Abelian projection produces ring monopole currents whose characteristic
scale is of order of instanton radius ρ [256]. However, the numerical calcu-
lations on the lattice showed [257] that the string tension is reproduced by
a single monopole current of another type that permeates the whole lattice
volume. Other monopole currents are localized and they do not contribute to
the Wilson loop operator. Since they are scale-invariant at small distances,
their connection to the instantons seems to be doubtful.

This looks a bit suspicious and suggests that these “monopoles” again do
not have much in common with the original field configuration, but rather
appear as an artifact of the gauge condition that transforms a non-Abelian
gauge theory into the model with Abelian electric and magnetic charges.
These configurations are not solutions of the field equations and their simi-
larity with a monopole is based only on the local behaviour of the fields in
the neighborhoods of the singularities.

Such a formalism can in principle produce a monopole current from a
very arbitrary configuration. However, we cannot exclude the possibility that
Abelian projection can be used as a practical tool to identify large scale
fluctuations in a non-perturbative regime. This point of view is supported
by numerical calculations, which show that the value of the string tension
in the confinement phase, the most important phenomenological parameter
of low-energy QCD, can be reproduced in the method of Abelian projection,
with an error smaller than 8 percent, if only the contribution of the monopole
currents into the Wilson loop operator is taken into account [465, 482]. This
is so-called monopole dominance, which is probably the strongest argument
in favour of the formalism of Abelian projection. However, the monopole
dominance disappears if we change the gauge fixing condition [164,192].

To complete this section, we note that some modification of the gauge
fixing condition (9.52) can cure the problem of Gribov copies [463]. This
idea of dynamical Abelian projection is to make use of an analogy with the
Faddeev–Popov trick. We may insert an identity



9.4 Polyakov Solution of Confinement in the d = 3 Georgi–Glashow Model 349√
det(−D2

µ)
∫

Dφei
∫

d4xTr(Dµφ)2 = 1 ,

into the functional integral over the gauge fields, where an auxiliary real
scalar field φ lies in the adjoint representation of the gauge group. The inter-
action between this field and the gauge potential Aµ arises from the standard
covariant derivative Dµφ and now we can select the diagonal components of
the gauge field if off-diagonal components of φ are set to zero.

9.4 Polyakov Solution of Confinement
in the d = 3 Georgi–Glashow Model

We have already seen in Sect. 9.2 how the mechanism of the strong confine-
ment in the compact QED is connected with the condensation of monopoles.
This conclusion supports the model of dual superconductivity even if the
realistic QCD is a much more complicated theory. On the other hand, the
compact QED is formulated on the lattice where a strong coupling regime is
natural and the existence of the phase transition into the confinement phase
can be proved numerically. However, Polyakov noted that in d = 3, similar
results can be obtained also in the continuum Georgi–Glashow model, where
condensation of monopoles also leads to the area-low behaviour of the Wilson
loop operator [430].

9.4.1 Dilute Gas of Monopoles in the d = 3
Georgi–Glashow Model

The phenomenon of confinement means that a parameter with the dimension
of mass somehow has to be generated in the model. This parameter actually
defines the string tension and, in the model of dual superconductivity, it is
precisely the vacuum expectation value of the monopole condensate. How-
ever, a qualitative description of the confinement is also possible in terms of
the Debye plasma screening of the Coulomb potential. Indeed, the Poisson
equation for an electrostatic potential A0 is

∇2A0 = −4π
N∑

i=1

eini , (9.58)

where the sum is taken over all particles with a charge ei, which are distrib-
uted with a density ni. If the dilute gas of these charges is in equilibrium
state, the density is given by the well-known Boltzmann formula

ni = ni0 e
−Ei/kT = ni0 e

−eiA0/kT ,
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where ni0 is the density of charges with no potential. Because plasma as a

whole is neutral, we have
N∑

i=1

eini0 = 0. If we suppose now that eiA0/kT � 1,

the Poisson equation becomes

∇2A0 − µ2A0 = 0 , (9.59)

where µ2 = 4π
N∑

i=1

ni0 e
2
i /kT defines the so-called Debye mass. Clearly, the

solution for the potential then becomes A0 ∼ r−1e−µr, that is a photon,
propagating in plasma, obtains the magnetic, or so-called Debye mass, and
a standard Coulomb potential becomes screened by a short-range exponent.

As was shown by Polyakov in the 70s, a similar effect of screening by dilute
gas of monopoles yields a magnetic mass of photon in the 3d Georgi–Glashow
model [429,430].

Let us begin a brief review of Polyakov’s work by considering the trun-
cated Lagrangian (5.7) of the Georgi–Glashow model in d = 3 Euclidean
space:

L =
1
4
F a

mnF
a
mn +

1
2

(Dmφ
a)2 +

λ

4
(φaφa − v2)2 . (9.60)

Here both Lorentz and group indices take the values m,n, a = 1, 2, 3.
Note that the expression (9.60) is identical to the potential energy of

the original 3 + 1 Georgi–Glashow model. In other words, a static monopole
configuration, which is a solution of the system of the field equations (5.14),
corresponds to the motion of a classical particle in R

3. The similarity of the
respective models suggests that the solitons of the theory (9.60) are instantons
in d = 3, rather than dynamical monopoles. The gauge field of the former
configuration is asymptotically decaying6 as ∼ r−2.

Other essential difference between the d = 3 Georgi–Glashow theory
(9.60) and its 4-dimensional version is that the gauge coupling constant e
of the former model already has dimension of mass. Thus, there is a char-
acteristic scale already on the classical level and the dynamically generated
mass is proportional to it. Furthermore, the classical Coulomb potential of
three-dimensional model is VCoulomb ∼ e2 ln r, that is the energy of interac-
tion between the charges increases with increasing r, although not linearly.
We shall see that quantum corrections could improve the situation and, for
a large separation, a linear potential V ∼ αr is generated.

Let us consider the ’t Hooft–Polyakov solution (5.41) outside the mono-
pole core, that is at the distances r � m−1

v ∼ (ve)−1 where

φa ≈ vr̂a − ra

er2
e−msr; Aa

n ≈ εamn
rm
er2

, (9.61)

6 Recall that in d = 4 there is also a difference between the field of a monopole,
which has the Coulomb asymptotic ∼ r−2, and the field of an instanton, which
decays as ∼ r−4. Such a long-range asymptotic is used to identify the corre-
sponding field configurations in numerical lattice simulations.
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where we do not neglect the term which is exponentially suppressed by the
mass of the scalar field ms. As we have seen, this asymptotic behaviour
corresponds to the Abelian field of a monopole of unit topological charge

Bk =
1
ev
εkmnφ

aF a
mn ≈ rk

er2
.

Suppose that there is a number of well separated monopoles and anti-
monopoles in the vacuum state7. Then the magnetic field is given by a simple
superposition of the Abelian fields of several monopoles with charges gi, which
are placed at the points r(i)k :

Bk =
1
e

N∑
i=1

gi
rk − r(i)k

|r − r(i)|3 , (9.62)

where we suppose that for any pair of monopolesm−1
v � |r−r(i)|. The action

of the system then can be written as

S = NS1 + Sint , (9.63)

where the first term is the multiple of the classical static one-monopole action
(5.48)

S1 =
4πmv

e2
f

(
ms

mv

)
,

which we expressed via the masses of the vector and scalar fields. Recall that
the smooth function f(ms/mv) weakly depends on the scalar coupling and
in the Bogomol’nyi limit we have f(0) = 1.

The second term in (9.63) is the energy of interaction between the mono-
poles

7 In general, this assumption of dilute Abelian monopole gas may cause some
doubts and its correctness can be questioned. The point is that the vacuum
state by definition must yield the minimum of free energy of the system. Thus,
to prove if the picture of dilute monopole gas is valid, we have to account for
the effect of entropy and check if the interaction between the monopoles remains
weak. The most simple solution is, of course to consider the Bogomol’nyi limit
where monopoles do not interact at all due to the long-range tail of the scalar
force and there are the multi-monopole solutions that we discussed in Chap. 6
above. It turns out, however, that in the limit of the vanishing mass of the scalar
field, the monopole gas undergoes the phase transition, which destroys the initial
approximation and kills the mechanism of the generation of magnetic mass [198].
On the other hand, the energy of interaction between non-BPS monopoles can be
large enough to produce a strong overlap of the cores of monopoles and destroy
the picture of dilute monopole gas. The same effect causes excitation of dyonic
degrees of freedom and, therefore, the Debye mass in a monopole plasma can be
generated only if there is some mechanism that keeps monopoles well-separated.
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Sint =
2π
e2

N∑
i	=j

gigj
|r(i) − r(j)| −

2π
e2

N∑
i	=j

e−ms|r(i)−r(j)|

|r(i) − r(j)| . (9.64)

Here, unlike Polyakov’s original work [430], we still keep the exponentially
suppressed terms that describe the energy of the additional Yukawa interac-
tion mediated by the massive Higgs field quanta. In the Bogomol’nyi limit,
the action (9.63) is reduced to

S = NS1 +
2π
e2

N∑
i	=j

gigj − 1
|r(i) − r(j)| . (9.65)

As we have already seen (cf. discussion in Sect. 6.3), this corresponds to the
familiar effect of non-interaction between two BPS (anti)-monopoles (gi =
gj = ±1) and doubling of the energy of attraction between a monopole and
an anti-monopole (gi = −gj = ±1). Note that in the opposite limit of a very
heavy scalar field, the second term in (9.64) becomes negligible.

The problem is to define the photon propagator on the monopole back-
ground taking into account the quantum fluctuations of the fields. To evalu-
ate the corresponding functional integral we must separate the monopole zero
modes and diagonalize the second variation of the action. Actually, we have
to apply the technique discussed in Chap. 7. Moreover, it is not necessary to
evaluate the one-loop quantum correction explicitly.

Let us consider the one-monopole partition function Z1 defined by (7.76).
Separating the integration over the coordinates of the position of a monopole
r
(1)
k , which are translational zero modes, we can write [430]

Z1 =
∫

Dr(1)k ∆ e−S1 ≡
∫
dr

(1)
k ζ , (9.66)

where the quantity ζ absorbs both the measure of integration over the trans-
lational zero modes, the one-loop determinant ∆ and the exponent of the
classical action of a monopole. This quantity can be calculated in principle,
at least numerically.

Using this definition, we can rewrite the partition function of the dilute
monopole gas in d = 3 as [24,430]

Z =
∑
N,gi

ζN

N !

∫ N∏
k=1

d3r(k) e−Sint (9.67)

=
∑
N,gi

ζN

N !

∫ N∏
k=1

d3r(k) exp
{
−2π
e2

∑
i	=j

gigj
|r(i) − r(j)| +

2π
e2

N∑
i	=j

e−ms|r(i)−r(j)|

|r(i) − r(j)|

}
.

Interpretation of this expression in terms of statistical physics is obvious: this
is the grand canonical partition sum of the Coulomb gas of charged particles
that is modified by an additional attractive Yukawa interaction.
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We can now see a direct correspondence to the effect of Debye screening:
the quantity ζ−1/3, which corresponds to the density of the monopole gas,
is actually the finite correlation length that yields the scale of the magnetic
mass of the photon.

We can see that this effect really occurs by straightforward calculation of
the correlation functions of dilute monopole gas8. For the sake of simplicity,
we consider the limit of a very heavy Higgs field, where the second term in
(9.67) vanishes. By making use of a well-known trick, the partition function
(9.67) then may be written as a functional integral over an auxiliary field
ξ(r):

Z =
∫

Dξ exp
{
− e2

32π2

∫
d3r (∇ξ)2

}∑
N

∑
gi

ζN

N !

N∏
i=1

d3r(i)e
i
∑
i

giξ(r
(i))
.

(9.68)
However, recall that SU(2) monopoles with only the unit topological charge
gi = ±1 are stable. Then the sum over magnetic charges takes the simple
form

e
i
∑
i

giξ(r
(i))

= eiξ + e−iξ = 2 cos ξ .

Now performing summation over all monopoles in (9.68), we have

Z =
∫

Dξ exp
{
− e2

32π2

∫
d3r
[
(∇ξ)2 − 2M2 cos ξ

]}
, (9.69)

where the Debye mass is defined as

M2 =
32π2

e2
ζ . (9.70)

Indeed, expansion of cos ξ in the functional integral (9.69) yields the action

Sξ =
∫
d3r
[
(∇ξ)2 −M2ξ2 + αξ4 + . . .

]
and the equation of motion obtained by varying the auxiliary field ξ(r) is the
sin-Gordon equation

∇2ξ − 2M2 sin ξ = 0 . (9.71)

This is a non-linear generalization of the Debye equation (9.59) for the di-
lute gas of monopoles. Its solution defines the parameters of the magnetic
screening by the monopole plasma.

The selfconsistency of the model is preserved by weakness of the non-linear
interaction in (9.71), since the contribution of the terms of all higher powers

8 Note that we are following here the original paper by Polyakov [430]. An al-
ternative and more simple description, based on the variational approach, was
presented in [331].
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in the field ξ are negligible compared with the leading quadratic term [430].
Indeed, the coupling at ξ4 is weak because

g =
4π2

3e2
ζ ∼ e−S1 � 1 .

The correlation functions of the fields can be obtained from the functional
integral (9.69), if we introduce an external source η(x) that couples to the
monopoles as

Sη =
∫
d3r

∑
i

giη(r)δ(r − r(i)) ≡
∫
d3r ρ(r)η(r) . (9.72)

Here the density of monopole plasma is defined as ρ(r) =
∑
i

giδ(r − r(i)).

Then evaluation of the partition function with external current η(x) yields

Z =
∫

Dξ exp
{
− e2

32π2

∫
d3r
[
(∇ξ −∇η)2 − 2M2 cos ξ

]}
. (9.73)

We can now evaluate average values of any function of the fields according
to the standard procedure. We are interested in the correlation function of
the field operator (9.62), which can be written as

Bk(r) =
1
e

∫
d3r′

(r − r′)k

|r − r′|3 ρ(r
′) , (9.74)

or, performing the Fourier transformation,

Bm(k) =
4iπkm

ek2
ρ(k) .

Evidently, the expectation value of the operator of the electromagnetic field
strength is related to the vacuum average of ξ as

< Bm(r) > =
1
e

∫
d3r′

(r − r′)m

|r − r′|3 < ρ(r′) > (9.75)

= − i
e

∫
d3r′

∂

∂r′

(
1

|r − r′|

)
δZ

δη

∣∣∣∣
η=0

(9.76)

= i
e

4π
∂m < ξ(r) > .

The procedure of the evaluation of other correlators appears very similar.
For example, the operator of monopole density reads [280]

< ρ(r) >=
ie2

16π2
< ∇2ξ(r) >= iM2 e

2

8π2
< sin ξ(r) > . (9.77)

Then the Fourier transform yields
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< ρ(k) >=
e2

16π2
k2 < ξ(k) > ,

and the two-point correlation function can be calculated by analogy with
(9.77):

< ρ(k)ρ(−k) >=
( e

4π

)2

k2 − k4
( e

4π

)4

< ξ(k)ξ(−k) > .

Since non-linearity of (9.71) is almost negligible, the propagator of the aux-
iliary field is simply < ξ(k)ξ(−k) >∼ (k2 +M2)−1 and we can write

< ρ(k)ρ(−k) >
( e

4π

)2
(
k2 − k4

k2 +M2

)
=
( e

4π

)2 M2k2

k2 +M2
.

Thus, the two-point correlation function of the operator of the electromag-
netic field is

< Bm(k)Bm(−k) > = < Bm(k)Bm(−k) >0 +16π2 kmkn

e2k4
< ρ(k)ρ(−k) >

=
(
δmn − kmkn

k2

)
+
kmkn

k2

M2

k2 +M2
(9.78)

= δmn − kmkn

k2 +M2
.

Here < Bm(k)Bm(−k) >0=
(
δmn − kmkn/k

2
)

is the standard propagator
of a massless photon. The correction to it, which comes from the second
term, means that a photon, propagating in a dilute gas of monopoles, indeed
acquires the magnetic mass M of (9.70).

9.4.2 Wilson Loop Operator in d = 3
Georgi–Glashow Model

We have already mentioned that an order parameter for the strong confine-
ment phase transition may be associated with the expectation value of the
Wilson loop operator (9.4)

< W (C) > = < Tr
{

exp

⎡⎣i∮
C

Aµ(ξ)dξµ

⎤⎦} > . (9.79)

In the confinement phase this operator satisfies the area-law behavior
< W (C) > � e−σRT , while the deconfinement phase is characterized by
perimeter law.

The Wilson loop can be written as an integral over the area S bounded
by the contour C:
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W (S) =< exp

⎧⎨⎩i
∫
S

Bm(r)dSm

⎫⎬⎭ > = < exp {iη(r) ∗ ρ(r)} > , (9.80)

where we make use of the definition (9.74) and introduce the external field
of a pair of external sources of unit electric charge as

η(r) =
∫
dS(r′)

r − r′
|r − r′|3 = −

∫
dS(r′)

∂

∂r′

(
1

|r − r′|

)
.

The explicit form of the Wilson loop operator up to a normalization factor is

W (S)=
∑
N,gi

ζN

N !

∫ N∏
k=1

d3r(k) exp

⎧⎨⎩−2π
e2

∑
i	=j

gigj
|r(i) − r(j)| +

∫
S

dS
r − r(i)

|r − r(i)|3

⎫⎬⎭ .
(9.81)

The similarity of the corresponding functional integration in (9.81) and (9.67)
is obvious. Thus, by complete analogy with the calculation of the effective
action (9.69) above, we arrive at [430]

W (S) =
∫

Dξ exp
{
− e2

32π2

∫
d3r
[
(∇ (ξ − η))2 − 2M2 cos ξ

]}
, (9.82)

which corresponds to (9.73).
In spite of the similarity of (9.82) to (9.73), in the former case we do not

suppose that the non-linearity of the field ξ is negligible, because an external
field η(r) can be strong. To calculate the Wilson loop operator (9.82) in such
a system, we note that the field of the test electric charges must satisfy the
Poisson equation

∇2β(x) = 4πδ(z)θS ,

where θS = 1 on the Wilson loop and θS = 0 otherwise. Since the value of
W (S) does not depend on the form and orientation of the contour, it can
be chosen to be in the xy-plane. Then the non-linear Debye equation (9.71),
which is modified by the external sources

∇2(ξ − η) − 2M2 sin ξ = 0 , (9.83)

far away from the loop C turns out to be the one-dimensional sin-Gordon
equation with the kink solution [430]

ξ = 4arctan
(
e−Mz

)
, as z > 0 ,

ξ = −4 arctan
(
e−Mz

)
, as z < 0 . (9.84)

From the exponent of the Wilson loop operator (9.82) we can now separate
the integral over the xy-plane, which gives the area of the loop. This leaves
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W (S) = exp
{
−e

2M2

32π2

∫
dz (sin ξ − 2 cos ξ)

∫
dxdy

}
= e−σRT ,

where the string tension is defined as

σ =
e2M2

32π2

∫
dz (sin ξ − 2 cos ξ) ∼ 4e

√
2ζ
π

.

Here we used the definition of the Debye mass (9.70).
Thus, the electric field of two test charges forms a string with tension given

by the one-loop monopole action ζ (9.66). This conclusion can be proved by a
direct calculation of the expectation value of the electric field operator [280],
which shows that the electric string with unit flux is formed in the mono-
pole plasma. Evidently, we may conclude that there is strong confinement in
the d = 3 Georgi–Glashow model under the assumption that the monopole
plasma vacuum state exists.

Finally, let us make some remarks. First, note that it is very instructive to
see the similarity of the discussion above to the dual description of the familiar
Josephson effect [280]. Recall that the Josephson effect appears in system of
two superconductors separated by a barrier. A quantity that characterizes
the effect is the change of the phase of the order parameter as we cross the
barrier. Its counterpart in the Polyakov solution is the field ξ, which defines
the character of interaction between monopoles. Further, the electric charge
of the Cooper pair is replaced by the topological charge of the monopole and
supercurrents of correlated electrons through the barrier correspond to the
density of monopoles in the dilute gas vacuum.

Second, embedding of the model into four-dimensional Euclidean space
changes the situation drastically [24]. The solution, which was localized in
d = 3, corresponds to the world line in d = 4. Since the magnetic flux is
conserved, these world lines can be either infinite or form the closed loops.
We may evaluate the contribution of the monopole-antimonopole loops to
the functional integral. The conclusion is that the loops of small size do not
introduce a disorder in the system and the electric field of two test charges
remains Coulomb-like.

The confinement phase is associated with the large-scale monopole loops,
their search is actually the main subject of works directed to evaluating the
string tension on the lattice. However, the correspondence between realistic
QCD in d = 4 and the Georgi–Glashow model in d = 3 remains questionable,
although the effect of finite temperature leads to the dimensional reduction
effectively truncating gluodynamics to be d = 3 theory [240].

We have already noted at the evaluation of the correlators above that
we make use the of form of the generating functional (9.67) with the scalar
field splitted out completely. This approximation fails as we approach the
Bogomol’nyi limit ms = 0, where the effect of additional long-range interac-
tion leads to the first-order phase transition in the monopole plasma. Then
the picture of the magnetic mass generation that we discussed above is not
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quite correct. Unfortunately, the same effect gives the excitation of dyonic
degrees of freedom of monopoles, because the strong interaction in a model
of d = 3 plasma of dyons [476,477] inevitably destroys the initial approxima-
tion of dilute gas. Thus, the model of confinement “á la Polyakov” remains
self-consistent only in the limit of a very massive Higgs field and zero electric
charge of monopoles.

Our last remark concerns the differences between the mechanism of con-
finement in the d = 3 Georgi–Glashow model and in the Seiberg–Witten
theory [469]. The most obvious difference is that the BPS limit is natural for
the latter supersymmetric theory, while the former model is not applicable
there. Although in both theories confinement is closely connected with con-
tributions of monopoles, in the Georgi–Glashow model, the monopoles are
not propagating and cannot condense. In contrast, the condensation of BPS
states is a key to the description of confinement within the N = 2 SUSY
model. We shall discuss this model at the end of Chap. 13.



10 Fermions in the Field of Non-Abelian
Monopole and Rubakov–Callan Effect

So far, we have restricted ourselves to a minimal set of bosonic fields entering
the initial Lagrangian of the Georgi–Glashow model. Including interaction
with fermionic fields modifies the theory in an essential way. Such an extended
system, can be, for example, a model of the unification of electroweak and
strong interactions, which includes both leptons and quarks. The monopole
solutions naturally arise in the bosonic sector of this theory as well.

As we shall see in this chapter, the coupling of fermions with a monopole
background field yields a number of highly non-trivial effects. On the other
hand, including the fermions in a model can be considered as a first step
toward a consistent analysis of the properties of monopoles in some super-
symmetrical models, for example, the N = 2 SUSY Yang–Mills theory that
we shall consider in the last part.

10.1 Dirac Hamiltonian
on the Non-Abelian Monopole Background

The difference between the problem under consideration and the simplest
model of the Abelian interaction between the fermions and the Dirac mono-
pole, which was considered in Chap. 2, is that from now on both the fermionic
and the bosonic fields lie in some Lie algebra of the gauge group.

Note that even in the simplest non-Abelian example of the SU(2) theory
coupled with fermions, the physical contents of the model depends on the
representation of the group. One may consider, for example, either the ad-
joint (isovector or triplet), or the fundamental (isospinor or complex-doublet)
representations of the SU(2) Lie-algebra-valued fermions.

Let us consider the isospinor fermions, that is, we define an eight-
component wavefunction ψa

α labeled by two indices. The isotopic, or “colour”
index a, takes the values 1, 2 and the Lorentz index α takes the values 1, . . . , 4.
Here the four-dimensional Dirac matrices γµ act on the Lorentz components
of the wave function, while the isospinor Pauli matrices τa are coupled via
the group indices:
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(γµψ)a
α = (γµ)αβ ψ

a
β , (τaψ)b

α = (τa)bc ψ
c
α (10.1)

that is, the function ψa
α is considered as a matrix of dimension 4 × 2.

The Lagrangian of interaction between a fermion and a monopole can be
written as1 [27, 298,373,376]

Lψ = ψ̄i
α

{
i(γµ)αβ

[
δij∂µ + ie(T a)ijA

a
µ

]
− ih(γ5)αβ(T a)ijφ

a
}
ψj

β . (10.2)

The above expression describes both the Yukawa-type pseudoscalar interac-
tion with a coupling h between the fermions and the scalar fields, and the
interaction between the gauge and the isospinor fields, which are coupled in
the covariant derivative as:

Dµψ
i
α =

[
δij∂µ + ie(T a)ijA

a
µ

]
ψj

α . (10.3)

Hence the mass of the fermions is completely defined by the vacuum expec-
tation value of the Higgs field v. Evidently, the restoration of the original
symmetry means nullification of the fermionic mass term in (10.2). For the
sake of completeness, we do not drop out the indices in (10.2) and (10.3),
both the Lorentz and the isospinor ones. In the following, however, we shall
use compact matrix notations, although in some cases, the indices will be
written explicitly as above.

First, let us consider the solutions of the Dirac equation within the topo-
logically trivial sector, where the symmetry is spontaneously broken down to
the electromagnetic subgroup and the Higgs field is constant everywhere in
space and it is directed along the third axis in the isospace: φ = (0, 0, v).

The two-dimensional fundamental representation of SU(2) is provided by
the set of familiar traceless Hermitian generators T a = τa/2 and only the
third component of the gauge potential A3

µ is involved:[
γµ

(
∂µ +

ie

2
τ3A3

µ

)
− γ5hv

2
τ3

]
ψ = 0 . (10.4)

Thus, the equations for the top and the bottom components of the isotopic
doublet in trivial vacuum are decoupled,respectively, as[

γ5γµ

(
∂µ +

ie

2
A3

µ

)
− hv

2

]
ψ1 = 0 ,[

γ5γµ

(
∂µ − ie

2
A3

µ

)
+
hv

2

]
ψ2 = 0 . (10.5)

1 Here we consider the pseudoscalar coupling between a Higgs field and fermions. It
is instructive for the reader to carry out the calculations with the conventional
choice of the scalar coupling (cf., for example, the related discussion in [27]).
Modifications of this Lagrangian also are possible. We can, for example, include
an extra term Lm = mψ̄ψ, which describes the bare fermion mass m. Henceforth
we suppose that m = 0.
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Thus it is seen that the electric charges of the components ψ1 and ψ2

are q = ±e/2, respectively. At the same time, they are of the same mass2

m = hv/2.
To make our discussion correlated with the problem of the scattering of

a Dirac fermion on an Abelian monopole considered in Chap. 2, we shall use
the Dirac representation of the γ matrices once again:

γ0 =
(

1 0
0 −1

)
, γk =

(
0 σk

−σk 0

)
, γ5 =

(
0 1
1 0

)
. (10.6)

It is well known that the theory is invariant with respect to the fermion
number conjugation symmetry, or C-conjugation. The usual matrix of the
U(1) fermion charge conjugation in the Dirac representation (10.6) is

C = iγ2γ0 =
(

0 −ε
−ε 0

)
= −C−1 ,

where ε = iσ2 is a 2×2 matrix with entries εij , ε01 = 1. Thus, for a standard
Dirac fermion we would have ψC = Cψ̄T up to a phase factor. However,
the fermionic field now carries a non-Abelian SU(2) charge and such an
operation must be supplemented by the multiplication of the wavefunction ψa

α

by the matrix (τ2)ab, which acts on the isotopic degrees of freedom. Indeed,
τ2τaτ2 = −(τa)T and the conjugated isospinor is defined as

(ψC)a
α = (τ2)abCαβ(ψ̄T )b

β . (10.7)

Let us consider now the Dirac equation for a fermion in the external field
of a ’t Hooft–Polyakov monopole. This system is described by the Lagrangian
(10.2). Substituting (5.41) into (10.2) leaves the fermionic equation of motion
in the form of the Schrödinger equation (cf. its Abelian analog (2.105)):

i
∂ψ

∂x0
= Hψ ≡

(
0 �D
�D† 0

)(
ζ
η

)
, (10.8)

where we introduce the operators

�D = iσkDk − ihφaT a = σk

(
i
∂

∂xk
+A(r)εaknτ

ar̂n
)
− iτar̂aF (r) ,

�D† = iσkDk + ihφaT a = σk

(
i
∂

∂xk
+A(r)εaknτ

ar̂n
)

+ iτar̂aF (r) ,

(10.9)

and decompose the Dirac wavefunction into up and down spin-isospinor com-

ponents ψ =
(
ζ
η

)
, which are complex 2 × 2 matrices. For the sake of com-

pactness, we used here the shorthand
2 The unusual sign of the mass term in the second of the equations (10.5) can be

inverted by a unitary transformation [27].
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A(r) =
1 −K(r)

2r
, F (r) =

h

2e
H(r)
r
.

In studying the behaviour of these fermions in the presence of the mono-
pole, we have to investigate the chiral properties of the fermions. For a given
representation of the Dirac matrices the left-hand and the right-hand fermi-
ons are defined, respectively, as

ψL =
1 + γ5

2
ψ =

ζ + η
2

(
1
1

)
, ψR =

1 − γ5
2

ψ =
ζ − η

2

(
1

−1

)
, (10.10)

for those γ5ψL = ψL, γ5ψR = −ψR.
The peculiarity of the dynamics of such a fermion is that its mass entirely

arises due to coupling with the Higgs field. Therefore, it varies with the
distance from the monopole core. Clearly, on the spatial asymptotic, where
the symmetry is spontaneously broken down to the U(1) subgroup, as a
limiting case we have the system (10.5) once again. However, if a fermion
somehow manages to filter down to the monopole centre, where the initial
gauge symmetry is completely restored, its mass there vanishes. The question
is, if there are such states in the spectrum of fluctuations for which the
centrifugal barrier is lifted. Thus, to prove if a fermion can fall down onto
the monopole centre, we must analyze the properties of the operator of an
angular momentum.

We have seen already in Sect. 7.1.1 that the corresponding integral of
motion is not a standard operator of the angular momentum of a fermion,
but the combination J = L + T + S. Now the operator of spin is

Sk =
1
2

(
σk 0
0 σk

)
,

where standard Pauli matrices (σk)αβ are coupled with the Lorentz indices
of the left and right components of the field ψa

α, and then the operator J acts
as

J = L + σσσ ⊗ I + I ⊗ τττ . (10.11)

Indeed, straightforward calculation of the commutator of this operator and
the radially symmetric Hamiltonian operator H, which we defined above in
(10.8), shows that they do commute3.

Clearly, there is a certain correspondence between this system and the
solutions of the Dirac equation, which describes an electron in the external
field of an Abelian monopole (cf. related discussion in Chap. 2). This analogy
is emphasized by the similarity between the definitions of the operator J and
its quantum-mechanical counterpart (2.61). Indeed, as before, the addition
of three components of the angular momentum J may yield a spherically
symmetric s-wave state in two possible cases:
3 For the axially symmetric multimonopole ansatz (6.15) and (6.16) the Dirac

Hamiltonian commutes with the operator J = L+σσσ⊗ I +nI ⊗τττ , where n is the
topological charge of the background configuration.
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• a state with zero orbital momentum l = 0 and a vanishing sum of spin
and isospin momenta: S + T = 0;

• a state with unit orbital momentum l = 1, which is compensated by the
total contribution of spin and isospin momenta.

However, a principal difference is that in the Abelian case, in order to
avoid the problem of self-adjointness of the spin 1/2 Dirac Hamiltonian over
the complete space of its eigenfunctions, we are forced to impose a very
special boundary condition (2.115) at the origin, which actually connects the
states with opposite chirality. In contrast to the Abelian theory, the ’t Hooft–
Polyakov monopole is regular everywhere and there is no reason to believe
that the boundary condition of such type is unique.

Indeed, for an s-wave fermion, we have the condition Q = r̂aT a = −r̂aSa,
which relates the operator of the electric charge Q and the operator of spi-
rality. In other words, the interaction between the fermion and the monopole
may inverse the electric charge of the fermion. This inversion must of course,
be compensated by the excitation of the corresponding dyonic degrees of
freedom of a monopole:

ψ+ + Monopole → ψ− + Dyon ,

and there is no violation of the total electric charge conservation.
However, the situation is not so obvious because this naive picture is

definitely beyond the initial relativistic quantum mechanical approximation,
which supposes that the monopole field does not change in the course of the
fermion scattering. As we have seen above (cf. the discussion in Sect. 7.2.2)
in a quantum theory the electric charge of a monopole is quantized. This
quantization can be interpreted as the coupling of a monopole with a charged
vector boson. In other words, the excitation of the dyonic degrees of freedom
should be supplied with the increase of the monopole mass by ∼ mv = ev.
Therefore, for a fermion falling down onto the monopole with an energy
lower than such a scale, this process is forbidden. Thus, the one-particle
approximation is no longer justified and we have to investigate the process
of monopole-fermion interaction within the complete quantum field theory
framework. The first step toward this description is to analyze zero modes of
the Dirac operator on the non-Abelian monopole background.

10.1.1 Fermionic Zero Modes

Since the operator of generalized angular momentum J does not mix the left
and the right chiral components of the spin-isospin wave function ψ neither
in the trivial nor in the monopole sectors, in order to solve the Dirac equation
(10.8), as before, we shall decompose it into two independent equations for
these components. Now it is convenient to make use of parameterization [27]

ψi
α = ψ̃j

αεji , (10.12)



364 10 Rubakov–Callan Effect

which is especially useful for the consideration of the interaction between the
fermions and an external non-Abelian bosonic field. An obvious advantage
of parameterization (10.12) is that we can get rid of the transposed Pauli
matrices via

(τa)ijψ
j
α = ψ(τa)T = ψ̃k

αεkj(τa)ij = −ψ̃k
α(τa)ijεjk ≡ −ψ̃τaε . (10.13)

The structure of the Dirac Hamiltonian in (10.8) allows us to factorize the
time-dependent part of the wave function as ψ(xµ) = ψ(r)e−iEt again, so
this leads the system (10.8) to the pair of coupled equations

iσk∂kη̃ −A(r)εaknr̂
n
(
σkη̃σa

)
+ iF (r)r̂a (η̃σa) = −Eζ̃ ,

iσk∂k ζ̃ −A(r)εaknr̂
n
(
σk ζ̃σa

)
− iF (r)r̂a

(
ζ̃σa
)

= −Eη̃ . (10.14)

Here we used the compact matrix notations and make no difference between
spin and isospin Pauli matrices: τa ≡ σa.

The system (10.14) was first considered by Jackiw and Rebbi [298] and
afterwards it was analyzed in [155]. Some modification of this system to
the case of the fermion of constant bare mass, which is not affected by the
interaction with the Higgs field, was investigated in [376]. Here we shall not
consider the latter situation.

The situation here is very similar to what happens with Dirac’s fermion
in the external field of an Abelian monopole. The analysis of the problem
is related with the usual rules for adding angular momenta according to the
standard Clebsch–Gordan technique.

Recall that there are different options to compose three terms L, S and T
into the vector of the generalized angular momentum J (cf. the discussion in
Chap. 7). In the case under consideration, it is more convenient to compose
first the spin and the isospin momenta of a fermion. Since for an SU(2)
fermion, the sum S + T can be equal either to 1, or 0, the corresponding
eigenfunctions of the Dirac Hamiltonian, the matrix-valued spin-isospinors η
and ζ, can be decomposed into scalar and vector components as:

(η̃)im = u1(r)δim + va
1 (r)(σa)im,

(
ζ̃
)

im
= u2(r)δim + va

2 (r)(σa)im ,

where u1,2(r) and va
1,2(r) are scalar and vector functions of spatial coordi-

nates, respectively. Substituting this decomposition into the system (10.14)
and comparing the expressions at δim and (σa)im, we obtain the following
set of two pairs of equations

{∂a + [2A+ F ]r̂a}u1 + εabc{i∂b − F r̂b}vc
1 = iEva

2 ,

{∂a − [2A− F ]r̂a}va
1 = iEu2 ,

{∂a + [2A− F ]r̂a}u2 + εabc{i∂b + F r̂b}vc
2 = iEva

1 ,

{∂a − [2A+ F ]r̂a}va
2 = iEu1 .
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Subsequent analysis is related to the expansion of the functions u1,2 and
va
1,2 in the scalar and vector spherical harmonics. We shall not go into details

of these calculations and refer the reader to the original publications [155,298].
Here, we only comment on the remarkable properties of the spherically sym-
metrical s-wave solutions with vanishing angular momentum. First, we shall
show that, if the coupling constant h is not vanishing, there is a normalizable
eigenfunction of the Dirac Hamiltonian (10.8) with zero eigenvalue E = 0,
the fermionic zero mode.

Evidently, the use of properties of symmetry considerably simplifies our
consideration. In principle, the above consideration suggests two possible s-
wave wavefinctions, (ψ̃)00 and (ψ̃)01 with orbital momentum l = 0 and l =
1, respectively. Note that the former function is obviously independent on
angular coordinates and corresponds to the state with zero sum of spin and
isospin momenta.

The operator J, according to the definition (10.11), acts on the spin-
isospinors (η̃) and (ζ̃) as

Jiψ̃ = Ji

(
ζ̃

η̃

)
=

⎛⎜⎝−iεijkrj∂k ζ̃ + 1
2

(
σiζ̃ − ζ̃σi

)
−iεijkrj∂kη̃ +

1
2

(σiη̃ − η̃σi)

⎞⎟⎠ . (10.15)

This implies that an s-wave state with zero orbital momentum satisfies:

[σi, ζ̃] = 0, [σi, η̃] = 0 .

Hence we conclude that (η̃)00 = g1(r) · I and (ζ̃)00 = g2(r) · I, where g1,2(r)
are some (complex) functions just of the radial variable.

Another s-wave state with unit orbital momentum must obviously be
proportional to the vector r̂a. Since such a wavefunction has to be invariant
with respect to the combination of spatial and isotopical rotations, for both
spin-isospinor components we are left with (η̃)01 = (σar̂a)h1(r) and (ζ̃)01 =
(σar̂a)h2(r), where h1,2(r) are some functions of the radial variable.

Thus, it is seen that in the sector with zero angular momentum, we obtain

η̃ = g1(r) · I + (σar̂a)h1(r) , ζ̃ = g2(r) · I + (σar̂a)h2(r) . (10.16)

We are interested in a regular, spherically symmetric solution of the Dirac
equation that describes a spin-isospin fermion falling down onto the center
of the monopole. For such a state, the ansatz (10.16) becomes particularly
simple because the symmetry is completely restored at the origin where the
Higgs field is vanishing and the Dirac Hamiltonian coincides with the Hamil-
tonian of free motion. Clearly, there is a centrifugal barrier for the states
with h1,2(r) �= 0, since they depend on the angular coordinates. However,
this barrier is lifted for the spherically symmetric states with zero orbital
momentum of the reduced form
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η̃ = g1(r) · I, ζ̃ = g2(r) · I . (10.17)

which are the s-wave functions that do not vanish at the origin.
Note that the system of equations (10.15) still contains an angular de-

pendence via vector r̂a. Substitution of the ansatz (10.17) immediately yields
two equations (

∂

∂r
+

1 −K
r

+
h

2e
H

r

)
g1 = 0 ,(

∂

∂r
+

1 −K
r

− h

2e
H

r

)
g2 = 0 (10.18)

(recall that we are considering the states with zero energy).
Evidently, there are two solutions of this system (10.18):

g1 = C exp

⎧⎨⎩−
r∫

0

[
1 −K(r′)

r′
+
h

2e
H(r′)
r′

]
dr′

⎫⎬⎭ ,
g2 = C exp

⎧⎨⎩−
r∫

0

[
1 −K(r′)

r′
− h

2e
H(r′)
r′

]
dr′

⎫⎬⎭ , (10.19)

where C is a normalization constant.
Thus it is seen from the asymptotic behaviour of the monopole pro-

file functions (5.44) that both these solutions are regular at the origin as
r → 0. However, as r → ∞, the former solution exponentially decreases
as g1 ∼ e−mf r/r, whereas the latter wave function grows exponentially as
g2 ∼ emf r/r. Here mf = hv/2 is the mass of the fermion on the spatial
asymptotic. Hence there is a unique normalizable zero mode g1 of the Dirac
Hamiltonian on the monopole background.

Such a mode must exist due to the Atiyah–Singer index theorem, which
we shall discuss in the next section. Clearly, if the coupling between Higgs
and spinor fields is switched off, that is, we set h = 0 everywhere, the system
(10.18) has no normalizable solutions.

Experience with the BPS monopoles would suggest that our description
becomes especially simple in the Bogomol’nyi limit. Indeed, in this case we
can find an analytical solution for the fermionic zero mode of the BPS mono-
pole. Substituting the solutions (5.63)

K =
ξ

sinh ξ
, H = ξ coth ξ − 1 , (10.20)

where the dimensionless variable ξ = ver is used again, into the system
(10.18), we obtain the ordinary differential equation for the normalizable
wave functions with correct asymptotic behaviour
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∂

∂ξ
+

1
ξ
− 1

sinh ξ
+
h

2e

[
cosh ξ
sinh ξ

− 1
ξ

])
g1 = 0 . (10.21)

The solution depends on the relation between the Yukawa and gauge coupling
constants. For the sake of simplicity, let us set, for example, h = 2e, that is
mf = mv. Then the (10.21) is solved by

g1 =
C

cosh2(ξ/2)
, (10.22)

with asymptotic behaviour g1 ∼ e−ξ at a large distance from the monopole
core. Here C is a normalization constant. It can be seen that the wavefunction
of the zero mode is strongly localized around the origin, thus, we may inter-
pret it as a spherically symmetric bound state of a monopole and a fermion.
This conclusion leads to a number of non-trivial consequences.

Using a different parameterization A(r) → −A(r) and fixing the relation
between the couplings as h = e, that is, mf = 2mv, Manton and Schroers
[373] obtained another analytical solution of the (10.21):

g1 = C ′ξ3/2

√
cosh(ξ/2)
sinh3(ξ/2)

,

which decays asymptotically as g1 ∼ ξ3/2e−ξ/2. Clearly, this zero mode is
also localized at the origin.

In summary, we get the following expression for the explicit form of the
spherically symmetric fermionic zero mode (up to a normalization factor):

ψi
α(0) =

(
0
ηi

m

)
, ηi

m =
(

0 g1
−g1 0

)
. (10.23)

Finally, let us note that the operation of C-conjugation (10.7) yields

ψi
α(0) → Cψi

α(0) = e−iπ/2ψi
α(0) .

Thus, the zero mode is invariant with respect to C-conjugation.

10.1.2 Zero Modes and the Index Theorem

The existence of zero modes of the Dirac operator is closely related to the
topological properties of the background gauge field. This is a subject of the
Atiyah–Singer index theorem.

Let us consider the Dirac equation (10.8) again. We can write the system
of equations (10.14) as

�Dη ≡ (σkDk − φ) η = iEζ ,
�D†ζ ≡ (σkDk + φ) ζ = iEη , (10.24)
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where we used the definition of the covariant derivative (10.3) and the rescaled
Higgs field is written as φ = hφaT a.

We shall call the matrix

D =
(

0 �D
�D† 0

)
(10.25)

the Dirac operator. The first-order differential operators �D and �D† that ap-
pear in these equations are acting on open space R

4 . Therefore, the Atiyah–
Singer index theorem [78], which was proved on the compact spaces, cannot
be used straightforwardly. Its modification for the system under considera-
tion was given by Callias [155]. He noted that the differential operator �D is
elliptic and bounded with respect to the Sobolev norm [491]. Extended to
the Fredholm operator, it is adjoint to �D† with respect to the inner product
in the Hilbert space.

For zero energy states, the equations (10.24) are decoupled and, as math-
ematicians say, the eigenfunction η lies in the kernel of the operator �D and ζ
lies in the kernel of the operator �D† [373]. Thus, ker �D† = {0}, but ker �D is
non-zero on the monopole background.

Indeed, we can prove the first statement even without any knowledge
about the explicit zero-mode solution of the Dirac equation above. The analy-
sis is simplified by consideration of two Hermitian (self-adjoint) operators
�D �D† and �D† �D, which are elliptic too. Note that the zero modes of the oper-
ator �D are also zero modes of the operator �D† �D and vice versa. Indeed, on
the space of square integrable spinors ψ, which are the eigenfunctions of the
operator �D with the product

(ψ̄, ψ) ≡
∫
dx ψ̄†(x)ψ(x) ,

we have (
η, �D† �Dη

)
= (�Dη, �Dη) = 0 ,

that is, ker �D = ker �D† �D.
For a BPS monopole, we have Dkφ = Bk and then this quadratic elliptic

operator can be written as

�D† �D = −D2
k − σkBk − φ2 .

On the other hand,
ker �D† ⊂ ker �D �D† = {0} ,

because �D �D† is a positively defined operator with no normalizable zero
modes. For a BPS monopole it takes the form

�D �D† = −D2
k − φ2 .
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Now note that the two sets of non-zero eigenvalues of the operators �D �D†

and �D† �D are identical. Indeed, let ψλ be an eigenfunction of the operator
�D† �D with eigenvalues λ �= 0:

(�D† �D)ψλ = λψλ .

The left action of the operator �D on this relation yields

(�D �D†)ψ′
λ = λψ′

λ ,

where the eigenfunction ψ′
λ = �Dψλ corresponds to the same eigenvalue λ. For

non-zero values of λ this relation is invertible. However, in the case of zero
modes the situation is different.

The kernel of the elliptic operator �D† �D is a real vector space with inner
product. The dimension of this space is given by the number of zero modes
k. The following difference

k = dim ker (�D) − dim ker (�D†) (10.26)
= dim ker (�D† �D) − dim ker (�D �D†) = Ind (�D) ,

is a characteristic integer attached to the differential operator. It is called the
index of the operator �D.

Let us now outline the proof of the index theorem following the argumen-
tation by E. Weinberg [513]. To calculate the index of a differential operator
we need an explicit formula. The general idea is to set the index k into cor-
respondence to the functional trace in the Hilbert space [155, 513] (here M2

is a non-negative real parameter)

I(M2) = Tr
[
M2

�D† �D
− M2

�D �D†

]
. (10.27)

Indeed, we can see that lim
M2→0

I(M2) = Ind (�D). Now, taking into account

the form of the Dirac operator D (10.25), we can write

I(M2) = −Tr γ0
M2

D2 +M2
= −

∫
d3x tr 〈x | γ0

M2

D2 +M2
| x〉 , (10.28)

where “tr” is now a standard matrix trace over both isotopic and Dirac
indices.

There is a certain similarity of this expression and the familiar procedure
of the Pauli–Villars regularization of propagators. E. Weinberg noted [513]
that the integrand in (10.28) can be written as divergence of the current

Jk(x) =
1
2

tr〈x | γ0γk
1

D +M
| x〉 =

1
2

tr〈x | γ0γkD
1

D2 +M2
| x〉 , (10.29)

that is,
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I(M2) = −
∫
d3x ∂kJk(x) =

∫
S2

dSkJk .

Here the last integration is over the sphere S2 on the spatial infinity. An
analogy with the standard technique of evaluation of propagators of massive
scalar particle suggests to make use of the expansion in powers of external
field strength4 Gµν :

1
D2 +M2

=
1

D2
k + φ2 +M2

+
1

D2
k + φ2 +M2

(
1
2
γµγνGµν

)
1

D2
k + φ2 +M2

+ . . .

Substituting this expansion into the definition of the current (10.29), we
can see that the contribution from the first, free term vanishes when we take
the trace over the spinor indices. Furthermore, because the BPS monopole
fields decay asymptotically as Gµν ∼ r−2, the only term that contributes to
the integral over the sphere S2 on the spatial infinity is

Jk = εkµνρ tr 〈x | Dµ
1

D2
k + φ2 +M2

Gνρ
1

D2
k + φ2 +M2

| x〉 , (10.30)

where the trace is now taken over the group indices. The remaining step is
to substitute into this expression the asymptotic form of the monopole field

Fkm = εkmn
rnra

r4
T a, Dkφ

a =
rkra

r4
T a ,

and evaluate the “propagator” by using the Fourier transformation [513].
The result of the calculation for the fields in two-dimensional fundamental
representation of SU(2) is

r̂kJk =
1

4πr2
v√

v2 +M2
,

where v is the vacuum expectation value of the Higgs field. It follows that
I(M2) = v/

√
v2 +M2 and, therefore, Ind (�D) = 1, that is, there is only one

fundamental fermionic zero mode in the background bosonic field of a single
SU(2) monopole.

The Callias index theorem [155] for the n-monopole configuration gen-
erally relates the index of the operator �D to the topological charge of the
background field as
4 There is a certain inconsistency in notation here. Imposing the Hamiltonian

gauge, we adopt pseudo four-dimensional notations for the “field strength tensor”
Gµν , which actually composes the covariant derivative of the Higgs field (Dkφ =
Gk0) and spatial components of the electromagnetic field strength (Fkm = Gkm).
In other words, we make use of the Julia–Zee correspondence A0 � φ once again.
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Ind (�D) = dim ker (�D† �D) − dim ker (�D �D†) = Cn , (10.31)

where the constant C depends on the representation of the fermion field. For
the fermions in the fundamental representation of SU(2), we have C = 1 and
for the adjoint fermions C = 2.

To complete our brief discussion of the properties of fermionic zero modes,
let us note that the excitation of the fermionic zero mode does not change the
energy of the vacuum state of the SU(2) monopole. Therefore, these modes
can be interpreted as some kind of Grassmannian deformations of the bosonic
monopole configuration. In other words, such a mode may be considered as a
collective coordinate5 alongside with four bosonic collective coordinates that
parameterize the one-monopole moduli space M1. An arbitrary fluctuation
of the isospinor field on the monopole background can be expanded in the
complete set of modes

ψ = a0ψ0 + contribution of non − zero modes , (10.32)

where we separated the contribution of this Grassmannian collective coordi-
nate ψ0.

The anticommutation relations for the field ψ mean that the coefficient of
the zero mode expansion satisfies the algebra of fermionic harmonic oscillator:{

a†0, a0
}

= 1;
{
a†0, a

†
0

}
= {a0, a0} = 0 .

To construct a vacuum state of a monopole we shall take into account that the
action of the operator of the creation of zero mode a†0 on the vacuum without
a fermion |Ω〉 does not change the vacuum energy while it is annihilated by
a0|Ω〉 = 0. Thus, there are two vacuum states: |Ω〉 and a†0|Ω〉 that correspond
to the two-fold degenerated monopole ground state.

However, the latter is obtained from the former by action of the operator
a†0, which changes the fermionic charge of the vacuum as ∆Nf = 1. On the
other hand, the invariance of the vacuum with respect to the C-conjugation
means that these two degenerated vacuum states must have opposite

5 Recall that zero modes of the n-monopole configuration lie in the kernel of the
Dirac operator, which is an n-dimensional real vector space with inner product
[373]. It consists of n single zero modes localized at one of the monopoles with
unit topological charge. This allows us to define an O(n) vector bundle over the
moduli space Mn. For a single monopole the bundle O(1) is flat, but it has a
non-trivial holonomy around the gauge collective coordinate on S1. Thus, the
fermionic zero mode corresponds to the collective coordinate along the fibre.
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fermionic numbers. Therefore, we have to admit6 that these vacuum states
have fermionic charges ±1/2, respectively [298].

An even more interesting situation occurs if we consider a set of Nf fermi-
ons of different flavors coupled with a monopole. Then the initial U(1) ∼ O(2)
invariance of the Lagrangian (10.2) related to the conservation of the fermi-
onic charge is extended up to the SO(2Nf ) symmetry. To see this we must
represent the corresponding generalization of the Lagrangian (10.2) via 2Nf

Weyl fermions χi, i = 1, 2 . . . 2Nf transforming according to the vector rep-
resentation of SO(2Nf ). Hence the fluctuations of these fermionic fields on
the monopole background can be expanded as

χi = ai
0 χ0 + contribution of non-zero modes . (10.33)

To understand the effect of this zero mode, let us note that, in the case of
just two Weyl fermions ( Nf = 1), the operators of annihilation and creation
of the zero mode, a0 and a†0, respectively, can be represented via a pair of
self-conjugated operators b10, b

2
0, as

a0 =
1√
2
(b10 + ib20), a†0 =

1√
2
(b10 − ib20) , (10.34)

where the operators ba0 , a = 1, 2 satisfy the Clifford algebra
{
bi0, b

j
0

}
= δij .

Thus, the monopole vacuum state is isomorphic to the spinor that lies in the
two-dimensional representation of this algebra. Hence such a state is two-
fold degenerated and the background monopole configuration transforms as
a spinor.

Evidently, for an arbitrary number of flavors Nf , we have 2Nf operators
ba0 , which correspond to the 2Nf -dimensional representation of the Clifford
algebra. Thus, the monopole ground state is promoted to be a spinor of
SO(2Nf ).

Let us make one more comment. Recall that the starting point of our
analysis was to consider spin-isospinor fermions coupled to a monopole. If we
take the fermions in isovector representation of the gauge group [298], the
Callias index theorem tells us that there are two fermionic zero modes on the
monopole background. Another difference from the fundamental fermions is
that the angular momentum of the isovector fermions J = L + S + T in
the vacuum state is not vanishing; it takes the values ±1/2. Thus we have
two isovector fermionic zero modes that carry spin 1/2 and instead of the
expansion (10.32) we obtain

6 This argumentation remains correct if we restrict our consideration to the clas-
sical theory. However, the fermion number conjugation symmetry is anomalous
and becomes destroyed by the quantum anomaly. Then CP invariance of the
full quantum theory, which exists if the vacuum instanton angle θ is set equal to
zero, can be used to assign the fermionic numbers ±1/2 to the monopole vacuum
states.



10.1 Dirac Hamiltonian on the Non-Abelian Monopole Background 373

ψ = a1/2
0 ψ

1/2
0 + a−1/2

0 ψ
−1/2
0 + contribution of non-zero modes . (10.35)

Therefore the monopole vacuum state becomes four-fold degenerated:

Table 10.1. Quantum numbers of the monopole vacuum state

State Spin Fermionic charge

| Ω〉 0 −1

a†
0,1/2 | Ω〉 1/2 0

a†
0,−1/2 | Ω〉 −1/2 0

a†
0,1/2a

†
0,−1/2 | Ω〉 0 1

Thus the Grassmannian deformations of the monopole configuration may
provide the monopole with a spin, in this particular case s = ±1/2.

Let us mention in conclusion that the three bosonic zero modes arise
due to violation of the translational symmetry of the model by the local-
ized monopole configuration. A similar interpretation also has the gauge zero
mode of a monopole. It turns out that we may also interpret the fermionic
zero modes of a monopole in the same way. This is possible if we consider
a supersymmetric generalization of the Georgi–Glashow model. Then these
fermionic zero modes arise as a result of partial supersymmetry breaking by
the monopole configuration. We shall discuss this mechanism in Chap. 12.
Note only that this observation suggests that a self-consistent duality “á
la Montonen–Olive”, which is related with a consideration of the fermionic
degrees of freedom of a monopole, may be an intrinsic property of a super-
symmetric model.

10.1.3 S-Wave Fermion Scattering on a Monopole

We can proceed further by discussing the process of scattering of the fermions
on a non-Abelian monopole. For the sake of simplicity, let us consider first
the asymptotic states. In this case, we can neglect the processes that are
mediated by the non-Abelian short-range interactions inside of monopole
core. Our second approximation is to consider the massless fermions.

Let us recall that in the Dirac representation of the γ-matrices that we

are using, the left-handed Dirac fermion is defined as ψL = χL

(
1
1

)
, while

the right-handed Dirac fermion is ψR = χR

(
1
−1

)
, where χL = (ζ + η)/2

and χR = (ζ − η)/2, respectively. Thus, ψ = ψL + ψR =
(
ζ
η

)
.

Let us turn off the interaction between the scalar and the spinor fields,
that is we set the coupling h = 0 in the Lagrangian (10.2). Then the chiral
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components of the spin-isospin fermion wavefunction are decoupled, two of
the equations (10.14) become identical and we can consider the scattering of
just one, say left Weyl two-spinor χL. For the sake of brevity, we shall drop
the chiral index below.

As in the previous section, we shall consider the spherically symmetric
fermionic states with zero angular momentum at the large distance from the
monopole core. In spite of the similarity of these scattering states to the
fermionic zero mode (10.22) and (10.23), the latter, unlike the former, is
localized at the monopole. On the other hand, we have seen that in the case
of the massless fermions, the Dirac Hamiltonian has no normalizable zero
mode.

Intuitively it is clear that for the fermions with zero angular momentum,
the Dirac operator reduces to two dimensions. Indeed, let us look at the Dirac
equation for a left-handed fermion in the background monopole field:

iσµ (∂µ + ieAµ)ψL = 0, where σµ = (I, σk) . (10.36)

Here the s-wave states of isospinor chiral fermions, which are coupled with
the gauge field on the non-Abelian monopole, are given by the Jackiw–Rebbi
ansatz (10.16) [298]. For the sake of completeness, let us finally write the
explicit normalized form of this spin-isospinor matrix:

χ = χ̃ε =
1√
8π r

[υ1(r, t) + (σa · r̂a)υ2(r, t)] ε

=
1√
8π r

(
−υ2 sin θ e−iφ υ1 + υ2 cos θ
−υ1 + υ2 cos θ υ2 sin θ eiφ

)
,

(10.37)

where the rows correspond to the isotopic indices and the lines correspond
to the Lorentz indices.

Now recall that on a large distance from a monopole its field is purely
electromagnetic. The operator of electric charge in a regular gauge is defined
as Q = (φ̂a · T a) and on the spatial asymptotic it takes the form Q =
(r̂a · σa)/2. It acts on the wavefunction χ̃ as Qχ̃ = − (χ̃σa) r̂a/2 and we
shall see that its eigenfunctions, just as in the trivial vacuum, correspond to
the states with electric charges q = ±1/2, respectively.

However, the interaction with the charged non-Abelian vector fields inside
the monopole core mixes the states with different electric charges. Indeed,
substitution of the matrix (10.37) into the Dirac equation for the s-wave left
fermions (10.36) yields the system of two coupled equations, which obviously
corresponds to the reduced system (10.15):

∂0υ2 + ∂rυ1 −
K

r
υ1 = 0 ,

∂0υ1 + ∂rυ2 +
K

r
υ2 = 0 .

(10.38)
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These equations may be written in a compact two-dimensional matrix form(
γ̃0∂0 + γ̃1∂r −

K

r
γ̃5

)
υ = 0 , (10.39)

where the scalar and the vector components of the spherically symmetric
wave function, υ1 and υ2, respectively, are composed into the doublet

υ =
(
−iυ1
υ2

)
, (10.40)

and we introduced the notation for two-dimensional Dirac matrices

γ̃0 = σ3, γ̃1 = −iσ1, γ̃5 = γ̃0γ̃1 = −iσ3σ1 = σ2 . (10.41)

Clearly, with this identification (10.39) has the structure of the two-
dimensional Dirac equation for a fermion coupled with a gauge field and
having a space-dependent dynamical mass term [151]

M(r) =
K

r
γ̃5 .

Such an effective mass M(r) has nothing to do with the physical mass of the
fermion, which arises due to coupling with the scalar field.

Let us consider the two-dimensional Dirac equation (10.39) on the spatial
asymptotic. For large r, the monopole profile function K ≈ 0 and we have

(γ̃0∂0 + γ̃1∂r) υ = 0 . (10.42)

Note that the corresponding action of the massless Weyl fermion is invariant
with respect to the chiral rotations, which in this case coincide with the U(1)
gauge transformations

υ → e−iα(r,t)γ̃5υ . (10.43)

However, this symmetry is broken inside the monopole core.
The (10.42) has two linearly independent solutions

υ+ =
1√
2
e−iω(t−r)

(
1
i

)
, υ− =

1√
2
e−iω(t+r)

(
1
−i

)
, (10.44)

whose interpretation is quite obvious: the state υ+ corresponds to the spheri-
cal wave that falls down to the monopole, while υ− corresponds to the outgo-
ing s-wave. Transitions between an incoming s-wave and an outgoing s-wave
are possible only inside the monopole core.

In the original notations of the ansatz (10.37), the asymptotic solutions
(10.44) may be written as

χ̃+ =
ie−iω(t−r)

4
√
π r

[1 + (σa · r̂a)] , χ̃− =
ie−iω(t+r)

4
√
π r

[1 − (σa · r̂a)] .

(10.45)
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It is straightforward to see that these wavefunctions are the eigenstates of
the electric charge operator Q with the eigenvalues

q =
1
2

→ χ̃− , q = −1
2

→ χ̃+ . (10.46)

Furthermore, we have to consider also the states of opposite, right chirality,
which are also electrically charged doublets.

Thus, we have to conclude that the s-wave left-hand fermions with a
negative charge can only fall down on the monopole, while the left-hand
spherically symmetric fermions with a positive charge can only be emitted.
For the right-hand fermions the situation is reversed and generally we have
the following possibilities:

Table 10.2. Quantum numbers of the s-wave fermions asymptotic states

Charge Chirality Direction Fermion Number

−1/2 Left in −
+1/2 Left out −
−1/2 Right out −
+1/2 Right in −
−1/2 Left out +

+1/2 Left in +

−1/2 Right in +

+1/2 Right out +

Not everything that we have discussed so far is related with the non-
Abelian nature of the monopole. Indeed, we can come to the same conclu-
sions by analyzing the spectrum of the Dirac Hamiltonian in the field of an
Abelian monopole [193,306] (cf. the discussion in Sect. 2.6). Indeed, the case
of the spherically symmetric wave functions of the third type (2.110) that
we considered there, exactly corresponds to our solutions of two-dimensional
Dirac equation (10.42). Recall that, as we have seen in Chap. 2, the Hamil-
tonian operator of an s-wave fermion coupled with an Abelian monopole can
be defined on a semi-infinite line 0 ≤ r < ∞ only if we impose the special
boundary condition (2.115) χL(0) = eiθχR(0) at the origin. This boundary
condition breaks chirality of the massless fermion that passes through the
monopole7. An alternative can be a boundary condition

χ+
L(0) = eiθχ−L (0) , (10.47)

7 Since we are considering the massless left-handed fermions, the state χR is also
the wavefunction of an anti-fermion. Therefore, this condition also violates the
fermion number conservation.
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which conserves the chirality but does violate the electric charge [155, 246,
250,533].

In the case of the ’t Hooft–Polyakov monopole there is no singularity at the
origin and the Dirac operator is well-defined everywhere on the interval 0 ≤
r < ∞. Therefore, the quantum-mechanical transition amplitude between
the in and out states can be straightforwardly evaluated. From this point of
view, the boundary condition at the origin can be considered as a result of
some processes taking place inside the monopole core.

In the limiting case of the very heavy monopoleM � λ−1, whereM is the
monopole mass and λ is the Compton wavelength of a fermion, these processes
effectively give rise to the boundary conditions at the origin that summarize
the core effect. For example, the process mediated by the charged vector
boson obviously may yield the charge exchange inside the core. Moreover, if
we are discussing the processes at the quantum mechanical level, both the
chirality and the fermion number cannot be violated and only the charge
exchange process is acceptable.

Indeed, the boundary condition at the origin that we have to impose
on the two-dimensional action functional, which corresponds to the Dirac
equation (10.39), means that Kυ/r is regular as r → 0. Because K(0) = 1,
this implies that

υ(0) = 0 . (10.48)

Evidently, this boundary condition mixes the left chiral states (10.44) with
positive and negative electric charges and it agrees with (10.47) for θ = 0.

To understand heuristically what is a physical interpretation of such a
boundary condition, recall that there is the monopole-charged boson bound
state in the spectrum of one-particle fluctuations around the monopole. This
state corresponds to the excitation of dyonic degrees of freedom of the mono-
pole. Thus, a charge exchange between the fermions and the monopole core
could be possible. However, we already have noted that such a process is for-
bidden unless the energy of the initial fermion, which scatters on the mono-
pole, is larger than the scale given by the mass of the vector boson mv.

Therefore, the one-particle quantum mechanical description of the low-
energy scattering of the s-wave fermion on the monopole is not self-consistent.
Nevertheless, it gives some clue to the character of the interaction. Indeed,
the Table 10.2 above implies that there could also be some processes in the
monopole core that may preserve the electric charge, but violate the chirality
or the fermion number.

Indeed, the remarkable observation by V. Rubakov and C. Callan
[151, 152, 445, 446] is that in the quantum field theory, the non-perturbative
processes effectively give rise to the unsuppressed amplitude of the fermion
scattering on the monopole with non-conservation of the fermion number
or the chirality. Also, we shall see that a consistent quantum field theoretic
consideration of such a process shall restore the conservation of the electric
charge.
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10.2 Anomalous Non-Conservation
of the Fermion Number

10.2.1 Axial Anomaly and the Vacuum Structure

Let us proceed by recalling some facts about the vacuum of the classical
gauge theory. Recall that in Sect. 5.3.4 we already considered the topological
properties of the vacuum state in monopole (dyon) sectors of the Yang–Mills–
Higgs SU(2) theory. It has a non-trivial structure, which is rather typical for
any non-Abelian gauge theory (see, e.g., [25, 299]). A key point is that the
gauge field Aa

µ on the spatial asymptotic is defined up to a transformation
(5.95)

U(r) = e2iπr̂aT a

= eiπr̂aσa

, (10.49)

where we restrict our consideration to the case of a fundamental representa-
tion of the SU(2) group once again. Given the fact that our model is gauge
invariant, it is clear that the unitary operator of the corresponding time-
independent transformation

G[U ] Aµ G
−1[U ] ≡ UAµU

−1(r) − i

e
U∂µU

−1

commutes with the Hamiltonian operator. The action of the operator G[U ]
on the trivial classical vacuum Ak = 0 generates an infinite tower of the gauge
equivalent degenerated vacuum states

|n〉 = G[U ] |0〉 ,

which can be labeled by the Pontryagin index (5.96)

n =
e2

8π2

∫
d4xTr FµνF̃

µν . (10.50)

However, the degeneration is lifted by the tunnelling transitions between
these states and the eigenfunctions of the Hamiltonian operator are not the
states | n〉 but the superposition

|θ〉 =
∞∑

n=−∞
e−inθ |n〉 ,

which is called the θ-vacuum. The vacuum angle θ ∈ [0, 2π] becomes one
of the parameters of the quantum theory and the different θ-sectors of the
theory are orthogonal to each other.

As we briefly mentioned in Sect. 5.4, this topologically non-trivial struc-
ture of the vacuum is reflected by adding the corresponding θ-term (5.104)
to the Lagrangian of the model:



10.2 Anomalous Non-Conservation of the Fermion Number 379

Lθ = − θe2

32π2
F a

µνF̃
aµν . (10.51)

The value of the tunnelling amplitude between the different topological sec-
tors defines how the physical observables depend on the vacuum angle θ.

On the other hand, in the theory with massless fermions, the Pontryagin
index is related to the effects of non-conservation of chirality or, depending
on the model, the anomalous non-conservation of the fermion number. The
well-known relation for the Adler–Bell–Jackiw triangle anomaly

∂µj5µ =
e2

32π2
F a

µνF̃
aµν , (10.52)

shows, for example, that the axial current j5µ = ψ̄γµγ5ψ is not conserved in
the quantum field theory. Integration of this formula over the spatial volume
relates the Pontryagin index (5.96) to the difference between the numbers of
the left-handed fermionic modes and right-handed modes8 n = NL −NR.

The analysis by Rubakov and Callan [151,152,445,446] is closely related
to the fact that, by analogy with the anomalous non-conservation of the
axial current, in the SU(2) model with left-handed fermion doublet ψL the
chiral rotations coincide with the gauge transformations. Hence the gauge
invariant current jµ = ψ̄LγµψL is not conserved because of anomaly and the
Pontryagin index is related to the non-conservation of the fermion number
Nf =

∫
d3x j0:

∆Nf =
e2

32π2

∫
d3xdt F a

µνF̃
aµν . (10.53)

In other words, the eigenvalues of the Dirac operator in the monopole back-
ground field are not constant while this field varies between the different
topological sectors [27, 150, 167]. The final and the initial spectra are the
same. However, the spectral flow is non-trivial, that is, there are some levels
that cross zero. The number of the levels that crosses zero from above, N+,
is not equal to the number of levels N− that crosses zero from below. Thus,
the difference ∆Nf = N+ −N− is not equal to zero. If there are fermions of
different flavors in the model, this picture is correct for each given flavor.

10.2.2 Effective Action of Massless Fermions

Coming back to the investigation of the fermionic states in the monopole
external field we shall concentrate our discussion on the dynamics of the
s-wave fermions that are responsible for the most interesting effects in the
interaction between the bosonic and the fermionic fields. Indeed, due to the
absence of the centrifugal barrier, the s-wave fermions easily feel the inner
8 Since we have seen that for a monopole configuration the Pontryagin index co-

incides with the topological charge of a monopole, this relation is just another
form of the Callias index theorem that we discussed above.
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structure of the monopole, while the higher partial waves are reflected long
before they approach the core.

At the level of quantum field theory we have to integrate out the fermi-
ons and derive an effective action of the bosonic fields. A natural zero-order
approximation to the monopole-fermion dynamics is to restrict our consid-
eration to the s-wave fermions and to consider the spherically symmetric
quantum fluctuations about the ’t Hooft–Polyakov static configuration in
the gauge sector, which are given by (7.4):

Aa
0 =

ra

er
a0(r, t), Aa

n = εamn
rm

er2
[1 −K(ξ)] +

rnr
a

er2
a1(r, t) , (10.54)

with the boundary condition a0(r,±∞) = a1(r,±∞) = 0. Here we use the
dimensionless rescaled radial variable ξ once again. We do not consider the
fluctuation of the Higgs field here, it remains decoupled from the fermionic
sector and, as before, the fermions are massless.

In fact, this configuration describes the quantum fluctuations of the elec-
tric field

Ea
n =

rnr
a

er2
(∂0a1 − ∂ra0) −

(
δna

r
− rnr

a

er3

)
a0K . (10.55)

Thus, the radial component of the electric field arises entirely due to the
quantum fluctuations, eEr = ∂0a1 − ∂ra0, while the transversal component
eE⊥ = a0K/r depends on the monopole profile function K(ξ).

The magnetic field also is modified because of the quantum fluctuations
in the gauge sector. It becomes (cf. (5.45))

Ba
n =

rnr
a

er4

(
1 −K2 + ξ

dK

dξ

)
− ξ dK

dξ

δan

er2
− a1K εank

rk

er2
. (10.56)

Then the kinetic term of the action becomes two-dimensional

S = S(0) +
1
2

∫
d3xdt TrFµνF

µν (10.57)

= MT +
2π
e2

∫
dtdr

[
r2 (∂0a1 − ∂ra0)

2 + 2(a20 + a21)K
2
]
.

We can also see that the Pontryagin index is entirely defined by the quan-
tum fluctuations in the gauge sector of the model:

n =
e2

32π2

∫
d3xdt F a

µνF̃
aµν

=
1
π

∫
drdt

(
∂r[a0(1 −K2)] − ∂0[a1(1 −K2)]

)
.

(10.58)

Further simplification occurs, if we neglect the structure of the monopole
core. This corresponds to the situation when the vacuum expectation value
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of the Higgs field is very large and the vector bosons are very heavy. Outside
the core the gauge profile functionK(ξ) is vanishing,K = 0, but the action of
the quantum fluctuations of the gauge fields (10.57) remains finite. Moreover,
the normalized transition amplitude between the different topological sectors

〈n | n | 0〉
〈0 | 0〉 =

∫
Dψ̄DψDA ne−(S−S(0))

is not exponentially suppressed. This anomalous behavior does not occur, of
course, in the vacuum sector, where K(ξ) = 1 everywhere in space and the
action of the quantum fluctuations is divergent.

Let us now turn to the interaction of s-wave massless fermions (10.37)
with the background field of a monopole taking into account the quantum
fluctuations in the gauge sector. We shall consider, as before, the left-handed
Weyl fermions χ parameterized by the Jackiw–Rebbi ansatz (10.37), but dis-
regard the effects of the monopole core. The boundary condition (10.48) has
to be imposed instead.

By analogy with the expression (10.39) above we can write the corre-
sponding two-dimensional fermionic action as

Sf = i
∫
drdt ῡγ̃i

(
∂i + iγ̃5ai

)
υ , (10.59)

where i = 0, 1 and γ̃i, γ̃
5 are the two-dimensional γ-matrices (10.41) intro-

duced above. Recall that the gauge transformation (10.43) acts on the spinor
υ like a chiral rotation.

Evidently, in this simplified consideration only the radial component of
the electric field contributes to the action of the fluctuations in the gauge
sector (10.57):

Ea
n =

rnr
a

er2
(∂0a1 − ∂1a0) =

rnr
a

er2
εij∂iaj . (10.60)

A key point is that such a reduced two-dimensional model with the action
(10.59), the massless axial electrodynamics, is analogous to the Schwinger
model and, like the latter, it admits an exact solution [151, 152, 445, 446].
The only difference is that now the system is defined on the semi-infinite
line r ∈ ]0,∞], that is, the field equations must be supplemented by the
boundary condition (10.48). Thus, the Rubakov–Callan model can be solved
by analogy with two-dimensional electrodynamics.

To see this, let us decompose the fluctuations of the gauge field as

ai = εij∂jρ+ ∂iλ , (10.61)

where the scalar function ρ(r, t) is related to the magnitude of the radial
electric field

E =| Enr̂n |=| r̂nEa
nT

a |= σar̂a

2e
εij∂iaj ,
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as
E =

1
2e

�ρ, where � ≡ ∂2
0 + ∂2

1 .

Furthermore, λ(r, t) is obviously a pure gauge function because under the
gauge transformation (10.43) the fields transform as

υ → e−iλγ̃5
υ, ai → ai + ∂iλ . (10.62)

Thus, this function does not enter any observable quantity and should be
expressed in terms of ρ after gauge fixing.

Note that neither the function λ nor the function ρ are defined uniquely.
Some freedom still remains in addition to the gauge rotation, because we can
add to λ an arbitrary harmonic function α(r, t) and simultaneously add to ρ
a function β(r, t) such that ∂0β = ∂1α [56, 445,446]:

λ→ λ+ α, ρ→ ρ+ β, where �α = 0 .

One can easily show that this transformation does not change the radial
electric field (10.60). This allows us to impose an extra condition on the
gauge function λ(r, t):

λ(0, t) = 0 ,

which eliminates the problem of the singularity of the gauge transforma-
tion (10.62) at the origin and provides a smooth definition of the topological
charge (10.58). Note that this relation can also be obtained as a condition
that we have to impose to establish a correspondence between the asymptotic
states of s-wave fermions on the one hand, for which neuther of the compo-
nents of the spin-isospinor (10.40) are equal to zero, and, on the other hand,
the spherically symmetric fermionic zero mode (10.23), which is localized at
the monopole [45].

The well-known Schwinger trick, which allows us to evaluate the func-
tional integral over the fermions, is to make a change of the fermionic vari-
ables:

υ → e−ρ−iλγ̃5
υ0, ῡ → ῡ0e

ρ−iλγ̃5
. (10.63)

This transformation effectively absorbs the term of interaction and brings the
fermionic action (10.59) to the form of free theory:

Sf → i

∫
drdtῡ0

{
γ̃i∂i − iγ̃iγ̃5

(
ai − ∂iλ− iγ̃5∂iρ

)}
υ0

= i

∫
drdtῡ0γ̃i∂iυ0 = i

∫
drdtῡ0G

−1
f υ0 , (10.64)

where we take into account that iγ̃5∂iρ = εij∂jρ and make use of the decom-
position (10.61). Thus, the spinor υ0 satisfies the free Weyl equation and the
functional integration over the fermions becomes trivial. The only problem
is to check whether the proper boundary condition, which is independent
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of λ and ρ, is imposed on the fields υ0. Actually, we already consider this
when we set the condition of nullification of the gauge function λ(0, t) at the
origin. Then the boundary condition (10.48) holds also for the free fermions:
iγ̃5υ0(0) = 0.

Let us now evaluate the functional integral over the fluctuations of the
gauge fields ai. The regularity at the origin requires special care once again; to
satisfy this condition we can set a0(0) = 0. Then the decomposition (10.61)
means that the action functional is regular as r → 0 if ∂rρ(0, t) = 0. The
combined gauge and chiral transformation (10.63) significantly simplifies the
integration over the gauge fields, since in terms of the remaining physical
variable ρ(r, t), the action Sg reads

Sg =
1
2

∫
d3xdt trFµνF

µν (10.65)

=
2π
e2

∫
dtdrr2 (∂0a1 − ∂ra0)

2 =
4π
e2

∫
dtdrρ�r2�ρ ,

(10.66)

where we integrated by parts taking into account the boundary conditions
on the variable ρ.

To complete our evaluation of the effective action of the model, we must
also consider the contribution that comes from the measure of the functional
integration over the fermions, which is not invariant with respect to the trans-
formation (10.63). The Jacobian of this transformation,

J = det
[
γ̃i
(
i∂i − γ̃5ai

)]
= exp

{
1
2π

∫
drdtρ�ρ

}
,

can be evaluated in the standard way, for example, by the Fujikawa method
[45,56] or by the point-splitting method by analogy with the Schwinger model
[445,446]. Note that this Jacobian is related to the topological charge of the
background field. Indeed, �ρ = 2eE, where E = Enr̂n and, therefore,

lnJ =
e

π

∫
drdt ρE =

e2

8π2

∫
d3xdt EnBn = n .

Thus the bosonic part of the action is diagonal in the fields ρ:

Seff =
1
2

∫
drdt ρ

(
− 1
π

� +
8π
e2

�r2�

)
ρ =

1
2

∫
drdt ρG−1

g ρ , (10.67)

as well as the fermionic part, which is diagonal in fermions υ, and the model
is solved. Furthermore, a simple transformation yields

Gg =
(

�
8πr2

e2
� − 1

π
�

)−1

=
1
π

{(
� +

k

r2

)−1

+ �−1

}
, (10.68)
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where k = e2/(8π). This decomposition tells as that the corresponding prop-
agator can be evaluated as the sum of two components: the two-dimensional
propagator of the free massless scalar field

�D(r, t) = δ(r)δ(t), D(r, t) =
1
4π

ln[µ2(r2 + t2)] ,

which we make dimensionless by introducing the parameter µ having a di-
mension of mass9, and the Green function Rk(r, t, r′, t′) of the equation(

� +
k

r2

)
Rk(r − r′, t− t′) = δ(r − r′)δ(t− t′) . (10.69)

Its solution is the Legendre function Qd(k)

Rk(r − r′, t− t′) =
1
2π
Qd(k)

(
1 +

(r − r′)2 + (t− t′)2
2rr′

)
, (10.70)

where d(k) = 1
2

(√
1 + 4k2 − 1

)
. The asymptotic behavior of this function as

z → 1 and as z → ∞ is, respectively,

Qd(z)
z→∞−→ ∼

√
π

Γ (d+ 1)
2d+1Γ (d+ 3/2)

z−(1+d) + . . . ,

Qd(z)
z→1−→ ∼ 1

2
ln
z + 1
z − 1

+ . . . (10.71)

The boundary conditions on the function Rk(r − r′, t− t′) are

∂rRk(r − r′, t− t′) = 0, as r → 0 ,
Rk(r − r′, t− t′) → 0, as r → ∞ .

(10.72)

The explicit expression for the Legendre function for d(k) = 0 also tells us
that

R(r, t, r′, t′) −→
d(k)→0

∼ 1
4π

ln
(r + r′)2 + (t− t′)2
(r − r′)2 + (t− t′)2 .

Thus, we finally can write the propagators of the spherically symmetrical
left-handed massless fermions and gauge field, respectively [445,446],

Gf (r, t; r′, t′) = (−iγ̃0∂0 + iγ̃1∂1)
(
D(r − r′, t− t′) −D(r + r′, t− t′)γ̃1

)
,

Gg(r, t; r′, t′) = −π
(
D(r − r′, t− t′) + D(r + r′, t− t′) −R(r, t, r′, t′)

)
.

Clearly, these functions satisfy the boundary conditions that we imposed
above.
9 Actually, this parameter plays the role of an infrared regulator, which does not

enter the gauge invariant Green function.
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Recall that, for the sake of simplicity, we restrict our consideration to
the SU(2) model with just one left-handed doublet of the Weyl fermions.
However, it turns out that on a quantum level such a model is not self-
consistent because of the global anomaly. To get rid of this anomaly, we must
consider an extended model with two or more flavors of fermions. In this case,
the model describes an anomalous non-conservation of the fermion number
again, but all the results are modified by picking up a dependence on the
number of the fermion flavors [151,152,445,446].

10.2.3 Properties of the Anomalous Fermion Condensate

The explicit form of the bosonic and the fermionic Green functions of the
spherically symmetric massless excitations in the system of fermions coupled
to a monopole allows us to evaluate the anomalous fermion number violating
matrix element. As usual, the problem is to calculate the vacuum-to-vacuum
transition amplitude in the monopole background field. In the model with
two left-handed SU(2) doublets of fermions

υ(i) =

(
υ

(i)
1

υ
(i)
2

)
, i = 1, 2 ,

we can consider, for example, the vacuum average of the gauge-invariant
bilocal operator

F (r, t) = υ(1)
1 (r, t)υ(2)

1 (r, t) + υ(1)
2 (r, t)υ(2)

2 (r, t) (10.73)

between the gauge invariant monopole states |M, θ〉 (here the index M com-
poses the monopole quantum numbers). Coming back to the parameterization
(10.37) we can represent this operator in terms of the physical left-handed
spinors χi

α
(i) as

1
4πr2

F (r, t) = εijεαβχ
(1)
αi (r, t)χ(2)

βj (r, t) . (10.74)

Clearly, this correlation function describes the process that violates the
fermion number. In other words, the anomalous condensate

F = 〈M, θ | F (r, t) |M, θ〉 (10.75)

is related to the transitions between the various fermionic doublets.
In order to understand the situation better, let us consider the s-wave

fermion scattering on the monopole that we already discussed above on page

376. We now have two SU(2) doublets ψ(i) =

(
ψ

(i)
↑
ψ

(i)
↓

)
L

, i = 1, 2. The eigen-

values of the operator of the electric charge are positive for the states χ(i)
↑ , χ̄

(i)
↓

and negative for the states χ̄(i)
↑ , χ

(i)
↓ .
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The anomaly in the sector with unit topological charge means that the
fermion number of both doublets changes in the same way: ∆N (i)

f = −1.
Thus, the conservation of the electric charge means that the allowed process
is [153,470]

ψ
(1)
↑,L + Monopole → ψ̄

(1)
↓,R + Monopole ,

although the scattering into the final state ψ̄(2)
↓,R + pairs of ψ̄(i)

↓ ψ
(i)
↓ is also

possible. The fermion in the initial state ψ(2) scatters in a similar way and
all these processes are described by the matrix element (10.74).

Consistent evaluation of the amplitude (10.74) is related with the func-
tional integration over the s-wave fermion fields in an arbitrary topolog-
ically non-trivial background field [183]. The two-dimensional model un-
der consideration is solvable and 2n-point fermionic correlation functions
F(r1, t1, . . . r′n, t

′
n) can be directly calculated as follows

F(r1, t1, r′1, t
′
1 . . . rn, tn, r

′
n, t

′
n)

=
∫

Dρ
2∏

i=1

Dῡ(i)
0 Dυ(i)

0 υ
(i)
0 (r1, t1)ῡ

(i)
0 (r′1, t

′
1) . . . υ

(i)
0 (rn, tn)ῡ(i)

0 (r′n, t
′
n)

× exp
{
−ρ(r1, t1) − iλ(r1, t1)γ̃5 + ρ(r′1, t

′
1) − iλ(r′1, t′1)γ̃5 . . .

− ρ(rn, tn) − iλ(rn, tn)γ̃5 + ρ(r′n, t
′
n) − iλ(r′n, t′n)γ̃5

}
exp{−(Seff + Sf )} .

(10.76)

However, the calculation of correlation function F (10.75) in such a way
is technically rather complicated because we must sum over all sectors with
different values of the θ-angle. To avoid this problem, Rubakov suggested to
apply the cluster decomposition [446]. The idea is to consider not the vacuum
average (10.75), but a composite two-point correlator

F(r1, t1; r2, t2) ≡ 〈M, θ | F (r1, t1)F †(r2, t2) |M, θ〉 , (10.77)

where the operator F (r, t) is given by the relation (10.74). The advantage
of this construction is that the gauge invariant operator F (r1, t1)F †(r2, t2)
carries zero fermion number and its vacuum expectation value in the sector
with an arbitrary vacuum angle θ coincides with the vacuum average in the
sector θ = 0.

In this case, the general formula (10.76) yields

F(r1, t1; r2, t2) =
∫

Dρ e−Seff [ρ]−2ρ(r1,t1)+2ρ(r2,t2)

×
∫ 2∏

i,a=1

Dῡ(i)
0 Dυ(i)

0 υ
(i)
0 (ra, ta) . . . ῡ(i)

0 (r′a, t
′
a)e−Sf ,

(10.78)
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where the bosonic (Seff ) and the fermionic (Sf ) parts of the effective ac-
tion are given by the expressions (10.64) and (10.67), respectively. Since the
fermionic action is free, that is, there is no interaction between bosonic and
fermionic sectors, such a two-point correlation function can be written as

F(r1, t1; r2, t2)

= Tr
[
Gf (r1, t1; r2, t2)Gf (r2, t2; r1, t1)

] ∫
Dρe−Seff [ρ]−2ρ(r1,t1)+2ρ(r2,t2) .

The remaining integration over the field ρ is Gaussian and we can see that

F(r1, t1; r2, t2) = Tr
[
Gf (r1, t1; r2, t2)Gf (r2, t2; r1, t1)

]
× exp

{
−8Gg(r1, t1; r2, t2) + 4Gg(r1, t1; r1, t1) + 4Gg(r2, t2; r2, t2)

}
.

(10.79)

The leading order contribution to the functional integral comes from the
neighborhood of the saddle point configuration, which can be splitted out as

ρsaddle(r, t) = ρ+ + ρ− = 2Gg(r, t; r1, t1) − 2Gg(r, t; r2, t2) .

Because the explicit forms of the Green functions of the gauge and fermion
fields are already known, we can just substitute these propagators in (10.79).
Making use of the asymptotic behaviour of the functions Gf and Gg in the
limit | t1 − t2 |→ ∞, we can see that the contribution of the fermionic
factor decreases as ∼ (t1 − t2)−2, while the contribution of the bosonic fields
increases as (t1 − t2)2. Thus, in this approximation, these two factors cancel
each other and the final result is [445,446]:

lim
|t1−t2|→∞

F(r1, t1; r2, t2) =
1

16π2r1r2
. (10.80)

We can now return to the evaluation of the amplitude of the process
(10.75) with non-conservation of the fermion number. The sectors with dif-
ferent values of the vacuum angle θ are splitted out, so we have

lim
|t1−t2|→∞

F(r1, t1; r2, t2) = 〈M, θ | F (r1, t1) |M, θ〉〈M, θ | F †(r2, t2) |M, θ〉 .

(10.81)
Here the leading contribution to the matrix elements F and F† comes from
the neighborhood of the saddle points values ρ+ and ρ− respectively.

Since the field ρ is related with the radial electric field of a monopole E,
we can estimate its value on the saddle point of the functional integration.
The calculation shows that these values correspond to the Pontryagin index
n[ρ±] = ±1, that is, such configurations describe the instanton transitions
between the distinct monopole vacuum states, |M, 0〉 and |M, 2π〉, which are
localized around the core [445,446].
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It is interesting to compare the two-point correlation function (10.80)
with its analog in the original Schwinger model [400]. In the latter case, the
saddle point configuration is saturated by a superposition of a vortex and an
antivortex located at r1, t1 and r2, t2, respectively, so the non-zero fermionic
condensate appears non-perturbatively as well.

Thus, the anomalous fermion-number violating condensate in the mono-
pole external field on the large distances is

F = 〈M, θ | F (r, t) |M, θ〉 =
eiθ

4πr
. (10.82)

This matrix element is not suppressed by a standard exponential factor, such
a behavior is quite typical for a non-perturbative process. Therefore, we con-
clude that the fermion number is not conserved in the monopole background.

10.2.4 Properties of Other Condensates

Let us return to the analysis of the boundary conditions that we imposed
on the states of the s-wave fermions coupled to the monopole. Not only
the fermion number, but, in principle, all the quantum numbers, which are
different for the up and down components of the massless Dirac doublets of

fermions ψ(i) =

(
ψ

(i)
↑
ψ

(i)
↓

)
, may change due to interaction with the monopole.

For these fermions, the boundary conditions above can be reformulated as
the conditions that fix the values of the 4i chiral and vector charges of the
final fermion state [471]

C
(i)
↑ =

∫
d3xψ̄

(i)
↑ γ

0ψ
(i)
↑ , C

(i)
↓ =

∫
d3xψ̄

(i)
↓ γ

0ψ
(i)
↓ , (10.83)

C
(i),5
↑ =

∫
d3xψ̄

(i)
↑ γ

0γ5ψ
(i)
↓ , C

(i),5
↓ =

∫
d3xψ̄

(i)
↓ γ

0γ5ψ
(i)
↑ .

Each of these charges may change in the course of fermion scattering on the
monopole.

However, the qualitative discussion above suggests that some of the cor-
responding matrix elements may vanish, in particular the electric-charge vio-
lating fermion condensate must be equal to zero. Let us discuss the situation
in more detail [211,309,538]. In the Abelian gauge we can write the operator
of the electric charge of the s-wave fermions as

Qf =
1
2

∑
i

(
ψ̄(i)σ3γ

0ψ(i)
)

=
∫
d3x
∑

i

(
ψ̄

(i)
↑ γ

0ψ
(i)
↑ − ψ̄(i)

↓ γ
0ψ

(i)
↓
)

=
1
2

∑
i

(
C

(i)
↑ − C(i)

↓
)

= − i
2

∑
i

∫
dr ῡ(i)γ̃0γ̃5υ(i) , (10.84)
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where in the last step we change the notations from two-dimensional γ ma-
trices (10.41).

Obviously, if we have two left-handed fermionic doublets, the problem is
to evaluate the vacuum expectation value of the two-point operator

Q(r, t) = υ(1)
1 (r, t)υ(2)

2 (r, t) + υ(1)
2 (r, t)υ(2)

1 (r, t) , (10.85)

which could break the conservation of the electric charge.
However, if we want to interpret the corresponding condensate as an order

parameter, which is related with non-conservation of the electric charge, we
have to consider the gauge invariance of such a quantity. Unfortunately, the
operator Q (10.85) is not gauge invariant.

To see how this happens, let us recall that a correct definition of the
operator product of the bilocal functions of type (10.83) needs some regu-
larization scheme, for example, the well-known point-splitting method. From
this point of view, the gauge invariance of the operator (10.85) can be effec-
tively restored if we trade the “bare” function ψ(x) for the so-called “dressed”
fermion wave functions in the external gauge field [211]

ψ(x) → ψ(x) exp

⎧⎨⎩ ie2
x∫

0

dyA(y)

⎫⎬⎭ ≡ ψ(x)V (x) .

The price we have to pay is that now the operator V (x) will also contribute
to the matrix element of the charge operator (10.85):

〈M, 0 | Qphys |M, 0〉 ∝ 〈M, 0 | ῡ(i)γ̃0γ̃5υ(i) |M, 0〉〈M, 0 | V 2 |M, 0〉 .
(10.86)

We can interpret this modification as a contribution of the Coulomb energy
of interaction. Since in the two-dimensional model the potential is decaying
as U(r) ∼ ln r, this energy is infinite and the contribution of the phase factor
is supressed as ∼ lim

r→∞ exp{− ln r}. Therefore, the gauge-invariant condensate

with non-conservation of the electric charge is vanishing [211, 309, 538, 540].
This conclusion was confirmed by a more detailed investigation, which takes
into account the effects of excitation of charged fields inside the monopole
core [107,108,310,426].

However, there are many other non-trivial processes with fermions cou-
pled to the monopole apart from the appearance of the fermion number vi-
olating condensate (10.82). The triangle anomaly in the conservation of the
fermionic current is significant only for that particular condensate, while all
other amplitudes appear entirely due to interaction of the s-wave fermions
with the non-Abelian fields in the monopole core. Actually, the monopole
presence catalysts the processes, which, in principle, are not forbidden, but
are related to an exchange of a heavy vector boson and, therefore, suppressed
by the inverse power of its mass mv.
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As an example, let us consider the scattering of a zero charge “meson”
state χ̄(2)

↑ χ
(1)
↑ on the monopole in the SU(2) model with two chiral fermions.

The boundary conditions of the fermion wave functions, which we imposed
at the origin, mean that the process

ψ
(1)
↑,L + ψ̄(2)

↑,R + Monopole → ψ
(1)
↓,L + ψ̄(2)

↓,R + Monopole (10.87)

without violation of the fermion number is allowed. Clearly, such a process
can also be mediated by the exchange of a “normal” charged vector boson.
The difference is that the presence of a monopole removes the corresponding
suppressing factor, that is, we can talk about the monopole catalysis of such a
process. Indeed, let us consider the gauge-invariant operator that corresponds
to the non-anomalous flavour-mixed process (10.87) [309]

Γ (r, t) = ῡ(1)(r, t)(1 + γ̃5)υ(1)(r, t)ῡ(2)(r, t)(1 − γ̃5)υ(2)(r, t) . (10.88)

In this case, both the initial and the final states are electrically neutral and
there is no transition between the vacua with different values of the θ-angle.
Thus, this matrix element can be evaluated in the pure monopole sector

〈M, 0 | Γ (r, t) |M, 0〉 .

The calculations of this amplitude can be performed by making use of the de-
finition (10.76) in complete analogy with the evaluation of the matrix element
(10.82) above. The cluster decomposition then yields [56,309]

lim
t→∞〈M, 0 | Γ (r, t) |M, 0〉 ∼ 1

r6
,

that is, there is indeed no suppression by the mass of the vector boson.

10.3 Monopole-Fermion Scattering
in the Bosonisation Technique

A number of simplifications that we assumed in the calculations of the previ-
ous section may cause some doubts as to whether the Rubakov–Callan effect
could survive in a more realistic picture of the monopole-fermion interaction.
Recall that the fermion-number violating correlator (10.82) was evaluated
under the following assumptions:

• the effect of the monopole core is reduced to some boundary conditions
on the fermion wave functions at the origin;

• only s-wave excitations are taking into consideration;
• the fermions are supposed to be massless.
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Thus, a consistent investigation of the problem is related with the analysis
of the contribution of higher partial waves, the contribution of the processes
of interaction with non-Abelian fields of the monopole core and the effect
of the fermion mass. Note that the bare masses of the fermions of different
flavors are different.

Let us briefly describe some of the results. As we mentioned above, the
effects of the monopole core excitations and their contribution to the vacuum
condensates were investigated in a few papers, see, e.g., [107,108,183,297,310,
426]. The conclusion is that the contribution of the non-Abelian interaction
to the Green function of the S-wave massless fermion does not eliminate the
condensate, which violates the conservation of the fermion-number, yet some
novel features appears.

Already in his pioneering work [446] (see also the discussion in the re-
view [56]) Rubakov considered the effect of the corrections to the s-wave
approximation. He demonstrated that the contribution to the effective ac-
tion of the higher partial waves, which was estimated as a correction to the
saddle point value of the action, is proportional to e4, that is, it is almost
negligible in a weak coupling regime. Also negligible is the one-loop correc-
tion to the s-wave fermion propagator, which can be related to the inversion
of the chirality of the fermion: evidently such a process leads to reflection
of the incoming wave from the monopole at the distances far away from the
core [418,446]. Actually, this is the mechanism that generates the anomalous
magnetic moment and that precisely corresponds to our discussion in Chap. 2,
where such an effective term in the Dirac Abelian Hamiltonian was used as
a regulator of the theory [306].

The group of problems which is related to the effect of the fermion mass
seems to be most complicated in the Green function formalism, especially if
we would like to take into consideration the processes inside the monopole
core. However, if we restrict our consideration to the pure electromagnetic
interaction, the massive fermion condensates can be easily evaluated by mak-
ing use of the well-known trick of bosonization [363], which was modified by
Callan to the case of the monopole-fermion system [151,152].

10.3.1 Vertex Operator and Bosonization of the Free Model

Let us recall that the dynamics of the spherically symmetric fermions cou-
pled to the monopole can be reduced to some form of the two-dimensional
Schwinger model. Callan used the fact that this model can be represented
as a bosonic theory where the relation between the chiral fermion doublet
χ(r, t) and the scalar field φ(r, t) is given by the vertex operator10

10 In all relations of this type we suppose the normal ordering with respect to the
normalization parameter µ.
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υ =
(
υ1
υ2

)
=
√
aµ

2π

⎛⎜⎜⎝ exp
{
i
√
π

(
φ(r, t) −

r∫
0

dr′∂0φ(r′, t)
)}

i exp
{
i
√
π

(
φ(r, t) +

r∫
0

dr′∂0φ(r′, t)
)}
⎞⎟⎟⎠ ,

where a is some constant and µ is an arbitrary parameter having the dimen-
sion of mass, which is used as a normalization point at the normal ordering
of operators, and for the sake of compactness, we have omitted the anti-
commuting Klein factors, which must be introduced to provide the correct
commutation relations for the left- and right-handed fermions [253].

The difference from the original model considered by Coleman [172] and
Mandelstam [363] is that we have to impose the boundary conditions11 on
the scalar field φ(r, t), which correspond to the boundary conditions on the
fermion field υ(r, t) above:

∂rφ(0, t) = 0 .

The vertex operator (10.89) provides a one-to-one correspondence be-
tween the set of correlation functions of the scalar field φ(r, t) and the Green
functions of the free fermions υ(r, t). One can verify directly that the action of
the massless fermions (10.64) then transforms to the two-dimensional action
of free bosons

Sb =
1
2

∫
drdt

[
(∂0φ)2 − (∂rφ)2

]
. (10.89)

This action obviously corresponds to the free field equation

�φ(r, t) = 0 . (10.90)

Other bilocal fermionic operators, in particular the charges (10.83) and
corresponding currents, can also be expressed in terms of the boson field. For
example, we can consider the fermionic current j5i = ῡγ̃iγ̃

5υ, which corre-
sponds to the charge C(i). This current is coupled with the vector field of a
monopole ai(r, t) in the two-dimensional action (10.59). After some calcula-
tions, in which take into account the normal ordering of the operators12, this
current can be rewritten locally as

ji =
1√
π
εij∂jφ . (10.91)

In the language of the scalar field φ(r, t), the operators of the densities of the
states with positive (C(i)

↑ ) and negative (C(i)
↓ ) electric charge are, respectively,

11 In general, the consistent scheme of bosonization of the model with massless
fermions is related to the consideration of the model on the line of finite length
r ∈ [r0, R]. Then we can take the limit r0 → 0, R → ∞. In this case, the boundary
conditions must be implemented both at the point r = r0 and at the point r = R.
To simplify our discussion we shall not discuss this procedure.

12 A possible alternative to this approach is to apply the well-known point-splitting
method.
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C
(i)
↑ =

1
2
√
π

(∂rφ+ ∂0φ) , C
(i)
↓ =

1
2
√
π

(∂rφ− ∂0φ) . (10.92)

Since the canonical momentum of the bosonized model is π = ∂0φ, these
densities may also be written as

C
(i)
↑ =

1
2
√
π

(∂rφ+ π) , C
(i)
↓ =

1
2
√
π

(∂rφ− π) , (10.93)

and the free scalar Hamiltonian is Hb = 1
2

(
π2 + (∂rφ)2

)
.

The fermion number density excitations can also be separated, if we note
that a general solution of the free field (10.90) can be decomposed as (cf.
(10.44))

φ(r, t) = φ↑(r + t) + φ↓(r − t) .
The chiral components φ↑(r + t) and φ↓(r − t) correspond to the operators
of the charge densities

C
(i)
↑ =

1√
π
∂rφ↑ , C

(i)
↓ =

1√
π
, ∂rφ↓ (10.94)

respectively. Thus, the total electric and fermion charges in the boson lan-
guage are

Qf =

∞∫
0

dr(C(i)
↑ − C(i)

↓ ) =
1√
π

[φ(r = ∞) − φ(r = 0)] ,

Nf =

∞∫
0

dr(C(i)
↑ + C(i)

↓ ) =
1√
π

[φ(r = ∞) + φ(r = 0)] . (10.95)

Clearly, we can interpret these charges as a kink-like configuration of the
bosonized model on a semi-infinite line, which interpolates between the vac-
uum values

√
π and 0, as shown in Fig. 10.1. Indeed, the fermion number is

conserved on the spatial asymptotic, and we have to fix φ(r = ∞) = const.
However, the value φ(r = 0) can change in the course of the scattering and
the corresponding fermion number may change when the fermion penetrates
the monopole. For example, the process

ψ
(1)
↑,L + Monopole → ψ̄

(1)
↓,R + Monopole ,

which we discussed above, is shown in Fig. 10.1.
The form of the operator of the electric charge (10.95) may suggest that

the value φ(r = 0)/
√
π could have a meaning of the electric charge at the

monopole core, that is, a charge exchange between the core and fermions is
possible. This is correct until the interaction with the gauge field is included;
as we have seen above, it has a very large Coulomb energy, which is infinite
in the limit of the point-like monopole.
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Fig. 10.1. Fermion-monopole scattering in the bosonized theory

The peculiarity of the bosonized model is that, according to the definition
(10.95), it contains the asymptotic states with fractional fermion number
Nf which do not appear in the spectrum of the original fermion-monopole
system. However, these states disappear from the model, if we introduce the
mass term of the fermions.

Indeed, let us now discuss the effect of the bare fermion mass. Here we
have to recover the index of helicity. In the model with Dirac fermions, we
have to deal both with the left-handed (ψL(r, t)) and right-handed (ψR(r, t))
components13 of the Dirac field ψ, which can be bosonized by introducing
two boson fields

ῡLγ̃iυL =
1√
π
∂iφL, ῡRγ̃iυR =

1√
π
∂iφR .

The contribution to the mass term of the fermionic action comes from the
operators

ῡRυL = µ exp

⎧⎨⎩i√π(φL − φR) cos
√
π

r∫
0

dr′[∂0φR(r′, t) + ∂0φL(r′, t)]

⎫⎬⎭ ,
ῡRγ̃

5υL = iµ exp

⎧⎨⎩i√π(φL − φR) sin
√
π

r∫
0

dr′[∂0φR(r′, t) + ∂0φL(r′, t)]

⎫⎬⎭ .
The somewhat awkward form of this expression becomes more transparent if
we recall that the canonical momenta that are conjugated to φL and φR are
πL = ∂0φL; πR = ∂0φR, respectively. Then a canonical transformation of the
dynamical variables yields [152]

13 Recall that we are working in non-diagonal representation of γ̃5.



10.3 Monopole-Fermion Scattering in the Bosonisation Technique 395

φ↑ =
1
2

(φL − φR) +
1
2

r∫
0

dr′(πL + πR) ,

φ↓ = −1
2

(φL − φR) +
1
2

r∫
0

dr′(πL + πR) ,

Π↑ =
1
2

(πL − πR) +
1
2

(∂rφL + ∂rφR) ,

Π↓ = −1
2

(πL − πR) +
1
2

(∂rφL + ∂rφR) . (10.96)

This transformation does not change the free part of the boson action (10.89),
which in the case under consideration can be written as

Sb =
1
2

∫
drdt

[
(Π↑)2 + (Π↓)2 − (∂rφ↑)2 − (∂rφ↓)2

]
. (10.97)

Then the mass term takes an especially simple form

Sm =
mµ

2

∫
drdt

[
(1 − cos 2

√
πφ↑) + (1 − cos 2

√
πφ↓)

]
. (10.98)

Thus, the bosonized version of the original model takes the form of a
direct sum of two sin-Gordon models, which are related by the boundary
conditions on the fields φ

∂rφ↑(0, t) = ∂rφ↓(0, t) .

The fermionic states are now represented by the kink solitons of the sin-
Gordon model, which are the only asymptotic states in the spectrum of the
massive theory. The pathological states with fractional fermion numbers are
eliminated because now they have infinite energy.

Let us now return to the interaction of the fermions with the gauge field
in the bosonized theory. In the model with one left-handed doublet and one
right-handed doublet the fermionic current, which generalizes (10.91), is

j5i =
1√
π
εij∂j(φL − φR) ,

and, because the potential of the gauge field ai (10.61), which is coupled
with this current, in the gauge ∂nλ = 0 can be expressed as ai = εij∂jρ, the
corresponding interaction term becomes

Sint =
1√
π

∫
drdt ∂iρ ∂i(φL − φR) =

1√
π

∫
drdt �ρ (φL − φR) .



396 10 Rubakov–Callan Effect

We can now add this term to the kinetic part of the effective action of the
gauge field (10.67), which is quadratic in the fields ρ:

Sg + Sint =
1
2

∫
drdt

[
ρ

(
− 1
π

� +
8π
e2

�r2�

)
ρ+ �ρ(φL − φR)

]
. (10.99)

Performing Gaussian integration over the field ρ and making use of the canon-
ical transformations (10.96), we obtain the bosonized form of the effective
action of the massive theory

Seff =
1
2

∫
drdt

[
(∂nφ↑)2 + (∂nφR)2 +mµ(1 − cos 2

√
πφ↑)

+ mµ(1 − cos 2
√
πφ↓) −

e2

8πr2
(φ↑ − φ↓)2

]
. (10.100)

The last term here has an interpretation of the Coulomb energy of the in-
teraction of the fermions with the fluctuation of the gauge field. According
to (10.95), the electric charge density in the units of the charge of the gauge
boson e/2 is Qf (r) = (φ↑ −φ↓)/

√
π. However, in a self-consistent theory, the

energy functional must be finite everywhere in space. This means that the
Coulomb energy of interaction must vanish at the origin, that is,

φ↑(0, t) = φ↓(0, t) .

Thus, there is no charge exchange inside the monopole core and the electric
charge of fermions is conserved.

However, the effect of the vacuum angle changes the situation. Indeed, we
can add to the bosonic part of the action (10.67) the θ-term (5.104)

Sθ =
θe2

32π2

∫
d3xdt F a

µνF̃
aµν =

θe2

2π

∫
dr r2EnBn .

Since the magnetic field of the ’t Hooft–Polyakov monopole of unit topological
charge is Bn =

rn
er3

, and the radial electric field can be expressed as E =

�ρ/(2e), the inclusion of the θ-term leads to the shift of the linear in �ρ term
in (10.99):

Sg+Sint+Sθ =
1
2

∫
drdt

[
ρ

(
− 1
π

� +
8π
e2

�r2�

)
ρ+ �ρ

(
[φ↑ − φ↓] +

θ

2π

)]
.

(10.101)
Therefore, the Coulomb energy becomes

ECoul =
e2

8πr2

(
φ↑ − φ↓ +

θ

2
√
π

)2

.

The physical interpretation of this result is quite clear: it takes into account
the energy of interaction with the electric charge of the monopole generated
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by the instanton transitions. Thus, the boundary condition at r = 0 also
changes,

φ↑(0, t) = φ↓(0, t) +
θ

2
√
π
,

which corresponds to the definition of the electric charge of the system (5.110)

above with contribution of the Witten angle : q = en+
eθ

2π
.

10.3.2 Monopole Catalysis of the Proton Decay

Without any doubt, the catalysis of proton decay by a monopole, which a
is known as the Rubakov–Callan effect [151,152,445,446], is one of the most
interesting phenomena, that may be possible in the presence of a monopole.
If such a process is detected experimentally (and there are many different
groups of scientists working in this direction), it will be one of the most
important discoveries that can lift the veil from the very fundamental laws
of our universe.

The possibility that the monopole catalysis mechanism of the proton de-
cay may really work, was initially proved within the framework of the minimal
SU(5) model of unification in the processes of the type

p + Monopole → e+ + Monopole + mesons .

Although we know that, for some unclear reasons, this type of unification
was not the first choice of Nature, the Rubakov–Callan effect is also inherent
in the SO(10) GUT [435] and some other, more realistic models. In our
discussion, we shall consider the SU(5) model, which is a simpler example.

Let us briefly recapitulate some basic information about the structure
of the SU(5) model of unification. First generation of fermions is composed
of 15 particles, leptons and quarks, which are placed in two multiplets, the
quintet state

(ψC
L )a = (dC

1 , d
C
2 , d

C
3 , e

−, ν)L , (ψR)a = (d1, d2, d3, e+, νC)R , (10.102)

where upper and lower indices a = 1, . . . 5 refer to the representation 5 and
its conjugated 5̄, respectively, and index C labels the charge conjugation. The
decouplet is formed as the antisymmetrized product of two quintets

ψab
L =

1√
2

(
ψa

Lψ
b
L − ψb

Lψ
a
L

)
=

⎛⎜⎜⎜⎜⎜⎝
0 uC

3 −uC
2 −u1 −d1

−uC
3 0 uC

1 −u2 −d2
uC

2 −uC
1 0 −u3 −d3

u1 u2 u3 0 −e+
d1 d2 d3 e+ 0

⎞⎟⎟⎟⎟⎟⎠ .

There are 24 generators of the gauge group SU(5), which include four
diagonal generators of the Cartan subalgebra. These correspond to the three
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operators of hypercharges and one operator of the electric charge. Thus, the
adjoint representation of the gauge sector of the SU(5) model includes 24
vector bosons:

Ab
a =

⎛⎜⎜⎜⎜⎜⎜⎝

A11 − B0√
30

A12 A13 XC
1 Y C

1

A21 A22 − 2B0√
30

A23 XC
2 Y C

2

A31 A32 A33 − 3B0√
30

XC
3 Y C

3

X1 X2 X3
W 3√

2
− 3B0√

30
W+

Y1 Y2 Y3 W− −W 3√
2

+ 3B0√
30

⎞⎟⎟⎟⎟⎟⎟⎠ .

Here 8 gauge bosons Aij , i, j = 1, 2, 3 mediate the interaction between the
quarks within the SU(3) subgroup, that is, they are the usual gluons. Three
vector bosonsW±,W 3 are responsible for the interactions in the lepton sector
and the B0-boson corresponds to the U(1) subgroup of the electroweak part
of the model.

The most interesting components of the model are the two color triplets
of vector bosons Xi, Yi with electric charges ±4/3 and ±1/3, respectively.
The transitions between the quarks and the lepton states becomes possible
due to the exchange of these bosons, which makes the proton unstable with
respect to decay into mesons and leptons. Thus, in the SU(5) model neither
baryonic nor leptonic numbers are conserved separately, but their difference
is conserving. However, these processes are strongly suppressed by the masses
of X,Y -bosons, which are of the order of MX ∼MY ≥ 1014 GeV .

Note that the spectrum of the model is not completed by these perturba-
tive states. The non-perturbative sector of the model with the SU(5) group
of symmetry contains the monopole solutions and, therefore, the presence
of a monopole can catalyse the proton decay, effectively removing the X,Y -
boson mass-depending factor in the corresponding amplitudes. We have to
note that, to our knowledge, there is no complete analysis of the interaction
between the fermions and the different types of monopole configurations,
even within the minimal SU(5) gauge theory. Recall that, depending on the
pattern of the symmetry breaking, these monopoles can be both massive and
massless. The simplest possibility, which was considered in [203], is to analyze
the situation when the SU(5) is spontaneously broken to SU(3) × U(1) and
the monopole solution is actually the ’t Hooft–Polyakov monopole, which is
embedded in the leptoquark SU(2)M subgroup of SU(5) as

T i
SU(2)M

= (0, 0,
τ i

2
, 0) .

In this case, the only generator of the unbroken subgroup of SU(5) is given
by the composition of the elements of the Cartan subalgebra (cf. expression
(8.35)):

T 3
SU(2)M

= (0, 0,
τ3

2
, 0) = −1

2
Q+

1
2
Y ,
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where Q = diag (1/3, 1/3, 1/3,−1, 0) is the electric charge generator and
Y = diag (1/3, 1/3,−2/3, 0, 0) is the matrix of the color hypercharge. In other
words, the monopole configuration has both the usual magnetic charge and
the chromo-magnetic charge. Thus, there are both the color and the Abelian
magnetic fields outside the core and the interaction of the monopole with the
quarks and the leptons, which also have both the usual electric charge and
the color charges, is characterized by an effective charge, which is actually the
isospin of the SU(2)M leptoquark subgroup. Thus, all fermionic states from
the 5-plet and 10-plet are labeled by the eigenvalue q̄ of the operator T 3

SU(2)M
.

We can see that the states u1, u2, d
C
3 , e

+ have the same isospin q̄ = 1, while
the states uC

1 , u
C
2 , d3, e

− correspond to q̄ = −1. Other fermions presented in
the model have zero isospin with respect to the SU(2)M leptoquark subgroup,
that is, they do not interact with the monopole.

In this case, the model is reduced to the familiar SU(2) theory with four
left-handed doublets of the fermions of the first generation

ψi
α

(a)
=
{(
d3

e+

)
L

,

(
e−

−dC
3

)
L

,

(
uC

1

u2

)
L

,

(
−uC

2

u1

)
L

}
,

where a = 1, 2, 3, 4. Then we can make use of the analysis of the s-wave
interaction between the fermions and the ’t Hooft–Polyakov monopole, as
described in the previous section. By analogy with (10.74), the problem is to
evaluate the vacuum average of the operator14

1
28π4

F (r) = εijεαβψ
(a)
αi ψ

(b)
βj εmnερσψ

(c)
ρmψ

(d)
σn , (10.103)

which corresponds to the anomalous condensates

〈(e+e− − d3dC
3 )(uC

1 u
1 − uC

2 u
2)〉 ∼ 1

r6
,

〈(u2e− − uC
1 d

C
3 )(u1d3 − uC

2 e
+)〉 ∼ 1

r6
,

〈(uC
2 d

C
3 + u1e−)(uC

1 e
+ + u2d3)〉 ∼ 1

r6
. (10.104)

These matrix elements do not violate either the electric charge or the dif-
ference between the baryon and the lepton numbers. However, the baryon
number itself is no longer conserved. Indeed, there is the baryon number
violating condensate

〈uC
1 u

C
2 d

C
3 e

+〉 ∼ 1
r6
, (10.105)

whose quantum numbers correspond to the Rubakov–Callan process of the
proton decay
14 Note that the vacuum average (10.103) is not invariant with respect to the trans-

formations of the color subgroup SU(3). Here, we again encounter the pathology
of the global color transformation that we briefly discussed in Chap. 8.
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p + Monopole → e+ + Monopole + (pions) .

Other condensates, which are unsuppressed in the presence of the mono-
pole, can be evaluated on the same way. Note that the non-anomalous con-
densates also contribute to the amplitude of the monopole-induced proton
decay. An analog of the process (10.87), for example is

d3L + u1
R + Monopole → uC

2R + e+L + Monopole ,

which obviously violates the baryon number.

10.3.3 Monopole Catalysis of the Proton Decay:
Semiclassical Model

So far we discuss the microscopic picture of the monopole catalysis and evalu-
ate the related cross-sections for monopole induced processes. We mentioned
that there are a lot of assumptions in these calculations, in particular, we ne-
glect the structure of the monopole core which in the Grand Unified Theory,
has a very tiny size of the order of 10−16 GeV. However, a realistic calculation
of the cross-section of the monopole catalysis should involve several widely
separated scales, the smallest of which is the size of the monopole core. The
largest scale is given by the hadronic scale associated with the pion decay
constant fπ = 93 MeV, also the electroweak anomaly may be related to the
monopole catalysis, the corresponding length scale is given by the vacuum ex-
pectation value of the Standard Model ∼ 100 GeV. The consideration above
concentrated only around the smallest size of the core. Moreover, the core
itself was replaced by the boundary conditions (10.48) at the origin.

Actually, it was proposed that the monopole catalyzed decay of a nucleon
may occur already at a long distance associated with hadronic scale [154]. In
other words, one can consider not a quantum field theory of quarks coupled
with a monopole, but a classical effective model of a nucleon interacting with
the ’t Hooft–Polyakov monopole [143,144,154,326].

Callan and Witten suggested to invoke the Skyrme-type model, which
describes a baryon as a soliton configuration of the low-energy effective theory
[154]. In the simplest situation of the SU(2) flavor group, the effective action
of the model is given by the Lagrangian [478]:

LSk =
f2

π

4
Tr (RµR

µ) +
κ2

8
Tr ([Rµ, Rν ])2 , (10.106)

where κ is a dimensionless constant and the current Rµ = iU−1∂µU is related
to the Cartan SU(2) one-forms (A.3). The first term here corresponds to
the non-linear sigma model and the second term stabilizes the solution. The
matrix U stands for the pion chiral field:

U = exp
{
i

fπ
σaφa

}
,
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which represents a topological mapping S3 → S3 from coordinate space to
the SU(2) group space15. The scalar field φ = φaσa/2 represents the triplet
of pions. This mapping can be characterized by the third homotopy group
π3(S3) = Z, and the stability of the configuration is guaranteed by the wind-
ing number, which within this framework is associated with the baryon num-
ber:

B =
εijk

24π2

∫
d3x Tr (RiRjRk) . (10.107)

The nucleon is defined by yet another static hedgehog ansatz U =
exp{if(r)(σara)}, which defines a chiral angle f(r). It runs from f(0) = 0 to
f(∞) = π, which corresponds to the simplest spherically symmetric soliton,
a skyrmion with baryon number B = 1. We do not discuss the properties of
the Skyrme model here. The curious reader may find a full account of the
theory and applications of the model in the low-energy hadron physics, e.g.,
in [20].

Because Rµ ∼ U−1(∂µφ)U , in terms of the su(2) algebra-valued rescaled
scalar field φ, the Skyrme Lagrangian (10.106) takes the form of the non-
linear sigma-model

LNLSM =
1
2
Tr
[
(∂µφ)(∂µφ) +

1
2
[∂µφ, ∂νφ]2

]
. (10.108)

A monopole can be incorporated in this model, if we consider a gauged Skyrme
model [154, 249, 326], which describes a gauge invariant system of coupled
scalar and vector fields with a fourth-order Skyrme term with derivatives
replaced by covariant derivatives Dµ:

L = −1
2
Tr
(
FµνF

µν +DµφD
µφ+

1
2
[Dµφ,Dνφ]2

)
−V (φ) . (10.109)

Evidently, this is a generalization of (5.7). The solutions of this model are
referred to as Skyrmed monopoles [249]. Briefly speaking, the presence of the
Skyrme term leads to additional attraction between the skyrmed monopoles,
thus, in contrast to skyrmions, the lowest energy bound states possess the
axial symmetry. A similar model was proposed in [154], where the gauge field
was taken to be the Abelian potential of the static Dirac monopole and the
electric charge matrix Q = diag(2/3,−1/3) corresponds to the doublet of the
light quarks.

Recall that for a scalar particle in the field of a point-like monopole the
centrifugal potential is ∼ (j(j+1)−e2)/r2 (see page 248). Thus, the boundary
conditions we have to impose at the origin on the isotopic components of
the pion field φ in the monopole are different; while the wavefunction of

15 Since the finite energy solution satisfies U(r) → 1 as r → ∞, all the points of
the spatial infinity are identified, thus, the space R

3 is compactified to a sphere
S3.
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the charged pions has to vanish there, the neutral component π0 ∼ φ3σ3/2
may penetrate the monopole. In other words, at the monopole location the
boundary condition on the neutral chiral field becomes [154]

U(0) = exp{if(0)σ3/2} , (10.110)

where the function f(0) is not necessarily constrained.
On the other hand, the presence of the electromagnetic potential Aµ mod-

ifies the baryonic current, which may be explicitly written as

Bµ =
εµνρσ

24π2
Tr
{
U−1DνU U−1DρU U−1DσU

}
+
εµνρσ

16π2
Tr
{
F ρσ(DνUU−1 + U−1DνU)

}
,

(10.111)

where the non-zero component of the electromagnetic field strength tensor is
Fθϕ = 1/er2. This gauge invariant conserved current includes a second term
that is a total divergence and represents the anomaly (10.52).

It was suggested in [154] that the neutral pion field may vary with time.
Evidently, this corresponds to the physical picture of wrapping a skyrmion
around a monopole, which is a model of monopole-proton scattering. Then
the radial component of the baryonic current (10.111) on the monopole back-
ground becomes

Br =
ḟ(t)

8π2r2
, (10.112)

that is, there is a flux of the baryon number of magnitude ḟ/2π into the
monopole. Since in the SU(5) Grand Unified Theory, the non-conservation
of the baryon number comes with the non-conservation of the lepton number
together, the leptons must be radiated out while the nucleon is squeezed
down into a monopole. Indeed, the boundary condition at the origin (10.110)
cannot prevent the skyrmion from decaying.

A disadvantage of such a model is that the monopole is treated as point-
like and the non-conservation of the baryon number is entirely related to
the boundary condition on the pion field at the origin. It was suggested
[143, 144, 326] to consider an extendend model that has SU(2)L × SU(2)R

global symmetry and contains the gauged Skyrme field coupled both with
the left and right sectors. Thus, monopole and skyrmion are regular classical
solutions of such a model. Numerical analysis shows that there is a radial
baryonic current that coincides with (10.112) at large distances and there are
no static solutions with baryon number one on top of the monopole [143,144].
A more refined analysis, which takes into acocunt the properties of the system
at short distances, reveals a sequence of skyrmion-monopole bound states
separated by finite energy barriers. Thus, this picture resembles the periodic
structure of the topological vacua [144]. However, the barrier height is very
small compared to the nucleon mass and the monopole catalysis takes place
semiclassically.
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Let us mention in conclusion that the experimental observation of the
monopole catalysis of the proton decay would be a very remarkable event
that could touch the very basis of QFT. If this process is discovered, the
consequences may be unpredictable. For example, some optimists mentioned
that the energy of the monopole-induced baryon decay could be used to
solve the future energy crisis [209] and, maybe, the power stations of the
XXII century would produce not dirty nuclear energy, but would use just a
“pinch” of monopoles as a power element. However, the monopole catalysis
is not a general property of any theory of Grand Unification, but it is a
strongly model-dependent phenomenon [56,189,190,454,455]. Since it is not
clear today as to which of the models of unification could become a “Standard
GUT”, the beautiful monopole catalysis remains endangered.



Part III

Supersymmetric Monopoles



11 Construction of Supersymmetric
Yang–Mills Theories

The discussion of the different aspects of the non-Abelian magnetic mono-
poles in the previous chapters becomes very transparent in the wider class
of four-dimensional supersymmetric (SUSY) gauge theories. As we shall see
below, these models yield a very nice frame to reveal most of the remarkable
features of the monopoles from a single point point of view.

Indeed, a supersymmetrical theory by very definition includes both
bosonic and fermionic variables. Thus, there is a nice natural interplay be-
tween the localized monopole configuration and the fermions in such a model.
Also the Montonen–Olive conjecture of duality turns out to be proved in su-
persymmetric models. A clue to the latter solution is the observation that
an exact duality on a quantum level could only survive if the Bogomol’nyi
bound is not violated by the quantum corrections. This becomes possible if
the bosonic and fermionic loop diagrams, which could affect the effective po-
tential, are mutually cancelling. This mechanism of cancellation is a familiar
property of supersymmetric models.

Although the monopole solutions of the supersymmetric extension of the
simple SU(2) Yang–Mills–Higgs model were discussed as early as in 1978 [65],
it was the celebrated work by N. Seiberg and E. Witten [469] that revitalized
the real interest in the properties of SUSY monopoles and provide a significant
progress in the understanding of non-perturbative dynamics in these theories.

This fascinating development initiated by N. Seiberg and E. Witten
caused a real burst of interest. Although the original paper [469] is writ-
ten very explicitly and clearly, one could trace out a special genre in the vast
flow of publications related to this subject, the “Pedagogical introduction to
the work of Seiberg and Witten” [123], see, e.g., [73, 199, 311, 347, 424, 473].
Our presentation follows the line of these excellent reviews.

11.1 What is Supersymmetry?

In this chapter, we would like to discuss some technical aspects of supersym-
metry that are relevant to our discussion. Actually, our goal is to provide an
introduction, which is necessary to understand recent exciting developments
in supersymmetric gauge theories. There are many good reviews on super-
symmetry that give a thorough introduction into the basis of supersymmetry.
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We refer the reader, for example, to [29,124,357,480] and references therein.
Here, we only comment on the basics of supersymmetry.

11.1.1 Poincaré Group and Algebra of Generators

The direct way to introduce supersymmetry is to consider an extension of
the usual space-time symmetries. Let us consider a conventional change of
coordinates under action of the Poincaré group:

xµ → xµ′ = Λµ
νx

ν + aµ ,

where Λµ
ν is an ordinary Lorentz transformation (or its Euclidean counterpart,

a matrix of SO(4) rotations) and aµ is a vector of space-time translation.
Thus, the infinitesimal generators of the Poincaré group, which act on the
space of fields, are six components of the antisymmetric momentum tensor

Mµν ≡Mµν0 = xµP ν − xνPµ + Sµν = Lµν + Sµν

(cf. (4.26) in Chap. 4) and four components of the vector of momentum
Pµ = −i∂µ. Here, we decomposed the tensor of momentum into the orbital
and the spin parts, Lµν and Sµν , respectively. These generators form a Lie
algebra, which is defined by the commutation relations

[Mµν ,Mρσ] = i(gνρMµσ + gµσMνρ − gµρMνσ − gνσMµρ) ,
[Pµ, P ν ] = 0, [Mµν , P ρ] = i(gνρPµ − gµρP ν) ,

(11.1)

where we use, as before, the convention gµν = gµν = (−1, 1, 1, 1) for the
Minkowski metric in the flat space.

Recall some properties of the Lorentz subgroup SO(3, 1) of the Poincaré
group. First, let us show that its covering group is SL(2,C). Indeed, because
the spin generators Sµν commute both with Pµ and Lµν , they generate the
finite dimensional representations of the Lorentz group. Then the spin oper-
ators Si = 1

2εijkS
jk and the operators of the Lorentz boost Ki = S0i form

the algebra

[Si, Sj ] = iεijkSk, [Ki,Kj ] = −iεijkSk, [Ki, Sj ] = iεijkKk , (11.2)

which reproduces the third set of the commutation relations (11.1) in a non-
covariant form.

Let us consider the complex combinations

J+ =
1
2
(Si + iKi), J− =

1
2
(Si − iKi) .

Then the relations (11.2) can be rewritten in the form that coincides with
two commuting algebras of SU(2) group1:
1 Actually we are now not discussing a full Lorentz group, but its so-called or-

thochronous part defined by Λ0
0 > 0, det Λ = 1. Of course, the Lorentz group is

not compact and its local structure is not SU(2)×SU(2), because the operators
J± are not Hermitian: (Jk

±)† = Jk
∓.
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[J i
±, J

j
±] = iεijkJk

±, [J i
±, J

j
∓] = 0 .

Clearly, J2
+ and the J2

− are two Casimir operators of the Lorentz group
with half-integer eigenvalues j+(j+ + 1) and j−(j− + 1), respectively. Thus,
a finite dimension irreducible representation of dimension (2j+ + 1)(2j− + 1)
can be labeled by (j+, j−). In other words, unlike the generators Mµν , the
operators J± can be represented by finite dimensional Hermitian matrices.
For the fundamental representations we can write

(
1
2
, 0) : J i

+ → i

2
σi ,

(0,
1
2
) : J i

− → i

2
σ̄i = − i

2
σi , (11.3)

where σ̄i is dual to σi in the sense that

(σi)αβ̇(σ̄j)β̇α = Tr(σiσ̄j) = 2δij
.

Thus, we have two basis vectors in the space of complex 2 × 2 matrices:

σµ = (σµ)αβ̇ = (I, σi) ,

σ̄µ = (σ̄µ)α̇β = (I,−σi) , (11.4)

and we can define (1
2 , 0) generators of the covering SL(2,C) group as

(σµν)α
β =

i

2
[
(σµ)αγ̇(σ̄ν)γ̇β − (σν)αγ̇(σ̄µ)γ̇β

]
, (11.5)

while (0, 1
2 ) generators of the covering SL(2,C) are

(σµν)α̇
β̇ =

i

2

[
(σ̄µ)α̇γ(σν)γβ̇ − (σ̄ν)α̇γ(σµ)γβ̇

]
. (11.6)

A spinor may be introduced as a two-component field that lies in the
fundamental representation of SL(2,C). However, as we have seen, unlike for
the SU(2) group, for SL(2,C) a matrix of representation and its conjugated
are not equivalent. This implies that there are two types of Weyl spinors:
the left-handed ψα that transforms according to the fundamental represen-
tation (1

2 , 0), while the right-handed spinors ψ̄α̇ transform according to the
fundamental representation (0, 1

2 ) (here α, α̇ = 1, 2). Clearly, ψ̄α̇ = (ψα)∗.
The four-component Dirac bispinor in four-dimensional space consists of

both chiral components:

ψ =
(
ζα
η̄α̇

)
.

Actually, we already made use of these notations in the previous chapter. The
Dirac bispinor evidently lies in the reducible (1

2 , 0) ⊕ (0, 1
2 ) representation.

There is another possibility of composing two chiral spinors into the four-
component Majorana bispinor:
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ψ =
(
ζα
ζ̄α̇

)
,

that is, the Majorana spinor can be thought of as a Dirac spinor with ζ ≡ η.
The indices of the right-handed spinors are traditionally dotted to em-

phasize the difference between those transformation laws. The raising and
lowering of the indices is given by the action of the Levi-Civita tensor
ε = (ε)αβ = iσ2, ε−1 = (ε)αβ , which in the spinor space plays an analo-
gous role to the metric tensor in Minkowski space:

ψα = εαβψβ , ψ̄α̇ = εα̇β̇ψ̄β̇ . (11.7)

The usual conventions are

εα̇β̇ = εαβ , εαγεγβ = δαβ ,

ε12 = ε1̇2̇ = 1 , ε12 = ε1̇2̇ = −1 , (11.8)

so, ψ̄α̇ = ψ†
α and

(ψχ)† = χ̄α̇ψ̄
α̇ = χ̄ψ̄ = ψ̄χ̄ .

By analogy with the common matrix indices, the spinor indices can be
dropped out in the widely used shorthand notations. Then we can write, for
instance for the Lorentz scalars

ψχ = ψαχα = εαβψβχα = −εαβψαχβ = −ψαχ
α = χψ ,

and
ψ̄ χ̄ = ψ̄α̇χ̄

α̇ = −ψ̄α̇χ̄α̇ = χ̄ ψ̄ .

The ordering of anticommuting Grassmanian variables is important. In con-
volving the undotted indices we write first the spinor with the upper index,
while for the dotted indices we write first the spinor with the lower index.

The vector and tensor quantities can also be constructed from these Grass-
manian variables. For example, ψαχα̇ in the (1

2 ,
1
2 ) representation transforms

as a Lorentz vector.
Let us say a few worlds about two Casimir operators of the Poincaré

group, which commute with all ten generators of the latter. They are the
operator of square mass m2 = P 2 = PµP

µ and the square of the Pauli–
Lubanski spin vector

Wµ = −1
2
εµνρσPνMρσ ≡ −1

2
εµνρσPνSρσ .

Clearly, W 2 = WµW
µ = −m2SiS

i. Hence this operator has eigenvalues
−m2s(s+1) andWµ = λPµ for the massive and massless states, respectively,
where the corresponding half-integer quantum number λ is the helicity. In
the rest frame of a massive state we have Pµ = (m, 0, 0, 0). For the massless
states we obviously have P 2 =W 2 = 0.
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So far we have discussed the Lorentz transformations. However, we are not
finished yet with the description of the symmetries of a consistent physical
theory. Besides the space-time symmetry, there also are some internal sym-
metries, like, for example, gauge or flavor symmetry. Moreover, we suppose
that the Lorentz invariant theory must be invariant with respect to the dis-
crete CPT transformations, otherwise we shall get a lot of problems related
with non-locality and violation of the spin-statistics theorem2.

In 1967 Coleman and Mandula showed [169] that in a local relativistic
quantum field theory the most general symmetry group of the S-matrix must
be a direct product of the Poincaré group and a compact internal Lie group,
provided that: (i) there is only one zero-mass state and a finite number of
excitations associated with a massive one-particle states; and (ii) the vacuum
state is unique and there is a finite energy gap between it and lowest one-
particle state.

The latter assumption is introduced to avoid infrared problem, while the
former allows us to exclude the models with spontaneous symmetry breaking
from consideration. Actually, the first restriction can be relaxed, that is, we
can consider a tower of massless one-particle excitations over the ground state
[252]. The price paid for such an extension is that now the extended group
of conformal symmetry must be admitted instead of the Poincaré group.

However, the Coleman–Mandula theorem involves only bosonic symme-
tries, that is, the algebra of generators of symmetry, namely four momenta
Pµ, six Lorenz generatorsMµν and generators of Hermitian internal symme-
try T a, involves only commutators. Moreover, the direct product structure
means that

[T a, Pµ] = [T a,Mµν ] = 0 ,

and, therefore, the Lie algebra generators T a are scalars with respect to the
Lorentz group.

Furthermore, the Casimir operators commute not only with all generators
of the Poincaré group, but also with the generators of internal symmetry:

[T a, P 2] = [T a,W 2] = 0 .

The consequences of these relations are:
(i) O’Raifeartaigh theorem: all particles belonging to an irreducible multiplet
of the internal symmetry group must have the same mass.
(ii) These particles must have the same spin.

Clearly, for the massless excitations we have [T a, Pµ] = [T a,Wµ] = 0, that
is, the transformations of the internal symmetry cannot change the helicity.

2 Actually we are restricting our consideration to the conventional local QFT. We
are not discussing here the recent idea that there might be minuscule violations
of Lorentz and CPT invariance, which would arise as suppressed effects from a
more fundamental theory.
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The idea of supersymmetry is to extend the Lie algebra, which is formed
by the conventional generators Pµ, Mµν , in order to include anticommuting
generators on an equal footing with these commuting generators.

11.1.2 Algebra of Generators of Supersymmetry

Let us see how this approach works. Speaking more formally, we must sup-
plement the set of the bosonic generators by a set of N anticommuting gener-
ators QI

α, Q̄I
α̇, which transform as spin-half operators in the (1

2 , 0) and (0, 1
2 )

representations of the Lorentz group, respectively, that is,

Q̄I
α̇ = QI†

α = εαβ(QβI)† .

Here the index I = 1, 2, . . . , N labels all the different spinors QI
α. It is the

total number of supersymmetries of the model. The case N = 1 corresponds
to simple supersymmetry, whereas N > 1 is referred to as extended super-
symmetry.

Since these generators are not scalars with respect to the Lorentz group,
they cannot be introduced as some operators of an internal symmetry. They
rather represent an extension of the Poincaré space-time symmetry algebra
by anticommuting generators3.

The uniqueness of such an extension is related to the so-called Haag–
Lopuszański–Sohnius theorem [252], which states that under the assumption
of positivity of the metric of the underlying Hilbert space4, no representa-
tion with the spin higher than 1/2 is possible for fermionic supersymmetry
generators.

To define the supersymmetry algebra we have to consider the anticom-
mutator {Q, Q̄}, which transforms as (1

2 , 0) ⊗ (0, 1
2 ) = (1

2 ,
1
2 ) and, therefore,

must be proportional to the only spin-1 operator, Pµ:

{QI
α, Q̄

J
β̇
} = −2δIJσµ

αβ̇
Pµ . (11.9)

The factor of two is introduced here as a convention and the minus sign is
due to the metric signature.

Note that the SUSY generators QI
α satisfy the commutation relations

[Mµν , QI
α] = i(σµν)α

β
QI

β , [Mµν , Q̄α̇
I ] = i(σ̄µν)α̇

β̇Q̄
β̇
I . (11.10)

These relations clarify the physical meaning of the generators of supersymme-
try. Indeed, let us consider the component of the momentum tensorM12 = S3.
Then, the commutation relations (11.10) yield
3 From a mathematical point of view, the key idea of supersymmetry is to promote

the Lie algebra of the Poincaré generators to a graded Lie algebra.
4 That is, the anticommutator of the operators {QI

α, Q̄α̇J} is supposed to be a
positively defined operator. This condition excludes the states of negative mass
(tachyons) from all possible irreducible representations of the SUSY algebra.
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[S3, Q
I
1] =

1
2
(σ3)1

β
QI

β =
1
2
QI

1 ,

[S3, Q
I
2] =

1
2
(σ3)2

β
QI

β = −1
2
QI

2 ,

(11.11)

and we also have similar relations for the operators Q̄I
α̇ = QI†

α . In other words,
the operators QI

1 and QI†
2 raise the z-component of the spin by a half, while

the operators QI
2 and QI†

1 lower it by a half.
On the other hand, the generators of supersymmetry commute with the

operators of translations [480]:

[QI
α, P

µ] = [Q̄α̇I , P
µ] = 0 , (11.12)

which can be proved by making use of the Jacobi identities for the operators
of the graded Lie algebra

[[QI
α, P

µ], P ν ] + [[P ν , QI
α], Pµ] + [[Pµ, P ν ], QI

α] = 0 ,

[{QI
α, Q

J
β}, Pµ] + {[Pµ, QI

α], QJ
β} − {[QJ

β , P
µ], QI

α} = 0 .
(11.13)

which supplement the usual bosonic and fermionic Jacobi identities

[[Pµ, P ν ], P ρ] + [[P ν , P ρ], Pµ] + [[P ρ, Pµ], P ν ] = 0 ,

{{QI
α, Q

J
β}, QK

γ } + {{QJ
β , Q

K
γ }, QI

α} + {{QK
γ , Q

I
α}, QJ

β} = 0 .
(11.14)

Here, the operator of translation Pµ and the generator of supersymmetry QI
α

can be replaced by an arbitrary bosonic and a fermionic generator, respec-
tively.

To prove the relations (11.12), let us note that the commutator [QI
α, P

µ]
must transform as ( 1

2 , 0) ⊗ ( 1
2 ,

1
2 ) = (0, 1

2 ) ⊕ (1, 1
2 ) under the Lorentz group.

Since spin-3/2 generators are excluded due to the Haag–Lopuszański–Sohnius
theorem, the only possibility is

[QI
α, P

µ] = CIJ (σµ)αβ̇Q̄
β̇J , [Q̄I

α̇, P
µ] = (CIJ )∗QJ

β(σ̄µ)β
α̇ ,

where CIJ are complex Lorentz scalar coefficients. Substitution of this rela-
tions into the first of the Jacobi identities (11.13) yields

(CC∗)IJ (σµν)β
αQ

J
β = 0 ,

where C is a matrix with matrix elements CIJ . Thus, the matrix (CC∗) van-
ishes. However, it is not enough to conclude that the entries CIJ themselves
must be equal to zero. To see this we have to consider the anti-commutator
{QI

α, Q
J
β}, which enters second of the Jacobi identities (11.13). It lies in the

representation (1
2 , 0)⊗ (0, 1

2 ) = (0, 0)⊕ (1, 0) and generally can be written as

{QI
α, Q

J
β} = 2εαβZ

IJ + εβγMµν(σµν)γ
αX

IJ , (11.15)
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where ZIJ and XIJ are anti-symmetric and symmetric Lorentz scalars, re-
spectively. Therefore, they may be represented via some linear combinations
of the generators of internal symmetries.

Now, contracting the second of the Jacobi identities (11.13) with εαβ , we
can see that, because ZIJ commutes with Pµ, the matrix C is symmetric:

(CIJ − CJI)Pµ = 0 .

Since CC∗ = CC† = 0, this condition implies that all numbers CIJ are
vanishing and we can now see that the relation (11.12) is fulfilled. Its physical
meaning is quite clear: the space-time translations do not affect the spin
degrees of freedom. Furthermore, the nullification of the commutator [QI

α, P
µ]

excludes the symmetric term in the right-hand side of the anti-commutator
(11.15), becauseMµν do not commute with Pµ, whereas the anti-commutator
{Q,Q} does. Thus, XIJ = 0 and the algebra of the supersymmetry operators
becomes simply

{QI
α, Q

J
β} = 2εαβZ

IJ , {Q̄I
α̇, Q̄

J
β̇
} = 2εα̇β̇Z

∗IJ . (11.16)

The complex coefficients ZIJ = −ZJI are called central charges because they
actually commute with all the generators, both bosonic and fermionic. The
usual convention is ZIJ = −ZIJ .

The situation becomes even simpler for N = 1 SUSY algebra, because
the symmetry of the anti-commutator {QI

α, Q
J
β} with respect to permutation

of pairs of indices (α, I) � (β, J), together with the antisymmetry of the
Levi-Civita tensor εαβ , mean that the central charges are excluded for N = 1
supersymmetry.

Let us note that the relations (11.9) and (11.16) are invariant under U(N)
transformations

QI
α → UIJQ

J
α, Q̄I

α̇ → Q̄J
α̇U

†
IJ .

We can see that, if the central charges are vanishing, this internal symmetry of
the supersymmetry generators, which does not change the algebra of SUSY,
is higher degree – the presence of the central charges reduces this unitary
symmetry to a smaller subgroup.

Clearly, for N = 1 SUSY, there is only one supercharge Qα. Then the
internal global symmetry group is U(1), which is known as R-symmetry:

[Qα,R] = Qα , [Q̄α̇,R] = −Q̄α̇ . (11.17)

Actually, this is the familiar chiral symmetry of the spinor field, since under
the transformations of parity Q → Q̄, Q̄ → Q and the Abelian charge R
transforms as R → −R. Thus, the N = 1 SUSY generators have a chiral
charge +1 and −1, respectively.

We shall see how the central charges are related with the topology of the
supersymmetric Yang–Mills theory, in particular with the magnetic charge
of the field configurations.
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11.2 Representations of SUSY Algebra

Let us consider the unitary irreducible representation of SUSY algebra, which
is constructed by analogy with the representation theory of the Poincaré
group. One can think that, since any representation of the SUSY algebra
contains a representation of the Poincaré algebra, its representations (that is,
the multiplets of asymptotic on-shell physical states) as before may be labeled
by eigenvalues of the mass-square operator PµPµ = m2 and the square of the
Pauli–Lubanski vectorWµWµ. However, the SUSY generators commute only
with former operator, whereas W 2 is no longer a Casimir operator (Q, Q̄ do
not commute withMµν). Therefore, representations of SUSY algebra contain
states of the same mass but different spins (or helicities in the massless case).

11.2.1 N = 1 Massive Multiplets

Let us now examine the simple N = 1 SUSY with one supercharge Qα. From
the consideration above, it is clear that we have to consider two different
cases of massive and massless states.

Unlike the classification of irreducible multiplets of the Poincaré group,
the square of the Pauli–Lubanski vectorWµ has to be replaced by the second
Casimir operator of superalgebra [357]

G2 = GµνGµν , Gµν ≡ VµPν − VνPµ , (11.18)

where
Vµ =Wµ − 1

4
Q̄α̇(σ̄µ)α̇αQα .

Let us consider the massive N = 1 supermultiplets first. To construct the
representations of SUSY algebra, we can use the Wigner trick, namely go to
the fixed Lorentz frame, which is characterized by a certain value of momenta
Pµ and study the “little group” of this vector. For the massive states, we can
always choose the rest frame, where Pµ = (m, 0, 0, 0) , m �= 0. In this frame,
the N = 1 supersymmetry algebra (11.9) is reduced to

{Qα, Q̄β̇} = 2mσ0
αβ̇

= 2m
(

1 0
0 1

)
, (11.19)

and the Casimir operators can be written as

P 2 = m2, G2 = 2m4J2 , (11.20)

where
Jk = Sk − 1

4m
Q̄α̇σ̄

α̇α
k Qα .

Since both the spin vector Sk and the Pauli matrices σ̄α̇α
k satisfy the SU(2)

algebra, the operator J2 has eigenvalues j(j+1), integer or half-integer. Thus,
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a state of an N = 1 SUSY multiplet can be labeled by the quantum numbers,
m, j, j3.

The operators of N = 1 supersymmetry Qα, Q̄β̇ are actually two pairs
of creation and annihilation operators that act on the vacuum state | Ω〉.
Indeed, a simple rescaling

Qα → aα =
Qα√
2m
, Q̄α̇ → a†α =

Q̄α̇√
2m

, (11.21)

reduces the algebra of supercharges (11.19) to the conventional Clifford alge-
bra of the ordinary fermionic creation/annihilation operators

{aα, a
†
β} = δαβ . (11.22)

Recall that there are no central charges in N = 1 SUSY, thus, all other
anti-commutators vanish, which completely defines the N = 1 superalgebra.

The Clifford vacuum |Ω〉 can be defined with respect to consequent action
of the fermionic annihilation operators Qα on any state of definite m and j:

|Ω〉 = Q1Q2 |m, j〉, Q1 |Ω〉 = Q2 |Ω〉 = 0 .

Evidently, the state |Ω〉 is (2j + 1)-fold degenerated. Note that the Clifford
vacuum is not a vacuum of field theory, since |Ω〉 is a one-particle state with
a mass m and a given spin (helicity), but not a ground state.

This definition allows us to label the states of the SUSY multiplets by
spin s rather than the eigenvalues j. Indeed, making use of the algebra of
the supersymmetry generators Q, Q̄, it is straightforward to see that the
action of the corresponding operator Jk on the state |Ω〉 reduces to the spin
operator Sk, that is, the Clifford vacuum is an eigenstate of spin rather than
Jk: |Ω〉 = |m, s, s3〉.

Action of two creation operators on such a vacuum state yields four in-
dependent states of the same mass:

|Ω〉, a†1 |Ω〉, a†2 |Ω〉, a†1a
†
2 |Ω〉 .

Taking into account the (2j+1)-fold degeneration of each state, we conclude
that there are a total of 4 · (2j + 1) states in the massive N = 1 SUSY
multiplet.

Because the SUSY generators have spin 1/2, these four states are different
in spin. For |Ω〉 =| m, s, s3〉, we have the states of spin s3 = j3, j3− 1

2 , j3+
1
2 , j3.

Let us consider the j = 0 vacuum state first. The corresponding fun-
damental massive multiplet includes two bosonic and two fermionic degrees
of freedom, namely one real scalar, one massive Weyl fermion and one real
pseudoscalar. Indeed, the parity operator interchanges a†1 with a†2 and one of
the spin-0 states has to be a pseudoscalar. This irreducible representation of
N = 1 SUSY is known as chiral massive multiplet. In the simplest supersym-
metrical generalization of QCD this multiplet includes the left-handed quark
and its superpartner, the squark.
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In this simple example we can see a very universal result: the number
of fermionic states in each SUSY multiplet must be equal to the number of
bosonic states.

Indeed, let us consider j = 1/2, N = 1 massive vector multiplet . ar-
guments similar to those considered above allow us to conclude that this
multiplet contains four bosonic and four fermionic degrees of freedom. The
corresponding particle spectrum can be defined by using standard momen-
tum addition rules. It corresponds to a gauge field, a Dirac fermion and a
scalar field, all having the same mass.

Finally, let us note that formally there are no algebraic restrictions on
the number of generators of SUSY. However, the consideration above tells
us that increasing N leads to the appearance of higher spin states in the
corresponding SUSY multiplets. Thus, there is a physical condition of renor-
malizability of any consistent quantum field theory that does not admit any
spin states greater than one. This restricts the number of supersymmetries
N ≤ 4.

11.2.2 N = 1 Massless Multiplets

Let us proceed further by considering the massless irreducible SUSY multi-
plets. For this special case, we fix a time-like reference frame where Pµ =
(E, 0, 0, E). Then the second Casimir operator of the SUSY algebra (11.18)
vanishes, because

G2 = −2E2(V0 − V3)2 =
E2

2
Q̄2̇Q2Q̄2̇Q2 = 0 . (11.23)

On the other hand, we obtain

{Qα, Q̄α̇} = 2Pµ(σµ)αα̇ =
(

0 0
0 4E

)
, (11.24)

that is, one of the anticommutators in the algebra of the operators {Q1, Q̄1̇}
is vanishing in the massless case.

Let us recall that a norm of a physical state in a unitary theory has
to be positive. Requiring that this condition be satisfied, we must set the
corresponding creation operator a†1 = Q̄1̇/

√
2E equal to zero. Therefore, only

one generator of supersymmetry survives and, rescaling it as a2 = Q2/
√

2E,
a†2 = Q̄2̇/

√
2E, we are left with only two independent physical states in the

Clifford vacuum rather than four, as in the massive case:

|Ω〉, a†2 |Ω〉 . (11.25)

Thus, there is a tower of states of the massless multiplets, each of which is
labeled by the helicity λ. One may suppose that, by analogy with the funda-
mental massive SUSY multiplet, the fundamental massless vacuum state |Ω〉
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may have zero helicity. However, the operator a†2 transforms as (0, 1
2 ), that

is, it increases the helicity λ of the vacuum state |Ω〉 by 1/2. In this case, a
doublet (11.25) is not an eigenstate of a CPT symmetry operator. Thus, we
conclude that in any Lorentz invariant local quantum field theory we have to
consider the massless multiplets formed by the doublet of states with oppo-
site helicities, for example, pairing two doublets with helicities λ, λ+1/2 and
−λ,−λ − 1/2, respectively. The N = 1 massless λ = 1/2 doublet contains a
vector particle and a Majorana spinor. In the SUSY QCD this is the so-called
gauge multiplet and these one-particle states are set into correspondence with
a gluon and its superpartner, the gluino.

11.2.3 N = 2 Extended SUSY

We can proceed further by generalization of the scheme considered above to
the case of N = 2 SUSY irreducible multiplets. For the sake of simplicity, let
us consider first the algebra (11.16) without central charge, Z = 0.

In the massive case, we now have four annihilation operators aI
α, I =

1, 2, which are set into correspondence with supercharges. Hence there are
22N · (2j + 1) states in a massive irreducible multiplet. The fundamental
(j = 0) multiplet therefore contains 16 one-particle states. If the vacuum
state |Ω〉 has spin zero, these states transform as five scalars, eight spinors
and three spin-1 states.

As before, the number of states of the massless multiplet is reduced, since
we have N creation operators aI†, which generate a total of 2N states. For
the N = 2 SUSY we have four massless states

|Ω〉, (a12)
† |Ω〉, (a22)

† |Ω〉, (a12)
†(a22)

† |Ω〉 .

If the vacuum state |Ω0〉 has the helicity 0, the states of λ = 0 massless super-
multiplet have helicities 0, 1/2 and 1, respectively. To form a CPT eigenstate,
it has to be supplemented by its partner, the conjugated multiplet, which cor-
responds to the helicity −1 vacuum state |Ω−1〉. The latter multiplet includes
the states of helicity −1,−1/2, 0.

These two multiplets Ω0 and Ω−1 form the so-called N = 2 on-shell vec-
tor multiplet. In the QCD context, it is also referred to as the N = 2 gauge
multiplet, which includes a massless gluon (2 vector states) and its super-
partners, two Weyl spinors (four spin-1/2 states) and a complex scalar (two
spin-0 states). Note that N = 1 on-shell scalar multiplet and N = 1 vector
multiplet together contain the same set of fields as an N = 2 on-shell vector
multiplet.

The λ = 1/2 N = 2 multiplet, which corresponds to the vacuum state
Ω− 1

2
with helicity λ = 1/2, is CPT self-conjugated. It includes two scalars

and two fermionic states. This is the so-called massless N = 2 on-shell hyper-
multiplet, which consists of two copies of the N = 1 massless scalar multiplet.

In the presence of central charges, the situation changes. In particular,
the algebra of N = 2 SUSY (11.16) with with central charge Z possesses an
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internal global SU(2)×U(1) symmetry. This is R-symmetry, where the U(1)
subgroup is related with the unitary rotations of the operators (11.17), while
the matrix of the transformation of the SU(2) subgroup acts on the spinor
indices of the operators QI

α.
We can make use of this symmetry to diagonalize the annihila-

tion/creation operators. Indeed, in the presence of the central charges, the
algebra of supersymmetry (11.16) in the rest frame is

{QI
α, Q̄

J
β̇
} = 2mδIJσ0

αβ̇
,

{QI
α, Q

J
β} = 2εαβZ

IJ ; {Q̄α̇I , Q̄β̇J} = −2εα̇β̇Z
∗
IJ ,

(11.26)

and the generators of supersymmetry QI
α, Q̄I

α̇ cannot be treated as the cre-
ation and annihilation operators, respectively. One has to diagonalize the
matrix ZIJ to the form where its eigenvalues are real and non-negative.

Indeed, in the N = 2 theory, the antisymmetric matrix of central charges
ZIJ has the off-diagonal element Z = Z12. Then the diagonalization of the
basis is given by an appropriate unitary transformation of the generators of
supersymmetry to the linear combinations

aα =
1√
2

(
Q1

α + εαβ(Q2β)†
)
, bα =

1√
2

(
Q1

α − εαβ(Q2β)†
)
, (11.27)

and their conjugated (aα)†, (bα)†. These operators create a state of defi-
nite spin and, making use of (11.16), in the rest frame we have the anti-
commutation relations

{aα, a
†
β} = 2δαβ(m+ Z), {bα, b†β} = 2δαβ(m− Z) , (11.28)

whereas all other anti-commutators vanish.
Let us recall now that all physical states must have a positive norm.

Since the anticommutators of (11.28) are positively defined operators, for
the massless states the central charge of any SUSY irreducible representation
must be equal to zero, Z = 0. However, for the massive case, this relation
means that the mass of the states m of a given multiplet must be bounded
below by the central charge as

| Z |≤ m. (11.29)

The corresponding massive multiplets contain the same set of states as the
N = 2 multiplets without central charges.

If the boundary is saturated, m =| Z |, one set of the creation opera-
tors becomes projections onto states of zero norm, that is, we actually have
lost half of the generators of SUSY. Then the situation becomes completely
identical to the case of massless multiplets that we discussed above. In other
words, there are 4 · (2j + 1) reduced massive N = 2 SUSY multiplets, which
are referred as short multiplets.
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Let us mention in conclusion that the relation (11.29) is nothing but a
supersymmetric generalization of the Bogomol’nyi equation (5.60), which we
have already encountered in the various chapters of this book. In fact, the cen-
tral charges of the supersymmetric extension of the Georgi–Glashow model
are related with magnetic and electric charges of the configuration [523].
However, before considering such an extension, we would like to discuss how
a field theory can be constructed from the representation of supersymmetry.

11.3 Local Representations of SUSY

Armed with the results of the previous section, we are now prepared to formu-
late the supersymmetric field theory, that is, to construct a supersymmetric
Lagrangian in terms of the multiplets of fields, which form the off-shell rep-
resentations of the SUSY algebra discussed above.

There is a very elegant and straightforward way to obtain such a theory.
This is related with a generalization of the Poincaré group acting on the
space-time coordinates. The key idea of the related conception of superspace
is to define an extension of the conventional space-time by consideration of a
manifold on which the transformations of supersymmetry act. Then we may
introduce the superfields, which are defined as functions of the coordinates of
such a superspace.

11.3.1 N = 1 Superspace

Let us now consider the simple N = 1 supersymmetry. Since N = 1 super-
fields must lie in some representation of a graded Lie group, the first step is
to turn from the SUSY algebra to a Lie group by exponentiating the gener-
ators of supersymmetry. However, the action of elements of the graded Lie
group by definition must not leave the group manifold, that is a SUSY Lie
algebra must be written entirely in terms of commutators. This can be done
if we introduce two space-time independent Grassmann spinors θα, θ̄α̇ = θ∗α,
which satisfy the algebra

{θα, θβ} = {θ̄α̇, θ̄β̇} = {θα, θ̄β̇} = 0 (11.30)

and commute with all bosonic SUSY generators and anticommute with all
fermionic generators. Clearly, θα is a left-handed spinor, while θ̄α̇ is a right-
handed spinor.

The advantage of the introduction of these Grassmann variables is that
contracting them with the SUSY generators Qα, Q̄α̇, we may replace the
anticommutators of the N = 1 SUSY algebra (11.9) and (11.16) with the
commutators:

[θαQα, θ
βQβ ] = [θ̄α̇ Q̄α̇, θ̄β̇ Q̄

β̇ ] = 0 ,

[θαQα, θ̄α̇ Q̄
β̇ ] = 2θα (σµ)αβ̇ θ̄

β̇ Pµ .
(11.31)



11.3 Local Representations of SUSY 421

As mentioned above, it is convenient to use shorthand notations for the
spinor multiplication. We can write, for example, θ2 = θθ = θαθα =
−2θ1θ2 = 2θ2θ1, and similarly, θ̄2 = θ̄θ̄ = θ̄α̇θ̄

α̇ = 2θ̄1̇θ̄2̇. For the sake of
brevity, we shall employ this spinor summation convention.

In addition, there are some other useful spinor identities:

(θψ)(θχ) = −1
2
(θθ)(ψχ), (θσµθ̄)(θσν θ̄) =

1
2
gµν(θθ)(θ̄θ̄) ,

(θ̄ψ̄)(θ̄χ̄) = −1
2
(ψ̄χ̄)(θ̄θ̄), (θψ)(θ̄χ̄) =

1
2
(θσµθ̄)(ψσµχ̄) ,

(σµθ̄)α(θσν θ̄) =
1
2
gµνθα(θ̄θ̄) − i(σµνθ)α(θ̄θ̄) , (11.32)

(θ̄ψ̄)(θχ) =
1
2
(θσµθ̄)(χσµψ̄) = (θχ)(θ̄ψ̄) .

These are the basic relations for deriving well-known Fierz identities.
The advantage of such a reformulation of the SUSY algebra in terms

of only commutators (11.31) is that now the Baker–Campbell–Hausdorff
formula

eA eB = eA+B+ 1
2 [A,B]+...

can be used to define the action of SUSY Lie algebra group element:

G(x, θ, θ̄, ω) = exp(iθQ+ iθ̄Q̄+ ixµPµ) exp(−1
2
ωµνMµν) . (11.33)

Clearly, this is a unitary operator, since (θQ)† = θ̄ Q̄.
The set of coordinates (xµ, θ, θ̄) parameterize the coset space, which is

defined as N = 1 super Poincaré group mod Lorentz group. This space is ac-
tually a direct sum of four-dimensional Minkowski space and four-dimensional
space spanned by the Grassmann coordinates θ, θ̄. It is referred to as N = 1
rigid superspace, since the supersymmetry is global.

Then the Baker–Campbell–Hausdorff formula allows us to define the
transformation of these coordinates under action of the left multiplication
with a group element G(a, ξ, ξ̄′):

G(x′, θ′, θ̄′) = G(a, ξ, ξ̄)G(x, θ, θ̄) , (11.34)

which determines the translations in N = 1 rigid superspace:

xµ′ = xµ + aµ + iθσµξ̄ − iξσµθ̄ ,

θ′ = θ + ξ , (11.35)
θ̄′ = θ̄ + ξ̄ ,

where a, ξ, ξ̄ are the parameters of the transformation.
We can now define a superfield as a function on theN = 1 rigid superspace

Σ(x, θ, θ̄). According to (11.35), a SUSY transformation of a superfield is
given by the left multiplication of a generator of supertranslations:
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G(a, ξ, ξ̄) Σ(x, θ, θ̄) = Σ(x′, θ′, θ̄′) .

For the infinitesimal SUSY transformation, an expansion in Taylor series
yields an explicit linear representation of the generators of N = 1 SUSY as
differential operators acting on the superspace:

Pµ = −i∂µ ,

Qα = −i ∂
∂θα

− (σµ)αβ̇ θ̄
β̇∂µ , (11.36)

Q̄α̇ = i
∂

∂θ̄α̇
+ θβ(σµ)βα̇∂µ .

The generator Q and its Hermitian conjugated Q̄, therefore, generate both
translations in θ and translations in x as well. We can easily see that these
operators enjoy the SUSY algebra. Indeed, we can check that, for example,
{Qα, Q̄α̇} = 2i(σµ)αα̇∂µ = −2σµPµ as in (11.9).

However, using the chain rule, we can see that the usual operator of
translation i∂µ is not invariant5 with respect to the transformation (11.35).
The super-covariant fermionic derivatives are

Dα =
∂

∂θα
+ i(σµ)αβ̇ θ̄

β̇∂µ, D̄α̇ =
∂

∂θ̄α̇
+ iθβ(σµ)βα̇∂µ , (11.37)

where D̄α̇ = D†
α. These derivatives satisfy the algebra

{Dα, Dβ} = {D̄α̇, D̄β̇} = 0 ,

{Dα, D̄β̇} = 2i(σµ)αβ̇∂µ = −2(σµ)αβ̇Pµ , (11.38)

and anticommute with all generators of supersymmetry Q, Q̄.
For the sake of completeness, let us briefly recapitulate the basic relations

of the analysis on the N = 1 superspace. The derivatives in θ and θ̄ are
defined as6

∂αθ
β ≡ ∂θβ

∂θα
= δβα, ∂αθβ ≡ −εαγ∂γθ

β = −εαβ ,

∂α̇θ̄β̇ ≡ ∂θ̄α̇
∂θ̄β̇

= δα̇
β̇
, ∂α̇θ̄β̇ ≡ −εα̇γ̇∂

γ̇ θ̄β̇ = −εα̇β̇ ,
(11.39)

respectively. Other useful relations, for example, are

∂αθ
βθγ = δβαθ

γ − δγαθβ , ∂α(θβθβ) = 2θα , ∂α̇(θ̄β̇ θ̄
β̇) = −2θ̄α̇ ,

∂2θ2 ≡ ∂α∂α(θβθβ) = 4 , ∂2θ̄2 ≡ ∂α̇∂
α̇(θ̄β̇ θ̄

β̇) = −4 .
(11.40)

5 The underlying reason is that the flat N = 1 rigid superspace has non-zero
torsion.

6 To simplify our discussion, we do not make a difference between the definitions
of the left and the right derivatives.
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These derivatives anticommute and, therefore, the operation of differentiation
over the coordinates of the superspace is nilpotent:(

∂

∂θα

)2

=
(
∂

∂θ̄α̇

)2

= 0 . (11.41)

Thus, there is no inverse operation and an integration over the anticommut-
ing variables cannot be defined by analogy with conventional integration.
Furthermore, there is no notion of distance between two elements of the
Grassmann algebra. In other words, we cannot define an appropriate topol-
ogy and so it is not reasonable to speak about definite integrals, because it
is impossible to construct the corresponding integral sum.

Nevertheless, one can introduce integration axiomatically as an algebraic
operation. This is the so-called Berezin integration, which is defined from the
requirement that the Grassmannian integration must be close to the usual
one in some sense. For instance, since in quantum theory we usually deal
with integrals with infinite limits, it is natural to require that the integral we
are constructing is invariant with respect to shifts of the single integration
variable θ: ∫

dθ f(θ + ξ) =
∫
dθ f(θ) .

Since a function of one variable is linear, f(θ) = a + bθ, we immediately
obtain a formal integration rule for Grassmannian variables∫

dθ = 0 ,
∫
dθ θ = 1 , (11.42)

and ∫
dθ
∂f(θ)
∂θ

= 0 .

In other words, Berezin integration is identical to differentiation:

∂f(θ)
∂θ

=
∫
dθf(θ) .

These definitions can be easily generalized for the case of N = 1 super-
space. Clearly, ∫

dθα θβ = δαβ and
∫
dθ1dθ2θ2θ1 = 1 .

Since θθ = −2θ1θ2, we can define

d2θ = −1
4
dθαdθβ εαβ , d2θ̄ = −1

4
dθ̄α̇dθ̄β̇ ε

α̇β̇ ,

so that ∫
d2θ θθ =

∫
d2θ̄ θ̄θ̄ = 1 .

Evidently, we also have d4θ = d2θd2θ̄ and
∫
d4θ θθθ̄θ̄ = 1.
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11.3.2 N = 1 Superfields

An ordinary field is defined as a function of the space-time coordinates xµ.
Similarly, an N = 1 superfield is a function of the superspace coordinates
xµ, θ, θ̄. Hence, it is a function of anticommuting Grassmann coordinates
and, therefore, its expansion into a power series in θ, θ̄ is restricted to be
finite, because θ21 = θ22 = θ2

1̇
= θ2

2̇
= 0. Thus, a most general scalar N = 1

superfield can always be written as an expansion in components

Σ(x, θ, θ̄) = f(x) + θφ(x) + θ̄χ̄+ θθm(x) + θ̄θ̄n(x) (11.43)
+ θσµθ̄Aµ(x) + θθθ̄λ̄(x) + θ̄θ̄θψ(x) + (θ̄θ̄)(θθ)D(x) ,

where some redundant terms, for example, θ̄σ̄µθAµ, are removed by making
use of the Fierz identities (11.32).

Thus, the superfield Σ contains the complex scalar fields f(x), m(x),
n(x) and D(x), two (1

2 , 0)-spinors φ(x) and ψ(x), two (0, 1
2 )-spinors χ̄(x) and

λ̄(x) and the complex vector field Aµ(x), altogether 16 degrees of freedom,
8 bosonic and 8 fermionic. The leading component of the expansion is the
scalar filed f(x). However, to describe a physical system we do not need all
these components, because some constraint on the superfield can be imposed.
Indeed, a general superfield lies in a reducible representation of the SUSY
algebra. An irreducible off-shell representation can be selected, if we impose
a certain set of constraints that eliminates some of the components.

First consider the so-called N = 1 chiral superfield Φ, which is defined by
the covariant superspace constraint

D̄α̇Φ(x, θ, θ̄) = 0 . (11.44)

This equation can be solved in shifted bosonic coordinates yµ = xµ + iθσµθ̄.
Indeed, then D̄α̇y

µ = Dαθ̄ = 0 and the constraint (11.44) takes the form

∂

∂θ̄α̇
Φ(y, θ, θ̄) = 0 .

A general solution of (11.44), then, is an arbitrary function Φ(y, θ) of the
variables yµ and θα, but not of θ̄α̇. Thus, the expansion in θ yields the N = 1
chiral scalar superfield

Φ(y, θ) = φ(y) +
√

2θψ(y) + θθF (y) , (11.45)

where the factor
√

2 is a convention. Its components, therefore, are two com-
plex scalar fields φ(y) and F (y) and a complex left-handed Weyl spinor,
altogether 4+4 real off-shell components.

Recovering now the original coordinates of the superspace (x, θ, θ̄), we see
that the full expansion of the chiral superfield is given by
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Φ(y, θ, θ̄) = φ(x) +
√

2θψ(x) + θθF (x) + iθσµθ̄∂µφ(x)

− i√
2
θθ∂µψ(x)σµθ̄ − 1

4
(θ̄ θ̄)(θθ)∂µ∂

µφ(x) , (11.46)

where the leading component of the expansion is the usual scalar field φ(x).
Let us consider the supersymmetry variations (11.36), which are generated

by the operator
δξ = iξαQα + iξ̄α̇Q̄α̇ .

Then the chiral superfield Φ transforms as Φ→ Φ+ δξΦ. Using the definition
of the SUSY generators (11.36) and the component expansion (11.46), we
obtain the supersymmetry variations of the components

δφ =
√

2ξαψα ,

δψα =
√

2ξαF + i
√

2(σµ)αα̇ξ̄
α̇∂µφ ,

δF = −i
√

2ξ̄α̇(σ̄µ)α̇α∂µψ
α .

(11.47)

The common factor of
√

2 can be eliminated by rescaling the constant spinors,
the parameters of the transformation ξ and ξ̄.

Thus, the transformation of supersymmetry maps a scalar field into a
spinor field and vice versa.

Note that F (x) is an auxiliary field and the corresponding term in the
expansion of the chiral superfield transforms into a space-time derivative
under the transformations of supersymmetry. This field is required to close
off-shell SUSY algebra, i.e., only the whole set of the fields φ, ψ, F forms a
representation of the superalgebra.

The anti-chiral scalar superfield is defined by analogy with (11.44) by the
constraint

DαΦ
†(x, θ, θ̄) = 0 , (11.48)

which is the Hermitian conjugate of Φ. Generally speaking, chiral superfields
and anti-chiral superfields are annihilated by D̄α̇ andDα, respectively. We can
consider, for example, a spinor chiral superfield Φα which is defined similarly
to (11.44).

Clearly, any product of (anti)-chiral superfields is also an (anti)-chiral
superfield and any arbitrary function of an (anti)-chiral superfield is an (anti)-
chiral superfield. However, the Hermitian operators given by the product Φ†Φ
and the sum Φ+ Φ† are not (anti)-chiral superfields.

Let us consider now the N = 1 vector superfield, which is defined by the
covariant reality constraint:

V (x, θ, θ̄) = V †(x, θ, θ̄) . (11.49)

Taking into account the general form of the expansion (11.43), we can easily
see that this constraint restricts the vector field Aµ, as well as the scalar fields
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f(x) and D(x), to being real. Other consequences of (11.49) are χ̄ = φ∗,m =
n∗, λ̄ = ψ∗.

Thus, N = 1 vector superfield has 16 real components, which corresponds
to four real scalars, two complex Weyl spinors and one real vector field. There
are too many of them to describe a single supermultiplet. However, there is
a possibility of eliminating some degrees of freedom by making use of the
supersymmetric generalization of a gauge transformation.

To see how this works, let us note that the vector superfield may be viewed
as the reducible representation of supersymmetry, since it contains the chiral
and anti-chiral superfields. Indeed, the particular case of the vector field is
just a combination i(Φ − Φ†) of the given chiral (Φ) and anti-chiral (Φ†)
superfields. Moreover, any vector field can be decomposed as

V (x, θ, θ̄) = VWZ + i(Φ† − Φ) .

Indeed, we can define an infinitesimal U(1) gauge transformation of a
vector superfield V to be

V (x, θ, θ̄) → V (x, θ, θ̄) + i(Φ† − Φ) , (11.50)

since it gives an expected form of the infinitesimal gauge transformation of
the vector field components in (11.43): Aµ → Aµ + i∂µΛ, where the gauge
function is defined by the scalar components of the expansion (11.46): Λ =
φ(x) − φ∗(x) = 2i Imφ. Thus, we can gauge out some of the components.

In the Wess–Zumino gauge, the N = 1 vector superfield reduces to the
simple form7

VWZ(x, θ, θ̄) = θσµθ̄Aµ(x) + iθθθ̄λ̄(x)− iθ̄θ̄θλ(x) +
1
2
(θ̄θ̄)(θθ)D(x) . (11.51)

Thus, the Wess–Zumino superfield VWZ contains an Abelian massless gauge
field Aµ, that is the leading component of the expansion, its superpartner
gaugino λ and a real auxiliary field D(x).

It is clear that the vector superfield V may be considered as a super-
symmetrical generalization of the conventional vector-potential. Note that
all powers of the N = 1 Wess–Zumino superfield other than squared, are
vanishing because each term in (11.51) contains at least one θ:

V 2
WZ = θσµθ̄θσν θ̄AµAν =

1
2
(θ̄θ̄)(θθ)Aµ(x)Aµ(x) ,

V n
WZ = 0, n ≥ 3 .

(11.52)

Let us consider now the supersymmetry transformation of the vector su-
perfield V → V + δεV . We read the transformations of the component fields:

7 Note that fixing the Wess–Zumino gauge breaks supersymmetry, but still allows
the conventional gauge transformations.
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δAµ = iλ̄α̇(σ̄µ)α̇αξα ,

δλα =
1
2
(σµσ̄ν)α

β
ξβFµν + iξαD ,

δD = ξ̄α̇(σ̄µ)α̇α∂µλα + ∂µλ̄α̇(σµ)α̇αξα .

(11.53)

where Fµν = ∂µAν − ∂νAµ is the familiar Abelian field strength.
These transformations supplement the SUSY variations of the component

of the scalar superfield given by (11.47). Note that the variation of the aux-
iliary D-field, which has the highest mass dimension among the components
of the vector superfield, turns out to be a total derivative by analogy with
the variation of the auxiliary field F in (11.47). Note that the latter field is
also a component of highest dimension two in the scalar multiplet. This is
quite a general property of a supersymmetric theory, for any given multiplet
the component of highest dimension is an auxiliary field that transforms into
a space derivative.

However, the transformation of supersymmetry (11.53) does not respect
the Wess–Zumino gauge fixing decomposition. Therefore, the vector super-
field V , a generalization of the conventional Yang–Mills vector potential, is
not a proper object in superfield formalism.

In accordance with the ordinary gauge field theory, we can introduce a
counterpart of the field strength tensor, which allows us to construct ki-
netic terms for the vector field. The supersymmetric field strength is defined
as a superfield that is invariant with respect to the gauge transformations
(11.50) and contains only the components of the Wess–Zumino superfield
Aµ(x), λ(x), D(x).

Let us consider the left-handed and the right-handed spinor superfields

Wα = −1
4
D̄β̇ D̄

β̇Dα , W̄α̇ = −1
4
DαDα D̄α̇V . (11.54)

Clearly, Wα is a chiral superfield

D̄α̇Wα = −1
4
D̄α̇(D̄β̇ D̄

β̇)DαV ≡ 0 , (11.55)

since the product of three operators D̄ vanishes, whereas W̄α̇ is an anti-chiral
superfield.

Note that the definition (11.54) means that the fields Wα and W̄α̇ are
related by the additional covariant constraint

D̄α̇ W̄
α̇ = DαWα , (11.56)

which in particular means that

Im(DαWα) = 0 . (11.57)

Using the algebra of the super-covariant derivatives (11.38) and the con-
straint on the chiral superfields Φ, we can easily see that the spinor superfield
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Wα satisfies the condition of invariance with respect to the Abelian gauge
transformations (11.50). Thus, changing the variables to the shifted coordi-
nates yµ as above, we can write the component representation of this chiral
field in the Wess–Zumino gauge as

Wα = −iλα(y) + θαD(y) + i(σµνθ)αFµν(y) + θθ(σµ∂µλ̄(y))α . (11.58)

Thus, the irreducible off-shell spinor multiplet, or field strength multiplet
contains eight real components. We can see that the superspace constraint
(11.57) for a component Fµν is just the Bianci identity for the field strength
tensor.

11.3.3 Non-Abelian Multiplets

First, we shall define the supersymmetric generalization of the gauge trans-
formations. Indeed, in the non-Abelian case, the vector superfield necessar-
ily belongs to the adjoint representation of the gauge group: V = V aT a,
[T a, T b] = ifabcT

c, where (T a)bc = −ifabc are Hermitian generators of the
Lie algebra and fabc are real structure constants. It is now convenient to
normalize these generators by tr(T aT b) = δab.

Since the fields take values in the Lie algebra, the basic object is an
exponential e−V rather than V . It transforms as

e−V → e−iΛ†
e−V eiΛ , (11.59)

where Λ is a chiral superfield.
Note that in the Wess–Zumino gauge the expansion of the exponent yields

eV = 1 + V +
V 2

2
, (11.60)

since all terms of powers higher than two are vanishing. Evidently, to first
order in Λ the (11.59) reproduces the infinitesimal Abelian gauge transfor-
mation (11.50) with identification Φ = Λ.

A natural requirement for the non-Abelian field strength is that it must
be covariant with respect to this transformation. To define such an object,
we consider the transformation properties of the expression

eVDαe
−V → e−iΛ(eVDαe

−V )eiΛ + e−iΛ(Dαe
iΛ) ,

where we used the constraint DαΛ
† = 0 (see, for example, [480]). The first

term in the r.h.s. transforms covariantly, whereas the second term can be
annihilated by action of the operator D̄α̇, which commutes with Λ. Thus, the
non-Abelian generalization of the supersymmetric field strength (11.54) is
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Wα = −1
4
D̄β̇ D̄

β̇e−VDαe
V ; W̄α̇ =

1
4
DαDα e

V D̄α̇e
−V , (11.61)

which transforms as

Wα → e−iΛWαe
iΛ, W̄α̇ → e−iΛ†

W̄α̇e
iΛ†
. (11.62)

To obtain the component expansion of the non-Abelian superfield
strength, we substitute (11.60) into the definition (11.61):

Wα = −1
4
D̄β̇ D̄

β̇DαV +
1
8
D̄β̇ D̄

β̇ [V,DαV ] .

Clearly, the first term here is identical to the Abelian case, while the second
term yields

[V,DαV ] = θ̄θ̄(σνµθ)α[Aµ, Aν ] + iθθθ̄θ̄(σµ)αβ̇ [Aµ, λ̄
β̇ ] .

Then the non-Abelian superfield strength takes a form similar to (11.58):

Wα = −iλα(y) + θαD(y) + i(σµνθ)αFµν(y) + θθ(σµ∇µλ̄(y))α , (11.63)

where
Fµν = ∂µAν − ∂νAµ − i

2
[Aµ, Aν ]

can be recognized as the familiar non-Abelian field strength tensor, whereas

∇µλ̄α̇ = ∂µλ̄α̇ − i

2
[Aµ, λ̄α̇]

is the Yang–Mills covariant derivative8. Since the fields take values in the Lie
algebra with the structure constants fabc, we can write F a

µν = ∂µA
a
ν −∂νA

a
µ +

1
2fabcA

b
µA

c
ν . To restore the standard form of the non-Abelian field strength

(5.12) and covariant derivative (5.10) we can introduce the gauge coupling
constant e and rescale the vector superfield V as V → 2eV . Then all the
components Aµ, λ

α and D must be rescaled in the same way.

11.4 N = 1 SUSY Lagrangians

So far we have discussed the superfields that are defined on the superspace;
the component content of these corresponds to some representations of the
8 Recall that all the fields of the vector multiplet, including fermions, belong to

the same adjoint representation of the gauge group, that is, λ = λaT a. To avoid
possible misunderstanding let us also note that in this chapter we denote the
usual gauge covariant derivative as ∇µ, whereas the symbol Dµ is reserved for
the super-derivative. The standard notation for the auxiliary field D(x) can only
complete the mess.
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superalgebra. Since we would like to construct a supersymmetric quantum
field theory, the next step, of course, is to find the corresponding N = 1
SUSY Lagrangians for the scalar and vector superfields, respectively.

Some clue to the explicit structure of the proper Lagrange densities may
be given by the observation that the F-term in the component expansion of
an arbitrary chiral scalar superfield, and the D-term in the component ex-
pansion of an arbitrary vector superfield, are invariant with respect to the
transformations of supersymmetry (up to a total derivative). Therefore, these
terms can be considered as prototypes of the Lagrangians of the correspond-
ing superfields.

The related components can be projected out by the integration over the
Grassmann variables as:∫

d2θ Φ(x, θ, θ̄) = F (x),
∫
d2θd2θ̄ V (x, θ, θ̄) = D(x) .

We also have to take into account the conjugated component F †. Thus, we
are interested in the combination FF †, which appears as the θθθ̄θ̄-component
in the expansion of an appropriate superfield.

Let us consider the chiral scalar supermultiplets. The product of chiral
and anti-chiral scalar superfields ΦΦ† is a Hermitian real superfield that con-
tains such a component. Indeed, substitution of the expansion (11.46) and
subsequent integration over the Grassmann variables yields∫

d4xd2θd2θ̄ Φ†Φ =
∫
d4x
(
∂µφ

†∂µφ+ iψ̄σ̄µ∂
µψ + F †F

)
, (11.64)

where the total derivatives are dropped out. This is the free Lagrangian
for a massless scalar field φ(x), a massless fermion and an auxiliary non-
propagating field F (x). The latter components can be eliminated from the
Lagrangian. Indeed, such an action contains no derivatives of F and the
equation of motion sets it identically to zero. As mentioned above, auxiliary
fields are needed in supersymmetric theories to provide a manifestly covariant
formulation.

Thus, we have obtained the kinetic term of a single chiral superfield.
More generally, we may consider a model with several different superfields
Φi. Evidently, the corresponding generalization of (11.64) is

∫
d4xd2θd2θ̄ Φ†

iΦi =
∫
d4x
(
∂µφ

†
i∂

µφi + iψ̄iσ̄µ∂
µψi + F †

i Fi

)
. (11.65)

Apart from the kinetic term (11.65), a general SUSY invariant Lagrangian
of the chiral superfield also includes supersymmetric terms of non-derivative
self-interaction. Most generally they can be constructed in terms of the su-
perpotential W(Φi), which is defined as an arbitrary holomorphic function of
chiral superfields Φi.
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Clearly, the superpotential is also a chiral superfield. It can be written,
for example, as9

W(Φi) = biΦi +
1
2
mijΦiΦj +

1
3
gijkΦiΦjΦk , (11.66)

where the coefficients b,m, g are invariant symmetric tensors of the given,
say, fundamental representation, that is, the superpotential is gauge invariant
quantity. Higher powers of Φ are not taken into account, since they would
have a mass dimension greater than four, which would lead us to a non-
renormalizable theory.

Because ∫
d2θ ΦiΦj = φiFj + φjFi − ψiψj ,∫

d2θ ΦiΦjΦk = φiφjFk + φiFjφk + Fiφjφk

− ψiψjφk − ψiψkφj − ψjψkφi ,

(11.67)

the potential part of the Lagrangian is of the form [29]∫
d2θ W(Φi) +

∫
d2θ̄ W̄(Φ†

i ) = biFi +mijφiFj −
1
2
mijψiψj

+ gijkφiφjFk − gijkψiψjφk + h.c. (11.68)

Therefore, the equation of motion for the auxiliary field F , which has no
kinetic term, is simple

F †
i =

∂W
∂φi

= bi +mijφj + gijkφjφk . (11.69)

We can substitute this algebraic equation back into the action in order
to eliminate F . Then we obtain the scalar potential, which is determined in
terms of the superpotential W as

Uboson =
∑

i

∣∣∣∣∂W∂φi

∣∣∣∣2 = Tr
∣∣∣∣∂W∂φ

∣∣∣∣2 . (11.70)

If there is a single superfield Φ, we have the simplest case of a cubic
superpotential W(Φ) =

m

2
Φ2 +

g

3
Φ3. Then the scalar potential becomes

Uboson = mΦ+gΦ3 and the action of the Wess–Zumino model can be written
as∫

d4x

{
∂µφ

†∂µφ+ iψ̄σ̄µ∂
µψ −m2φφ† − m

2
(
ψ̄ ψ̄ + ψψ

)
−mg[φ†φ2 + (φ†)2φ] + g(φ†ψ̄ ψ̄ + φψψ) − g2(φφ†)2

}
.

(11.71)
9 This corresponds to the simple Wess–Zumino model.
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Thus, we can see that this model describes the Yukawa interaction between
the scalar and spinor fields.

In general, an N = 1 SUSY Lagrangian of chiral superfield can be written
as

L =
∫
d2θd2θ̄ K(Φi, Φ

†
j) +

∫
d2θ W(Φi) +

∫
d2θ̄ W̄(Φ†

i ) , (11.72)

where a general real function K(Φi, Φ
†
j) of an arbitrary number of chiral

superfields is called the Kähler potential. Clearly, this is a vector superfield.
The structure of the kinetic term in (11.72) is typical for the supersym-

metrical version of the four-dimensional N = 1 non-linear sigma-model (see,
e.g., [16]). Indeed, a bosonic sigma-model is defined by the action

S =
∫
d4x gij(φ)∂µφi∂

µφj ,

where φi are real scalar fields and the functional gij is defined as a metric of
a Riemannian manifold that is parameterized by these fields.

In the case of the model (11.72), the component expansion gives the ki-
netic term of the leading bosonic component precisely of this form with the
metric on the field space given by the Kähler potential in a similar way:

gij =
δ2K

δφi δφ∗j
. (11.73)

Thus, the chiral superfields can be thought of as coordinates on a complex
Kähler manifold (see (3.39) in Chap. 3 and the related discussion). Recall
that the condition of kählerity is very restrictive, in particular the Kähler
structure of the metric (11.73) means that it is invariant with respect to
transformations

K(Φi, Φ
†
j) → K(Φi, Φ

†
j) + Λ(Φi) + Λ†(Φ†

i ) ,

where Λ is an arbitrary holomorphic function of Φi.
The advantage of this property of the supersymmetric action is that its

monstrous structure with a frightening amount of component fields can now
be described in terms of algebraic geometry. Actually, this conception is al-
ready familiar to us, because exactly the same formalism was already used in
Chap. 6, where the dynamics of the multimonopoles was described in terms
of the metric on the moduli space Mn (see the discussion on page 89). Recall
that the condition of kählerity defines the group of holonomy of the manifold
with real dimension 2n to be U(n). This restriction, together with the con-
dition of holomorphicity of supersymmetric structures, like for example the
coupling constant and superpotential, allows us to obtain a variety of very
strong and non-trivial results.
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To complete our construction of the N = 1 SUSY Lagrangian, we have to
write the Lagrangian of the vector multiplet. Making use of the non-Abelian
superfield strength of (11.63), we can choose a gauge invariant supersymmet-
ric Lagrangian

L =
∫
d2θ Tr WαWα (11.74)

= Tr
(
−2iλα(σµ)αα̇∇µλ̄

α̇ +DαDα − 1
2
FµνFµν +

i

2
FµνF̃µν

)
.

Let us now rescale the vector superfield, as mentioned at the end of the
previous section to recover the usual form of the gauge covariant derivative
and the gauge field strength: V → 2eV . Then the factor 4e2 appears in the
Lagrangian WαWα → 4e2WαWα. It can be eliminated by the redefinition
L→ L/4e2. From now on we adopt the rescaled notations.

Evidently, we can get rid of the FF̃ -term if we consider another, slightly
more symmetric definition10

L =
1

4e2
Tr
(∫

d2θ WαWα +
∫
d2θ̄ W̄α̇W̄

α̇

)
, (11.75)

which in the Abelian case corresponds to the well-known Maxwell electrody-
namics:

LN=1
Maxwell = − 1

4e2
FµνFµν +

i

2e2
λ̄σµ←→∂ µλ+

1
2e2
D2 .

However, in the non-Abelian theory the subject of interest is rather the Yang–
Mills Lagrangian of the form (11.74), because it can be related with the θ-term
(5.104).

Indeed, so far we have paid little attention on the gauge coupling. In
supersymmetric theory we shall use the same complex coupling τ (3.17) that
was introduced in Chap. 2 and was used to represent the whole Lagrangian
of the Georgi–Glashow model in the form (5.111):

τ =
θ

2π
+

4πi
e2
. (11.76)

Thus, by complete analogy with (5.111), the N = 1 SUSY Yang–Mills La-
grangian can be written as

LN=1
Y M =

1
32π

Im
(
τ Tr

∫
d2θ WαWα

)
(11.77)

10 Another possible Hermitian combination is of the form

i

4e2
Tr

(∫
d2θW αWα −

∫
d2θ̄W̄α̇W̄ α̇

)
.

It contains the FF̃ -term, but breaks the parity explicitly and has to be excluded.
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= Tr
(
−1

4
FµνFµν +

θe2

32π2
FµνF̃µν +

1
2
D2 − iλσµ∇µλ̄

)
.

This is one of the miracles of the supersymmetry: a single termWαWα in the
supersymmetric Lagrangian generates both the gauge kinetic term, which is
normalized on the gauge coupling constant, and the topological term, which
multiplies the θ-angle.

The last step in the procedure of the construction of N = 1 SUSY is
to define the term of interaction between the chiral scalar superfield Φ =
Φa(ta)ij and the vector field V . Clearly, this has to be done in a gauge-
invariant way. However, the kinetic term of the Wess–Zumino Lagrangian of
the free scalar superfield (11.64) is not invariant with respect to the local
gauge transformations

Φ→ e−iΛΦ, Φ† → Φ†eiΛ
†
, (11.78)

where Λ = Λa(T a)ij . It is easy to see that this transforms as

Φ†Φ→ Φ†Φ ei(Λ
†−Λ) .

However, taking into account the transformation properties of e−2V

(11.59), we can check that the combination Φ†e−V Φ is gauge invariant. Thus,
we can write the kinetic term of the Lagrangian of scalar superfield as∫

d2θd2θ̄ Φ†e−V Φ =
∫
d2θd2θ̄(Φ†Φ− Φ†V Φ+

1
2
Φ†V 2Φ)

= (∇µφ)†(∇µφ) − iψ̄σ̄µ∇µψ + F †F (11.79)

+
1
2
φ†Dataφ− i√

2
φ†taλaψ +

i√
2
ψ̄taφλ̄a ,

where the covariant derivative is ∇µφ = ∂µφ +
i

2
Aa

µt
aφ, the total space

derivative terms are dropped out and we make use of the shorthand notations
for the coupling terms, e.g., φ†taλaψ = φb†(ta)bcλ

aψc, etc.
Note that we have not yet rescaled the vector superfield as V → 2eV . It

is necessary to do such a scaling if we would like to treat the Lagrangians of
the scalar chiral superfield Φ and the vector superfield V on the same footing.
Then the Lagrangian (11.79) takes the form∫

d2θd2θ̄ Φ†e−V Φ→
∫
d2θd2θ̄ Φ†e−2eV Φ = (∇µφ)†(∇µφ) − iψ̄σ̄µ∇µψ

+ F †F + eφ†Dataφ− ie
√

2φ†taλaψ + ie
√

2ψ̄taφλ̄a ,

(11.80)

where the covariant derivative is now redefined as ∇µφ = ∂φ+ ieAa
µt

aφ.
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Collecting together all the terms (11.68) and (11.74) and (11.79), we fi-
nally arrive at the whole N = 1 SUSY Lagrangian that describes the super-
Yang–Mills field minimally coupled to a chiral field Φ:

LN=1 =
1

32π
Im
(
τ tr

∫
d2θ WαWα +

∫
d2θd2θ̄ Φ†e−V Φ

+
∫
d2θ W(Φ) +

∫
d2θ̄ W̄(Φ†)

)
.

It should be noted that the N = 1 superfields V and Φ in this expression
belong to different supermultiplets and transform separately. Moreover, they
are taken in different representations of the gauge group whose generators
are the matrices T a and ta, respectively. We shall refer to the scalar super-
multiplet as the matter multiplet of the N = 1 gauge theory. Usually such a
field transforms in the fundamental representation of the gauge group.

In component notation, the rescaled supersymmetrical and gauge invari-
ant N = 1 Lagrangian can be written as

LN=1 = tr
(
−1

4
FµνFµν +

θe2

32π2
FµνF̃µν +

1
2
D2 − iλσµ∇µλ̄

)
+ (∇µφ)†(∇µφ) − iψ̄σ̄µ∇µψ + F †

kFk + eφ†Dataφ

− ie
√

2φ†taλaψ + ie
√

2ψ̄taφλ̄a +
∂W
∂φk

Fk +
∂W̄
∂φ†k

F †
k

− 1
2
∂2W
∂φi∂φj

ψiψj −
1
2
∂2W̄
∂φ†i∂φ

†
j

ψ̄iψ̄j . (11.81)

Note that the gauge kinetic part of this Lagrangian contains the term
φ†Dφ, which describes coupling of the D-field with the scalar field. Thus, we
can eliminate the auxiliary field D by solving the corresponding algebraical
equation. This gives

Da = −eφtaφ† , (11.82)

and there is a contribution to the effective potential of the scalar field other
than (11.70). If the superpotential is set to be vanishing, the scalar potential,
which appears in the action instead of the auxiliary non-propagating fields,
becomes

U [φ] = F †
kFk +

1
2
D2 =

∑
k

∣∣∣∣∂W∂φk

∣∣∣∣2 +
e2

2

∣∣φ†taφ∣∣2 . (11.83)

With all this information about the structure of the supersymmetric the-
ories, we can examine the classical spectrum of the topologically non-trivial
configurations that are present there.



12 Magnetic Monopoles in the N = 2
Supersymmetric Yang–Mills Theory

So far, we have described the N = 1 scalar and vector multiplets that contain
particles of spin (0, 1/2) and spin (1/2, 1), respectively. This particle content
may be employed to extend our consideration to the supersymmetrical gen-
eralization of the SU(2) Yang–Mills–Higgs theory coupled with spinor fields
in d = 4.

Actually, this model can be considered as a supersymmetric cousin of the
Georgi–Glashow theory. The elegant and beautiful structure of the N = 2
SUSY Yang–Mills theory has very little difference from the conventional
model, but there is the miracle of supersymmetry, which makes the model
exactly solvable. The hope of theoreticians is that there be some properties
of the SUSY Yang–Mills theory that in the non-perturbative regime can shed
a new light on the problem of QCD confinement. Therefore, it looks very in-
teresting that the monopole-like configuration plays a crucial role in the low-
energy supersymmetric dynamics. Moreover, the Montonen–Olive conjecture
of duality becomes an exact property of such a theory, where the gauge and
the monopole sectors are related to each other by some transformation of
duality. However, before we briefly describe the low-energy non-perturbative
dynamics of the N = 2 SUSY gauge theory, we have to consider the Lagran-
gian structure of this theory on the classical level.

12.1 N = 2 Supersymmetric Lagrangian

First, let us recall that there are two N = 1 on-shell multiplets, the scalar
multiplet (spins 0 and 1/2) and the vector multiplet (spins 1/2 and 1). The
corresponding fields, which appear in the N = 1 SUSY Yang–Mills Lagran-
gian (11.81), are the chiral scalar superfield Φ and the real vector superfield
V , respectively.

Let us note that these two N = 1 multiplets together contain the same
set of fields as N = 2 massless vector multiplet. However, the Lagrangian
(11.81) is not yet N = 2 supersymmetric, although the extended symmetry
can be restored.

A first step toward this higher supersymmetry is to take all the component
fields that appear in the Lagrangian (11.81), both the N = 1 vector and the
scalar multiplets, in the same adjoint representation of the gauge group. Then,



438 12 Magnetic Monopoles in the N = 2 Supersymmetric Yang–Mills Theory

these fields can be considered as the components of the single N = 2 vector
supermultiplet, which necessarily lies in the adjoint representation. Thus, we
set

(T a)bc = (ta)bc = −ifabc ,

where fabc are the group structure constants. Then the Yukawa coupling
terms in the Lagrangian (11.79) can be represented as

φ†taλaψ = −iφb†fabcλ
aψc

= φb†λaψc tr T b[T a, T c] = tr (φ†{λ, ψ}) ,
(12.1)

etc.
Second, the invariance of the theory with respect to the transformations of

N = 2 supersymmetry means that both generators of the SUSY algebra enter
the model equally. In other words, there is a rotational SU(2)R symmetry of
the Lagrangian that relates the supercharges Q1

α and Q2
α. However, the same

symmetry transformation relates the spinor components of the N = 1 scalar
and the N = 1 vector multiplets, λ and ψ, respectively. On the other hand,
the superpotential W that appears in (11.81) is only coupled with ψ. Hence
extended N = 2 supersymmetry of the model is possible, if the superpotential
is vanishing, thus we have to set W = 0.

Finally, the kinetic energy terms of bothN = 1 components must have the
same normalization. We encountered this condition already, when we rescaled
the vector superfield1 as V → 2eV . Then there is no difference between
the normalization of the Yang–Mills component and the scalar part of the
Lagrangian (11.81), and the complete N = 2 SUSY Yang–Mills Lagrangian
can be written as

LN=2 =
1

32π
Im
[
τ tr

(∫
d2θ WαWα + 2

∫
d2θd2θ̄Φ†e−2eV Φ

)]

= tr
(
−1

4
FµνFµν +

θe2

32π2
FµνF̃µν + (∇µφ)†(∇µφ) −

e2

2
[φ†, φ]2

− iλσµ∇µλ̄− iψ̄σ̄µ∇µψ − ie
√

2φ†{λ, ψ} + ie
√

2{ψ̄, λ̄}φ
)
,

(12.2)

where the trace is taken in the adjoint representation of the gauge group
SU(2). In this expression, the auxiliary fields have been eliminated by solving
the corresponding algebraic equations of motion. Recall that this procedure

yields the scalar self-coupling term U =
e2

2
[φ†, φ]2. The structure of the

1 An alternative would be an overall factor 1/e2 multiplying the Lagrangian of the
gauge fields and the consequent rescaling of the scalar superfield as Φ → Φ/e.
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Lagrangian (12.2) is highly balanced by the condition of SU(2)R symmetry,
which guarantees it to be N = 2 supersymmetric.

It looks natural now to extend the definition of N = 1 rigid superspace
above to N = 2 superspace by adding four Grassmannian degrees of freedom
θ̃α, ¯̃θα̇ to the N = 1 anticommuting spinor coordinates θα, θ̄α̇. The global
SU(2)R symmetry of the model is related with chiral rotations of these dou-
blets by opposite phases.

A generic N = 2 superfield is defined as a function on the N = 2 rigid
superspace F (x, θ, θ̄, θ̃, ¯̃θ). We are interested in a particular N = 2 superfield
for which the component expansion in Grassmannian coordinates reproduces
the content of the N = 2 vector multiplet. By analogy with the definition
of the N = 1 chiral superfield Φ (11.44), there is a set of constraints that
allows us to project these components out. Thus, the N = 2 chiral superfield
Ψ is defined as a singlet with respect to the SU(2)R rotations that satisfy
the covariant constraints

D̄α̇Ψ(x, θ, θ̄, θ̃, ¯̃θ) = 0, ¯̃Dα̇Ψ(x, θ, θ̄, θ̃, ¯̃θ) = 0 , (12.3)

where the superderivative D̃α is defined by analogy with Dα up to a replace-
ment θ → θ̃. Then, introducing the shifted bosonic coordinates by

ỹµ = yµ + iθ̃σµ ¯̃
θ = xµ + iθσµθ̄ + iθ̃σµ ¯̃

θ ,

we can easily see that a general solution of the constraints (12.3) is an ar-
bitrary function of variable ỹµ and Grassmann coordinates θ, θ̃. Then the
expansion of Ψ in powers of θ̃ yields (cf. (11.45)):

Ψ = Φ(ỹ, θ) +
√

2 θ̃ W (ỹ, θ) + θ̃θ̃ G(ỹ, θ) .

This expansion relates the components of the N = 2 chiral superfield to the
N = 1 chiral superfields.

Clearly, the component Φ(ỹ, θ) corresponds to the scalar superfield
(11.45), while dimensional arguments allows us to identify the component
W (ỹ, θ) with the N = 1 chiral spinor superfield (11.54). When this expan-
sion is substituted into the constraints (12.3), it leads to the identification
of the third component as a gauge-covariant chiral function of the coupled
N = 1 scalar and vector superfields (see, e.g., [357]):

G(ỹ, θ) =
∫
d2θ̄ Φ†(ỹ − iθσµθ̄, θ, θ̄)e−2eV (ỹ−iθσµθ̄,θ,θ̄) .

We have seen already that the N = 2 chiral superfield Ψ has the same
field content as the off-shell vector multiplet: φ,Aµ and global SU(2) spinor
doublet ψ, λ. All these fields are presented in the N = 2 SUSY Yang–Mills
Lagrangian (12.2), which becomes extremely compact when written in terms
of the superfield Ψ :
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LN=2 =
1

16π
Im tr

∫
d2θd2θ̃

1
2
τΨ2 . (12.4)

More generally, we can write the Lagrangian of the N = 2 superfield,
which satisfies the covariant constraints (12.3), as

LN=2 =
1

16π
Im
∫
d2θd2θ̃ trF(Ψ) , (12.5)

where the holomorphic function F(Ψ) is called the N = 2 prepotential. Actu-
ally, (12.4) is the only possible form of the classical prepotential that is fixed
by the condition of the renormalizability.

In terms of the component fields in N = 1 superspace, the Lagrangian
(12.5) can be represented as follows

LN=2 =
1

32π
Im
(∫

d2θFab(Φ)W aαW b
α + 2

∫
d2θd2θ̄ (Φ†e2eV )aFa(Φ)

)
,

(12.6)
where Fa(Φ) ≡ ∂F/∂Φa, Fab(Φ) ≡ ∂2F/∂Φa∂Φb and a, b are global SU(2)
gauge indices. Comparing this Lagrangian with its general N = 1 counterpart
(11.72), we conclude that the non-holomorphic Kähler potential of the N = 2
SUSY Yang–Mills model becomes

K = Im [(Φ†e2eV )aFa(Φ)] , (12.7)

and the Kähler metric on the space of fields is given by gab = Im ∂a∂bF(Φ).
Let us note that the general structure of the action (12.5) can be consid-

ered as an effective macroscopic theory that is valid in the low-energy regime.
Then we may forget about the restriction of renormalizability and analyze
this effective model more closely. Evidently, the structure of the action (12.5)
precisely corresponds to the supersymmetric non-linear sigma model whose
Kähler potential is written in terms of a derivative of a holomorphic function.
The complex scalar fields φa are treated as the local complex coordinates on
a target space, a special Kähler manifold.

Having found the complete N = 2 Lagrangian (12.2), we can proceed
further by finding an explicit form of the supersymmetrical variations of
the component fields of the N = 2 chiral superfield Ψ → Ψ + δξΨ . These
variations are similar to the infinitesimal transformations of the component
N = 1 fields given by (11.47) and (11.53), up to a replacement of the usual
derivative by the covariant derivative. A rather involved calculation yields
the related N = 2 supercurrent which corresponds to these transformations
(for more details see, e.g., [73]):

Sµ
(1) = − i

2
(
λ̄aσ̄µσρνξ + ξ̄σ̄ρσσ̄µλa

)
F a

ρσ −
(
ξ̄σ̄µλa + λ̄aσ̄µξ

)
φ†T aφ

+
√

2ξσν σ̄µψa∇νφ
a† +

√
2ψ̄aσ̄µσν ξ̄∇νφ

a .

(12.8)
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There is another N = 2 supercurrent that can be easily written, if we take
into account the invariance of the model with respect to the Weyl reflection
considered above. This discrete transformation is an element of the SU(2)R

symmetry that acts on the spinor components as λ → ψ and ψ → −λ. It is
now straightforward to obtain the second supercurrent by a simple replace-
ment:

Sµ
(2) = − i

2
(
ψ̄aσ̄µσρνζ + ζ̄σ̄ρσσ̄µψa

)
F a

ρσ −
(
ζ̄σ̄µψa + ψ̄aσ̄µζ

)
φ†T aφ

−
√

2ζσν σ̄µλa∇νφ
a† −

√
2λ̄aσ̄µσν ζ̄∇νφ

a ,

(12.9)

where ξ, ζ are the parameters of two sets of the N = 2 SUSY transformations.

12.1.1 Praise of Beauty of N = 2 SUSY Yang–Mills

Actually, there is nothing strange in the model with the action (12.2), whose
field content is already familiar to us. Indeed, let us compose the two-
component Weyl spinors λ and ψ that appear in the Lagrangian (12.2), into
the Dirac bispinor

χ =
(
ψα

−iλ̄α̇

)
, χ̄ = (iλα, ψ̄α̇) ,

and recall that the four-dimensional γ-matrices are defined as γµ ≡
(

0 σµ

σ̄µ 0

)
.

In this representation, γ5 = iγ0γ1γ2γ3 =
(
−1 0
0 1

)
. Then the N = 2 SUSY

Yang–Mills Lagrangian (12.2) can be represented as

LN=2 = −1
4
Fµν

a F a
µν +

θe2

32π2
Fµν

a F̃ a
µν + (∇µφ

a)†(∇µφa) − e
2

2
(φ†T aφ)2

− iχ̄aγµ(∇µχ)a −
√

2e
[
φ(χ̄aT a)

1 + γ5
2

χ+ φ†(χ̄aT a)
1 − γ5

2
χ

]
.

Furthermore, the complex scalar field can be replaced by two real fields

φa =
1√
2
(φa

1 + iφa
2) . (12.10)

Hence, the Lagrangian (12.11) is takes the form

LN=2 = −1
4
Fµν

a F a
µν +

θe2

32π2
Fµν

a F̃ a
µν +

1
2
(∇µφ

a
1)2 (12.11)

+
1
2
(∇µφ

a
2)2 − e

2

2
[φa

1 , φ
b
2]

2 − iχ̄γµ∇µχ− eφ1χ̄χ− ieγ5φ2χ̄χ .

Thus, this is a Lagrangian of the system of interacting bosonic and
fermionic fields that is very similar to the Georgi–Glashow model coupled
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with fermions. The condition of supersymmetry only imposes the restriction
on the masses of the particles of the same multiplet and requires the cou-
pling constant of the vector and scalar multiplets to be unique. So, there
is nothing strange in the model (12.11) and, as noted in short review [215],
what really looks unusual there, is the perfection and the universality of such
a model, which actually incorporates almost all non-trivial elements of the
modern quantum field theory and, therefore, deserves to be used as a “Model
to Teach Quantum Gauge Theory”. The properties of this very remarkable
theory include the following.

• It describes non-Abelian gauge fields coupled with the matter fields.
• It includes scalar and pseudoscalar fields with minimal Yukawa couplings

to the fermions.
• It is renormalizable.
• It is asymptotically free.
• The Higgs mechanism is used to generate the masses of the particles softly.
• The non-perturbative sector of the model contains both monopoles and

instantons.
• There is a chiral symmetry between scalar and pseudoscalar fields of the

classical Lagrangian. The global symmetries of the classical N = 2 SUSY
Yang–Mills Lagrangian include the SU(2)R-symmetry, which arises from
the automorphism of the algebra of supersymmetry and an additional
U(1)R symmetry

θ → eiαθ; θ̃ → eiαθ̃; Ψ → e2iαΨ . (12.12)

Quantum anomaly breaks the latter symmetry to the discrete subgroup
Z4. The discussion in the next chapter will clarify this.

• The corresponding algebra of SUSY contains the central charges.
• The action of the model is scale-invariant but there is a quantum anomaly

in the trace of the energy-momentum tensor.
• The model provides a realization of the Montonen–Olive conjecture of

duality.
• The model arises from the string theory in the point-particle limit.

Let us choose SU(2) as the gauge group of the model. It makes it even
closer to the Georgi–Glashow model. The differences now are in the structure
of the scalar potential U [φ], which takes the form (11.83), and that all the
fields, including the fermions, take values in the adjoint representation of
the gauge group. However, unlike the genuine Georgi–Glashow model (5.7),
we are now dealing with the complex scalar field φa (12.10) and the main
difference is that the potential of the scalar field

U =
e2

2
(fabcφ

b†φc)2

does not fix the Higgs vacuum uniquely . Indeed, this potential vanishes if φ
and φ† commute with each other.
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For a given choice of the SU(2) gauge group, this condition is satisfied if
these fields take values in the Abelian subgroup of SU(2):

φ0 = vT 3 = v
σ3

2
, (12.13)

where v is now an arbitrary complex number. More generally, for a model
with the gauge group G, the Higgs vacuum is defined by the relation

[φ0, φ
†
0] = εabcφ

b†φc = 0 ,

which means that φ0 lies in the diagonal Cartan subalgebra #H =
(H1,H2 . . . HN−1) of G.

Let us note that we already considered a similar definition of the Higgs
vacuum when we discussed the properties of the SU(N) monopoles (cf. (8.6)
and the following discussion on page 278). Thus, the Higgs vacuum breaks
the gauge group to H and there is a set of gauge inequivalent classical vacua
of the N = 2 SUSY Yang–Mills theory. However, the N = 2 SUSY is still in
force and it remains a symmetry of these vacua.

The very important point is that each of these vacua corresponds to a
different physical situation. Indeed, we know, for example, that the vacuum
value of the scalar field generates the masses of particles via the Higgs mech-
anism and the physical observables are, therefore, directly related with φ0.
Thus, unlike the simple Georgi–Glashow model, there is a space of different
vacuum values of the scalar field of dimension equal to the rank r of the
gauge group G. We shall discuss this subject below, within the framework
of the full quantum theory, where the moduli space is parameterized by the
vacuum expectation values of the Higgs field < φ >. In the context of this
chapter, our primary subject is the spectrum of the monopole solutions of
the classical N = 2 SUSY Yang–Mills theory.

12.2 N = 2 Supersymmetric SU(2)
Magnetic Monopoles

12.2.1 Construction of N = 2 Supersymmetric SU(2) Monopoles

Let us show now that there are monopole solutions of the model with the ac-
tion (12.2). As before, in the case of the ’t Hooft–Polyakov monopole solution
of the Georgi–Glashow model, we can consider the static, time-independent
configurations first, and ignore the topological θ-term for a while.

Recall that the difference of the bosonic sector of the supersymmetric ac-
tion (12.2) from the Georgi–Glashow model is that there are two real scalar
fields, φ1 and φ2, which correspond to the scalar and pseudoscalar coupling
to the Dirac fermions. For the sake of simplicity, let us suppose that asymp-
totically the complex scalar field lies on the unit sphere, that is, |φ| = 1 as
r → ∞.
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Then, by analogy with expression (5.57), the bosonic Hamiltonian of the
static SU(2) super Yang–Mills theory can be written in the form

E =
1

2

∫
d3x

{
(Ea

n)2 + (Ba
n)2 + (∇nφa

1)2 + (∇nφa
2)2 + e2(εabcφ

b
1φ

c
2)

2

}

=
1

2

∫
d3x

{
[Ea

n−∇nφa
1 sin δ−∇nφa

2 cos δ]2 + [Ba
n−∇nφa

1 cos δ+∇nφa
2 sin δ]2

}

+ 2

∫
d3x

{
Ea

n(∇nφa
1 sin δ + ∇nφa

2 cos δ) + Ba
n(∇nφa

1 cos δ −∇nφa
2 sin δ)

}

+
e2

2

∫
d3x (εabcφ

b
1φ

c
2)

2 ,

where δ is an arbitrary parameter and, according to our convention from the
previous chapter, the symbol ∇n denotes a covariant derivative.

Thus, if the scalar potential is vanishing, the lower energy bound is given
by the system of equations

Ea
n = ∇nφ

a
1 sin δ + ∇nφ

a
2 cos δ ≡ ∇nφ̃

a
1 ,

Ba
n = ∇nφ

a
1 cos δ −∇nφ

a
2 sin δ ≡ ∇nφ̃

a
2 , (12.14)

where we define the linear combinations of the scalar fields

φ̃a
1 = φa

1 sin δ + φa
2 cos δ, φ̃a

2 = φa
1 cos δ − φa

2 sin δ , (12.15)

which appear in this supersymmetric counterpart of the BPS equations (5.58).
On the other hand, a proper parameterization of the vacuum manifold of the
model is still given in terms of the asymptotic values of the fields φi, rather
than the rotated fields φ̃i, because they are invariant with respect to the
transformations of the modular group SL(2,Z).

A particular representation of these two scalar fields as

φa
1 = φa cos δ, φa

2 = −φa sin δ ,

immediately yields the BPS equations (5.58) for the field φ̃1 = 0, φ̃2 = φ, up
to an obvious identification of the free angular parameters. Thus, the general
static spherically symmetric monopole solution in the bosonic sector may be
obtained as a generalization of the BPS solution:

φa
1 =

ra

er2
H(r) cos δ, φa

2 = − r
a

er2
H(r) sin δ ,

Aa
n = εamn

rm

er2
(1 −K(r)) , (12.16)

where the structure functions are the well-known analytical solutions (5.63),
which are expressed via the dimensionless parameter ξ = er:
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K =
ξ

sinh ξ
, H = ξ coth ξ − 1 . (12.17)

Asymptotic behavior of the complex Higgs field is now

φa → e−iδ r̂a
(

1 − 1
er

)
as ξ → ∞ . (12.18)

Let us note that the real components, φ1 and φ2, may have different behavior
while they are approaching this regime.

It is natural to define two-component electric and magnetic charges as
[224,232,233]:

qi =
∫
d3x ∂n (Ea

nφ
a
i ) , gi =

∫
d3x ∂n (Ba

nφ
a
i ) . (12.19)

Then the bound on the mass of N = 2 supersymmetric monopoles becomes

M ≥ [(g1 + q2) cos δ + (q1 − g2) sin δ] , (12.20)

which implies that the Bogomol’nyi bound is saturated if

tan δ =
q1 − g2
g1 + q2

, (12.21)

and then Ea
n = ∇nφ̃

a
1 , Ba

n = ∇nφ̃
a
2 .

So far, we brutally set φ̃1 to be identically zero and make use of the
straightforward analogy with construction of the BPS monopoles in the pre-
vious chapter. However, one can construct a wider class of monopoles by
relaxing this restriction. Indeed, the Gauss law (5.75) for such a static field
configuration with a two-component scalar field takes the form

∇nEn − ie[φ̃1,∇0φ̃1] − ie[φ̃2,∇0φ̃2] = 0 .

Let us now impose a gauge A0 = φ̃1. Then the Gauss law becomes a covariant
Laplace equation for the field φ̃1:

∇2φ̃1 − e2[φ̃2, [φ̃1, φ̃2]] = 0 , (12.22)

which is referred to as the “secondary BPS equation” [232, 233, 353, 501].
Certainly, this equation becomes even more restrictive if we only consider the
configurations that satisfy [φ̃2, φ̃1] = 0.

The “primary BPS equation” is obviously Bn = ∇nφ̃2. For a given so-
lution of this equation, the secondary BPS equation describes a large gauge
transformation of the fields of the BPS monopole Ak, φ̃2 [353]. Thus, the
solution of the secondary BPS equation yields the gauge zero modes about
the original monopole configuration. This zero mode exists for each solution
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of the primary BPS equation. We already know that these gauge transfor-
mations generate an electric charge of the configuration that transforms a
monopole into a dyon.

Taking into account the Bianchi identity for the magnetic field and the
equation of motion for the electric field, we can now recover the lower bound
on the mass of dyon by analogy with our evaluation of the BPS mass bound
(5.60) in Chap. 5 [224,353]:

M ≥| (q1 − g2) + i(g1 + q2) | . (12.23)

So far, we are discussing the model with the gauge group SU(2). In this
case, the vanishing of the scalar potential, [φ1, φ2]2 = 0, means that both φ1

and φ2 belong to the unique Cartan subgroup of the gauge group. In other
words, φ1 must be proportional to φ2 and, therefore, the components of the
electric and magnetic charge vectors are also proportional to each other.
Thus, g1q2 = g2q1 and the bound (5.60) is recovered from (12.23):

M ≥
∑

i=1,2

√
q2i + g2i .

However, the principal difference from the Georgi–Glashow model is that
now the BPS bound is directly related with the algebra of supersymmetry.
Moreover, the electric and the magnetic charges (12.19) are the real and the
imaginary components of the N = 2 central charge Z, respectively [523].

12.3 Central Charges in the N = 2 SUSY Yang–Mills

We have mentioned already that the N = 2 SUSY algebra (11.16) includes a
complex central charge Z. Let us now construct this charge explicitly.

Note that the generators of N = 2 supersymmetry Q1
α,Q2

α by definition
are the charges of the spinor components of the supercurrents (12.8) and
(12.9), respectively. Indeed, expanding these currents in the parameter of the
infinitesimal SUSY transformation ξ, we can write

Sµ = Sα
µ ξα + S̄µα̇ξ̄

α̇ ,

and then

S(1)
µ α

= −(σν)αα̇λ̄
aα̇(iF a

µν + F̃ a
µν) +

√
2(σν σ̄µψ

a)α∇νφa† + (σµ)αα̇λ̄
aα̇φ†T aφ,

S(2)
µ α

= −(σν)αα̇ψ̄
aα̇(iF a

µν + F̃ a
µν) −

√
2(σν σ̄µλ

a)α∇νφa† + (σµ)αα̇ψ̄
aα̇φ†T aφ.

(12.24)

Here we make use of the property εσµψ̄ = −ψ̄σ̄µε and the following identities
involving the Pauli matrices
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σµσ̄νσρ = gµνσρ − gµρσν + gνρσµ + iεµνρωσ
ω ,

σ̄µσν σ̄ρ = gµν σ̄ρ − gµρσ̄ν + gνρσ̄µ − iεµνρωσ̄
ω .

(12.25)

Recall that we use the metric gµν = (−1, 1, 1, 1).
Therefore, the anticommutator (11.16), which yields the central charge,

can be written as the equal-time anticommutator of the volume integrals over
the temporal components of these currents:

{Q1
α, Q

2
β} =

{∫
d3x S

(1)
0α (x),

∫
d3x′ S(2)

0β (x′)
}

= 2εαβZ . (12.26)

Olive and Witten noticed [523] that this commutator non-vanishes due to the
boundary terms, which are just the electric and the magnetic charges of the
configuration. Indeed, let us note that λ̄α̇ = λ†α and

λ̄α̇ = εα̇β̇λ̄β̇ = i(σ2λ
†)α̇ .

It is clear that the temporal components of the supercurrents (12.24) are

S
(1)
0α = −i(σkσ2λ

a†)α(iF a
0k + F̃ a

0k) +
√

2(σkψ
a)α∇kφ

a† + i(σ2λ
a†)αφ

†T aφ ,

S
(2)
0α = −i(σkσ2ψ

a†)α(iF a
0k + F̃ a

0k) −
√

2(σkλ
a)α∇kφ

a† + i(σ2ψ
a†)αφ

†T aφ .

To evaluate the central charge Z, we substitute these expressions into anti-
commutator (12.26) and make use of the anticommutation relations for the
fields ψ and λ. The relevant terms in (12.26) are

{Q1
α, Q

2
β} = i

√
2
∫
d3x
[
(σiσ2σ

T
j )αβ − (σiσ2σ

T
j )βα

]
(iF a

0k + F̃ a
0k)∇kφ

a† .

(12.27)
Next, making use of the algebra of the Pauli matrices

(σiσ2σ
T
j )αβ =

(
σ2(−δij + iεijkσT

k )
)
αβ
,

we obtain

{Q1
α, Q

2
β} = −2i

√
2
∫
d3x (σ2)αβδij (iF a

0k + F̃ a
0k)∇kφ

a†

= −2
√

2εαβ

∫
d3x (iF a

0k + F̃ a
0k)∇kφ

a† . (12.28)

By complete analogy with our previous discussion of the definition of the
electric and magnetic charges (5.53) and (5.46) in Chap. 5, the volume inte-
grals here can be written as the integrals over the surface of the sphere S2

on the spatial infinity:∫
d3x F a

0k∇kφ
a† =

∫
d2SkE

a
kφ

a† =
∫
d3x ∂k(Ea

kφ
a†) ,∫

d3x F̃ a
0k∇kφ

a† =
∫
d2SkB

a
kφ

a† =
∫
d3x ∂k(Ba

kφ
a†) .

(12.29)
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Hence, the anticommutator (12.26) is of the form

{Q1
α, Q

2
β} = −2

√
2εαβ

∫
d3x ∂k(iEa

k +Ba
k)φa† = 2εαβZ . (12.30)

By the same token, we find that

{Q̄1
α̇, Q̄

2
β̇
} = −2

√
2εα̇β̇

∫
d3x ∂k(−iEa

k +Ba
k)φa = 2εα̇β̇Z

∗ . (12.31)

Here we make use of the definition of the complex central charge Z given by
(11.16). Thus the central charge satisfies

Z =
√

2
∫
d3x ∂k(iEa

k +Ba
k)φa† . (12.32)

The final step is to recall that the electric and the magnetic charges are
given by (12.19), where the complex scalar field is decomposed into two real

components as φa =
1√
2
(φa

1+iφa
2). Therefore, the central charge of the N = 2

SUSY Yang-Mills theory is simply [523]

Z =
∫
d3x ∂k(Ea

kφ
a
2 +Ba

kφ
a
1) + i

∫
d3x ∂k(Ea

kφ
a
1 −Ba

kφ
a
2)

= [(q1 − g2) + i(g1 + q2)] .
(12.33)

Thus, the algebra of supersymmetry (11.16), which includes the central
charge, according to (11.29) yields a mass bound

|Z| = |(q1 − g2) + i(g1 + q2)| ≤M , (12.34)

which is precisely the BPS bound (12.23). Thus, in the N = 2 SUSY Yang–
Mills theory the magnetic and the electric charges of the bosonic monopole
configuration appear in the explicit form of the central charge of the N = 2
supersymmetry algebra and the Bogomol’nyi bound is a direct consequence
of the extended supersymmetry. There is a difference from its classical coun-
terpart (5.60), because if the N = 2 supersymmetry is not broken by the
one-loop quantum corrections, the Bogomol’nyi bound (12.34) is not modi-
fied. Note that in that case, the BPS states with magnetic and electric charges
will be presented in the spectrum of physical states of the quantum super-
symmetric theory.

It must be kept in mind, however, that this statement is correct if the
vacuum expectation value of the scalar field is large. Seiberg and Witten
pointed out [469] that in the strong coupling limit, the expression (12.23)
must be modified. We shall discuss this issue in the last chapter.
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12.4 Fermionic Zero Modes in Supersymmetric Theory

Let us consider theN = 2 Lagrangian (12.11), where for the sake of simplicity,
we choose θ = 0 first and make use of the relations of the type of (12.1):

LN=2 = tr
{
−1

4
FµνFµν +

1
2
(∇µφ1)2 +

1
2
(∇µφ2)2

− iχ̄γµ∇µχ+ eχ̄[φ1, χ] + ieγ5χ̄[φ2, χ]
}
− e

2

2
[φa

1 , φ
b
2]

2 .

(12.35)

As we have seen, the BPS bound is saturated if the scalar field belongs to the
Cartan subalgebra of the gauge group. Then the potential of the scalar field
is vanishing for any particular value of the vacuum expectation value v. In
other words, there are flat directions in the configuration space of the scalar
field, a line of degenerated local minima for which the BPS bound is satu-
rated by definition. This is one more difference from the non-supersymmetric
non-Abelian monopole solutions for which the BPS limit corresponds to the
nullification of the scalar coupling λ.

For the fields saturating the BPS bound (12.23), we can write the infini-
tesimal transformations of the N = 2 supersymmetry with the parameter of
supertranslation ξ:

δχa =
(
σµνF a

µν + γµ ∇µ(φa
1 + γ5φa

2)
)
ξ ,

δAa
µ = iξ̄γµχ

a − iχ̄aγµξ , (12.36)

δφa
1 = iξ̄χa − iχ̄aξ ,

δφa
2 = iξ̄γ5χa − iχ̄aγ5ξ .

It is instructive to apply these transformations to see that they change the
N = 2 Lagrangian (12.11) by a total derivative. Indeed, the transformations
(12.36) are actually the variations of the properly rescaledN = 1 Lagrangians
(11.47) and (11.53), where the auxiliary fields are eliminated.

Let us assume that the fields entering the expressions (12.36) satisfy the
BPS equations (12.14). Thus, we shall consider the supersymmetry variations
on the SU(2) monopole background. This is the classical solution of (12.16)
with no fermions, which we choose as an initial configuration.

Let us consider, how the trnsformations of supersymmetry act on a simple
static BPS monople. For such an intial configuration, we set φa

2 = 0 and there
are no ferminos around, i.e., χa = 0. Then the supersymmetry variations of
the bosonic fields in (12.36) are vanishing and the supersymmetry variation
of the spinor field becomes

δχa =
(
σµνF a

µν + γµ (∇µφ
a
1)
)
ξ .
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For a static field configuration (Ea
n = 0), the BPS equations become

simply Ba
n = ∇nφ

a
1 . Then the supersymmetry variation takes the form

δχa =
(
εmnkσ

mnBa
k + γnBa

n

)
ξ = Ba

n

(
i

2
εnmkγ

mγk + γn

)
ξ ,

where we make use of the definition (11.5) and related properties of the γ-
matrices. Thus, we obtain

δχa = γnBa
n

(
1 +

i

3!
εnmkγ

nγmγk

)
ξ = γnBa

n (1 + iγ0γ5) ξ . (12.37)

This means that if the parameter of the supersymmetry transformation ξ
satisfies the equation

(1 + iγ0γ5)ξ = (1 − Γ5)ξ = 0 ,

where

Γ5 = −iγ0γ5 = γ1γ2γ3 =
(

0 −i
i 0

)
,

and Γ 2
5 = 1, Γ †

5 = Γ5, the variation of the spinor field vanishes identically.
This corresponds to unbroken supersymmetry, since we suppose that there
are no fermions in the initial configuration. Evidently, if we decompose ξ =
ξ+ + ξ−, where

ξ± =
1
2

(1 ± Γ5) ξ ,

the transformation of the supersymmetry generated by the parameter ξ+ acts
on the bosonic monopole background trivially, i.e., δξ+χ

a = 0. On the other
hand, the supersymmetry variation generated by ξ− breaks down half of the
supersymmetry2 and drives the configuration from χa = 0 to

δξ−χ
a ≡ χa

(0) = −2γnBa
nξ− . (12.38)

These zero energy Grassmannian variations of the bosonic monopole solution
(12.16) are two fermionic zero modes whose properties we already discussed
in Chap. 10. One can prove that these modes are time-independent solutions
of the Dirac equation for a fermion coupled with a supersymmetric monopole.
Indeed, variation of the Lagrangian (12.35) with respect to the field χ̄ yields
the Dirac equation

iγµ∇µχ− e[φ1, χ] = 0 .

It is straightforward now to substitute the explicit form of the fermionic zero
modes (12.38) into this equation to ensure that they are the solutions with
zero eigenvalues.

2 This is why this solution sometimes is referred to as the 1/2-BPS monopole.
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Let us note that we can expect this effect in advance, since the Callias
index theorem [156] predicts exactly two fermion zero modes for the fermions
in the adjoint representation of the gauge group. Actually, from the N = 2
supersymmetry algebra with central charge, we already encounter the partial
breaking of supersymmetry for the states that belong to the short multiplets
and saturate the BPS bound (11.29) (see the discussion on page 419).

Recall that the presence of two fermionic zero modes on the monopole
bosonic background implies that there is N = 2 BPS monopole multiplet,
which can be constructed starting from the vacuum spin-0 state |Ω〉 by con-
sequent action of the operators of creation of these zero modes a†±1/2 (cf.
our remarks on page 371). This monopole multiplet contains four states: two
scalars and two fermions [409]. Note that these states are dual to the states
of the massive short N = 2 chiral multiplet of four helicity states.

Furthermore, the remaining half of the supersymmetry of the N = 2 BPS
monopoles allows us to set a correspondence between two fermionic zero
modes and four bosonic zero modes [230], which form a supermultiplet with
respect to the unbroken supersymmetry. Indeed, according to (12.36), for each
fermionic zero mode χ(0) of (12.38) the remaining half of the supersymmetry
transformation generated by the supertranslations ξ+ yields

δAa
n = iξ†+γnχ

a
(0) − iχ

a†
(0)γnξ+ ,

δφa
1 = iξ†+γ0χ

a
(0) − iχ

a†
(0)ξ+ .

(12.39)

12.5 Low Energy Dynamics
of Supersymmetric Monopoles

To establish a correspondence with our discussion of the collective coordi-
nates of a non-supersymmetric monopole, which we encountered before in
Chap. 6, let us recall that the Bogomol’nyi equations are equivalent to the
self-duality equations of the pure Yang–Mills theory with identification of
the connection Aµ = (φ1, Ak). The moduli space approach3 is to consider the
bosonic collective coordinates Xα that parameterize the n-monopole moduli
space Mn (cf. Chap. 6).

The normalizable bosonic zero modes define the vector (δαAµ) = ∂αAµ −
∇µωα, which is tangent to the monopole moduli space Mn. Here, ordinary
translations are complemented by a gauge transformation with a parameter
ωα, which is chosen to satisfy the relations (6.139), and the contribution of
the gauge zero mode is taken into account. Then the Riemannian metric on
Mn takes the form (6.137):
3 To avoid possible misunderstanding, let us note that, in the context of this

section, the notion of the moduli space is not directly related to the properties
of the physical vacuum of the model. Here, we make use of it to describe the
low-energy dynamics of the monopoles as we did before.



452 12 Magnetic Monopoles in the N = 2 Supersymmetric Yang–Mills Theory

gαβ =
∫
d3x Tr (δαAγδβAγ) .

It was mentioned previously that the moduli space Mn has a quaternionic
structure in the tangent space, that is, this manifold is hyper-Kähler. Geo-
metrically, the gauge parameter ωα defines a natural connection on Mn with
the covariant derivative ∇(ω)

α . The Christoffel connection associated with the
Riemannian metric on the moduli space is

Γαβγ =
∫
d3xTr

(
δαAρ∇(ω)

β δγAρ

)
. (12.40)

As was already briefly mentioned, the presence of the fermions modifies
this picture [373]. In addition to the bosonic collective coordinates, we have to
introduce some set of fermionic collective coordinates, which are the complex
Grassmann numbers λα(t), and the time-dependent coefficients of the zero-
mode components of the expansion of the spinor field χ = λα(t)χα

(0). How-
ever, the relations (12.39) imply that the fermionic and the bosonic collective
coordinates of the supersymmetric monopole are no longer independent.

It is convenient to introduce Euclidean Hermitian matrices Γµ

Γn = γ0γn, Γ4 = γ0, Γ5 = Γ1Γ2Γ3Γ4 ,

which satisfy the algebra {Γµ, Γν} = 2δµν . Then the fermionic and bosonic
zero modes are paired as [230,260]

χa
(0) = (δαAa

µ) Γµ ξ−λα , (12.41)

that is, two bosonic zero modes are paired with one fermionic zero mode [260].
Note that the gauge zero mode in this case is included automatically.

Following our earlier discussion, we can derive the effective Lagrangian
that governs the low-energy dynamics of the N = 2 supersymmetric mono-
poles [230]:

LX,λ =
M

2
gαβ(ẊαẊβ + 4iλα†∇0λ

β) , (12.42)

where
∇0λ

α = λ̇α + Γα
βγẊ

βλγ

is the temporal component of the covariant derivative on the moduli space
with the Christoffel connection (12.40) acting on the fermionic collective co-
ordinates λα .

The presence of the fermionic degrees of freedom in the Lagrangian of the
collective coordinates reveals some novelty. Unlike its bosonic counterpart of
(6.138) of Chap. 6, the Lagrangian (12.42) now corresponds to the low-energy
quantum mechanical theory, rather than to a classical effective Lagrangian.
Nevertheless, the metric on the moduli space Mn of supersymmetric mono-
poles remains hyper-Kählerian and there are three almost complex structures
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(I(m))αβ on Mn that play the role of the imaginary units of quaternions. One
of these structures can be used to introduce the complex coordinates on the
moduli space. Thus, the effective Lagrangian (12.42) is invariant under trans-
formations of unbroken supersymmetry [230]

δXα = iξ0λα + iξm (I(m))αβλβ ,

δλα = −Ẋαξ0 − ξm (I(m))αβẊβ , (12.43)

where ξ0, ξm are four real Grassmannian parameters. Clearly, these four su-
persymmetries of the moduli space originate from the unbroken supersym-
metries of the field theory.

Since the pseudoscalar Higgs field was eliminated by chiral rotation, fur-
ther consideration is remarkably similar to the non-supersymmetric case. For
a single monopole, the moduli space M1 is simply R

3×S1 with a flat metric,
but non-trivial group of holonomy again. The n-monopole moduli space Mn

is asymptotically isomorphic locally to the set of n copies of M1, which cor-
respond to the picture of n well-separated single monopoles. Separating the
collective coordinates of the centre of mass and the total electric charge of the
configuration by analogy with (6.142), we obtain the hyper-Kähler manifold,
M0

n which determines the relative motion of the monopoles.
However, if the second component of the Higgs field has a non-vanishing

vacuum expectation value, the consideration turns out to be more involved.
If, in addition, the rank of the gauge group is greater than one, the low-energy
monopole dynamics becomes rather different from our discussion above. This
interesting situation was described in more detail recently [94,96,97,233,353,
441,501].

12.6 N = 2 Supersymmetric Monopoles beyond SU(2)

To generalize our previous discussion, let us analyze the properties of N = 2
supersymmetric monopoles in the model with gauge group G = SU(N).

Since we are considering the BPS monopoles, the classical potential of
the scalar field must vanish. Recall that for N = 2 SUSY, this condition is
satisfied, if the two components of the Higgs field φ1, φ2 are in the Cartan
subalgebra of G and on the spatial asymptotic

φi = (#hi · #H) , (12.44)

where #hi, i = 1, 2, are vectors in the root space of the Cartan subalgebra
of dimension r = rank (G). Then, for a given vacuum, we can also define
the electric and magnetic charges as vectors in the root space (cf. (8.25) and
(12.19)) by
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qi =
∫
d3x ∂n (Ea

nφ
a
i ) = (#q · #hi) ,

gi =
∫
d3x ∂n (Ba

nφ
a
i ) = (#g · #hi) . (12.45)

In this notation, the BPS bound (12.23) can be written as

M =
∣∣∣(#h1 + i#h2) · (#q + i#g)

∣∣∣ = √
2 |#h · (#q + i#g)| , (12.46)

where, according to the definition (12.44), the complex vector of the Higgs
field is

#h =
1√
2

(
#h1 + i#h2

)
.

So far, we have paid little attention to the fact that the electric and
magnetic vectors lie on two different lattices: the former can be expanded
in the basis of simple roots #βi of the given Lie group G, while the latter is
defined in terms of the expansion in the basis of dual co-root vectors #β∗i of
the dual lattice:

#q = e
r∑

i=1

mi
#βi ; #g =

4π
e

r∑
i=1

ni
#β∗i . (12.47)

Here the integers mi, ni ∈ Z are the electric4 and the magnetic quantum
numbers5.

This expansion allows us to write the BPS mass bound in the form

M =

∣∣∣∣∣e
r∑

i=1

mi

(√
2#βi · #h

)
+

4iπ
e

r∑
i=1

ni

(√
2#β∗i · #h

)∣∣∣∣∣
≡
∣∣∣∣∣

r∑
i=1

(miΦi + niΦ
∗
i )

∣∣∣∣∣ , (12.48)

where we introduce the rescaled scalar field and its dual as

Φi = e
√

2
(
#βi · #h

)
, Φ∗

i =
4iπ
e

√
2
(
#β∗i · #h

)
. (12.49)

These fields are expanded over the basis of simple roots and co-roots, respec-
tively. This form of the BPS mass bound is evidently symmetric with respect
to the dual transformations. Actually this is the Seiberg–Witten form of the
BPS boundary, which appears in the quantum N = 2 supersymmetric theory.
4 If we restrict our consideration to the classical limit, the electric charge remains

non-quantizable and there is no charge lattice, which we discussed at the end of
Chap. 2.

5 For a special unitary group, we can always choose the self-dual basis of the simple
roots: �β∗

i = �βi.
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We shall consider this remarkable relation in more detail when we discuss the
quantum vacuum moduli space of the N = 2 SUSY Yang–Mills theory.

Let us recall now that the BPS equation for the N = 2 supersymmetric
monopoles is written in terms of the SO(2) rotated Higgs fields φ̃a

i (12.15).
Since the scalar fields lie in the root space of the Cartan subalgebra, we can
describe this transformation as a rotation of the vectors #hi, that is, φi →
φ̃i = #h′i · #H, where

#h′1 = #h1 sin δ + #h2 cos δ, #h′2 = #h1 cos δ − #h2 sin δ . (12.50)

Asymptotically, these fields decay as

φ̃1(r) = #h′1 · #H − #q ·
#H

r
+O(r−2) ,

φ̃2(r) = #h′2 · #H − #g ·
#H

r
+O(r−2) ,

(12.51)

and the angle of rotation of the Higgs fields is restricted by the constraint
(12.21)

tan δ =
q1 − g2
g1 + q2

.

Note that for a purely magnetically charged state, the long-range scalar inter-
action is entirely given by the asymptotic behavior of the field φ̃2, while the
second component φ̃1(r) has no Coulomb tail at all. However, in the strong
coupling limit, the roles of the components of the Higgs field are inverted.

Taking into account the definitions of the charges (12.45), we can easily
see that the constraint on the angle of rotation becomes simply

#g · #h′1 = #q · #h′2 ,

and the BPS mass formula (12.20) can be written as

M =| #q · #h′1 + #g · #h′2 | .

These two contributions to the mass are referred to as the magnetic mass
(#g · #h′2) and the electric mass (#q · #h′1), respectively. In the weak coupling
regime e � 1, the electric mass is obviously much smaller than the mag-
netic mass. This observation justifies the use of the semiclassical low-energy
approximation.

Let us consider the classical limiting case of vanishing electric mass. From
our previous discussion of the non-supersymmetric SU(N) monopoles de-
scribed in Chap. 8, we know that the physical situation strongly depends on
the character of the symmetry breaking. If the vector #h′2 is not orthogonal
to any of the simple co-roots #β∗i , the vacuum expectation value of the scalar
field φ̃2 breaks the SU(N) symmetry down to the residual group U(1)N−1
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and each of the integers ni appearing in (12.47) has the meaning of a topo-
logical charge. In this classical limit, there are no electric charges of the BPS
states and the field φ̃1 does not have a long-range Coulomb tail.

In the particular case of the N = 2 SUSY Yang-Mills theory with the
gauge group SU(3), this situation corresponds to the (n1, n2) 1/2-BPS mono-
pole discussed in [232, 353]. In the more general case of the SU(N) gauge
group, there are r = N − 1 types of monopoles and the magnetic mass of the
corresponding configuration is of the form

M =

∣∣∣∣∣4πe
r∑

i=1

ni

(
#β∗i · #h′2

)∣∣∣∣∣ .
Due to triangle inequality, this mass obeys

M ≤
r∑

i=1

niMi ,

where Mi = 4π(#β∗i · #h′2)/e and, as before, we suppose that the set of simple
co-roots satisfies the condition (#β∗i ·#h′i) ≥ 0 for all i. This corresponds to the
expression (8.29) in Chap. 8.

Again, we can interpret Mi as a mass of a single fundamental monopole
with a minimal magnetic charge. Indeed, let us recall that the magnetic charge
satisfies the condition of the topological quantization (8.24): exp{2iπe#g · #H} =
1 and the charge matrix is

#g · #H =
r∑

i=1

ni(#β∗i · #H) = diag (k1, k2, . . . kN−1) ,

with non-negative integers kr, which, in the case of the maximal symme-
try breaking, are related to the corresponding topological charges. Hence,
the configuration of the mass M is stable with respect to decay into N − 1
species of the fundamental monopoles, each of the mass Mi which is associ-
ated with the simple co-root #β∗i . Even in the special case of so-called marginal

stability, when M =
r∑

i=1

niMi, there is no phase space for a physical decay.

We are already familiar with a similar conclusion in the particular case of the
composite SU(3) monopole, which is also valid for non-BPS monopoles [467].

So far we have discussing the solutions of the primary BPS equation.
However, there are solutions of the secondary BPS equation (12.22), which
we can find for each solution of the primary BPS equation.

Let us recall now that the secondary BPS equation is actually the equa-
tions for the gauge-orthogonal zero modes, which corresponds to the large
gauge transformations of the fields of the BPS monopole. The latter solution
of the primary BPS equation corresponds to an electrically neutral config-
uration. If the gauge symmetry is broken maximally, there are N − 1 such
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gauge zero modes. Solving the secondary BPS equation (12.22), we can re-
cover the electric charges of the monopoles from the asymptotic of the Higgs
fields (12.51), in other words, we are “dressing the monopole electrically”.

However, the vacuum expectation value of the “electric” component of
the Higgs field φ̃1 is no longer obliged to be proportional to the “magnetic”
component φ̃2, as happens in the case of the SU(2) supersymmetric Yang–
Mills theory. In other words, the electric charge vector #q of an SU(N) dyon
is no longer aligned with the magnetic charge vector #g.

Typically, in theories with extended N = 4 supersymmetry, the dyonic
BPS states, which are solutions both of the primary and the secondary BPS
equations, break 3/4 of the supersymmetry, while in the model with N =
2 supersymmetry, they still preserve half of the supersymmetry [94, 96, 97,
233, 353, 441, 501]. Nevertheless, somewhat inconsistently, they are referred
to as the 1/4-BPS states. The interpretation of the solutions of SU(N) BPS
equations as a composite system of N − 1 fundamental monopoles, suggests
that such a 1/4-BPS configuration can be thought of as a static system of a
few 1/2-BPS monopoles. These solutions correspond to the composite root
vectors of the Cartan–Weyl basis.

Indeed, a fundamental magnetic monopole, which corresponds to a simple
co-root #β∗i , is a solution of the primary BPS equation. Each such a monopole
could have only its own type of electric charge, which corresponds to the
root #βi. The self-duality of the basis means that for a fundamental SU(N)
monopole, the electric and the magnetic charge vectors are aligned.

The situation is different in the case of the composite monopoles, which
correspond to the composite roots: they consist of two or more fundamental
monopoles on top of each other. Recall that this configuration is static, be-
cause the electric (Coulomb) part of the interaction between the monopoles
is precisely compensated for by the long-range scalar force. Then the electric
charges of the different monopoles are functions of their relative orientation.
Hence the low-energy dynamics of these BPS states becomes more compli-
cated than in the case of the simple non-supersymmetric SU(2) gauge theory,
because the low-energy Lagrangian of the composite monopoles picks up an
additional term, which is associated with different orientations of two scalar
fields. We shall consider this situation below.

To recover the low-energy effective Lagrangian of the supersymmetric
monopoles we can make use of the same approach as in Sect. 8.3 above. It
was argued [96, 353, 501] that the corresponding potential is simply half of
the electric mass of the configuration, that is,

Veff =
1
2

(
#q · #h′1

)
.

Recall that in the weak coupling regime this is a small correction to the mag-
netic mass. Taking into account the definition of the electric charge vector
(12.45) and the equation of motion of the field φ̃a

1 (the secondary BPS equa-
tion (12.22)), we can write the electric mass as [501]



458 12 Magnetic Monopoles in the N = 2 Supersymmetric Yang–Mills Theory(
#q · #h′1

)
=
∫
d3x ∂n

(
Ea

nφ̃
a
1

)
=
∫
d3x ∂n

(
φ̃a

1∇nφ̃
a
1

)
= tr

∫
d3x

{
(∇nφ̃1)2 − e2[φ̃1, φ̃2]

}
.

(12.52)

However, (∇nφ̃1) is a large gauge transformation of the monopole field with
the gauge parameter φ̃1. These transformations correspond to the set of gauge
zero modes of the configuration:

δAn = ∇nφ̃1 =
∑
α

(
#h′1 · #Kα

)
δαAn ≡ GαδαAn ,

δφ̃2 = ie[φ̃1, φ̃2] =
∑
α

(
#h′1 · #Kα

)
δαφ̃2 ≡ Gαδαφ̃2 ,

(12.53)

where #Kα are the components of the Killing vector field G = (#h′1 · #Kα) on the
moduli space M, which are generated by the U(1)r gauge transformations.
Thus, the electric mass of the 1/4-BPS state can be written as(

#q · #h′1
)

= gαβ

(
#q · #Kα

)(
#q · #Kβ

)
, (12.54)

where gαβ is the hyper-Kähler metric on M. If the form of this metric is
known, as in the particular case of the SU(3) 1/4-BPS monopole, the electric
mass can be calculated directly from the metric. An alternative approach is
to write the metric in terms of the Nahm data [287].

In the next section, we review the modification of the low-energy effective
Lagrangian, which describes the motion on the moduli space of the SU(3)
supersymmetric monopoles.

12.6.1 SU(3) N = 2 Supersymmetric Monopoles

We can proceed further by analogy with our previous discussion of Chap. 8,
where we concentrated on the particular case of the SU(3) gauge theory.
Then the corresponding Cartan subalgebra is given by two generators (8.14)

H1 =
1
2

⎛⎝1 0 0
0 −1 0
0 0 0

⎞⎠ , H2 =
1

2
√

3

⎛⎝ 1 0 0
0 1 0
0 0 −2

⎞⎠ , (12.55)

and the self-dual basis of the simple roots can be chosen in the form (8.15)
as before:

#β1 = (1, 0), #β2 = (−1/2,
√

3/2) . (12.56)

In addition, there is the third, composite root, which is defined as #β3 =
#β1 + #β2, as shown in Fig. 12.1. Thus, #β∗i = #βi.

Let us consider the case of the maximal symmetry breaking: SU(3) →
H = U(1) × U(1). Then there are are two fundamental monopoles with
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Fig. 12.1. Positive simple roots of the SU(3) supersymmetric theory. The vectors
�hi define the orientation of two scalar fields

vector magnetic charges #g = (1, 0) and #g = (0, 1), which are aligned along
fundamental roots #β1 and #β2, respectively. The corresponding charge matrices
#g · #H are

1
2

diag (1,−1, 0),
1
2

diag (0, 1,−1) ,

while the charge matrix of the composite (1, 1) monopole is 1
2 diag (1, 0,−1).

The latter state is the 1/4-BPS configuration that we would like to consider.
Let us take the electric numbers of these states to be mi = (q1/e, q2/e),

where qi are arbitrary numbers. The magnetic charge of the fundamental
monopole is g = 4π/e and, according to (12.48), these states have the masses

Mi =
√

2|(qi + ig)(#βi · #h)| =
√

2 |Φi|
√
q2i + g2 , (12.57)

which evidently corresponds to (8.63) of Chap. 8. Recall that in the weak
coupling limit, the masses (12.57) are slightly different from the mass of a
fundamental electrically neutral BPS-state, which is now given by

√
2g |Φi|.

The complex scalar fields Φ1 and Φ2 defined as in (12.49) are now dis-
aligned, that is,

Φi = e
√

2
∣∣∣(#βi · #h)

∣∣∣ eiωi ,

where
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|Φi| = e
√

2
∣∣∣(#βi · #h)

∣∣∣ = e√(#βi · #h1)2 + (#βi · #h2)2 ,

and the agrument of the complex Higgs field Φi is

tanωi =
(#βi · #h2)

(#βi · #h1)
.

In addition, there is a dilatonic charge of the scalar field, which is defined
according to (8.65) as

Q
(i)
D = (#βi · #H)

√
q2i + g2 . (12.58)

Hence, the scalar part of the long-range interaction between the monopoles
depends on the relative orientation of the Higgs fields: it vanishes if the
fields Φ1 and Φ2 are anti-parallel, while its magnitude becomes maximal if
they are aligned. Thus, by analogy with (8.66), we can now write the total
Coulomb potential of the composite (1, 1) monopole, which consists of two
static components [96,441]:

Veff = −1
r

(
q1q2 + g2 − cos(ω1 − ω2)

√
(q21 + g2)(q22 + g2)

)
. (12.59)

Here we also take into account electrostatic and magnetostatic contributions.
Note that the mass of the composite #g = (1, 1) 1/4-BPS state

M(1,1) =
√

2|(q1 + ig)(#β1 · #h) + (q2 + ig)(#β2 · #h)| (12.60)

becomes additive, i.e., M(1,1) =M1 +M2, only if [441]

tan(ω1 − ω2) =
g(q1 − q2)
q1q2 + g2

. (12.61)

In this case, the dilatonic part of the Coulomb interaction in (12.59) precisely
balances the long-range electromagnetic interaction and the potential van-
ishes. In other words, two constituent monopoles are static and the 1/4-BPS
configuration can be regarded as a superposition of two individual 1/2-BPS
states.

If the difference ∆ω = ω1−ω2 of the arguments of the complex fields Φi is
small, we can easily see that the expansion of the Coulomb potential (12.59)
in qi/g yields

Veff ≈ 1
2r
[
Q2 − g2(ω1 − ω2)2

]
,

where a relative electric charge of the BPS states is Q = q1 − q2. Clearly, this
potential is repulsive if |g∆ω/Q| < 1, that is, in this case the supersymmetric
1/4-BPS monopole does not exist. The net interaction is vanishing if
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∆ω = ω1 − ω2 =
Q

g
.

This is a condition of stability of the 1/4-BPS monopole, which evidently
agrees with (12.61).

Let us briefly describe the low-energy dynamics of the 1/4-BPS mono-
poles. We have seen that, for an arbitrary orientation of the component of
the Higgs field, there is a non-vanishing potential of the interaction Veff . This
potential may be attractive and a 1/4-BPS monopole exists as a bounded sys-
tem of two fundamental monopoles. Thus, the low-energy approximation can
be applied only if the potential energy is small compared to the rest mass of
the fundamental monopole.

We now consider the low-energy dynamics of the (1, 1) SU(3) monopole
[232,501]. Recall that the electrically neutral classical solution of the primary
Bogomol’nyi equation has a mass M(1,1) = M1 + M2 (cf. our discussion
in Chap. 8) and the corresponding eight-dimensional moduli space can be
decomposed as [231,345]

M = R
3 × R

1 ×M0

Z
.

The factor-space R
3 × R

1 is parameterized by the collective coordinates of
the center of mass and the global gauge transformation parameter Υ̃ , which
is related to the internal U(1) angles of the two fundamental monopoles αi

as:
Υ̃ = α1 + α2 .

The conjugated momentum along the internal coordinate Υ̃ corresponds
to the overall charge (8.73):

Q̃ =
M1q1 +M2q2
M1 +M2

(in units of e(#β1 + #β2)). The metric of the subspace R3 ×R1 is flat.
The M0 is the relative moduli space with the positive Taub-NUT metric

(8.70)

ds2 = gαβdX
αdXβ

=
(
Mr +

g2

r

)
dr2 +

g4

Mr + g2

r

(dΥ + (a · dr))2 , (12.62)

where Mr = M1M2/(M1 +M2) is the reduced mass of the monopole and a
is the vector potential of a static dyon (cf. our discussion on page 201). The
collective coordinates Xα = (r, Υ ) correspond to the relative position (r =
r1 − r2) and the relative internal phase (Υ ) of two fundamental monopoles:

Υ = 2
M2α1 −M1α2

M1 +M2
.
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The momentum along the internal coordinate Υ corresponds to the relative
charge Q = (q1 − q2) in units of e(#β1 − #β2). Recall also that factor Z denotes
a discrete identification for the charge coordinates

(Υ, Υ̃ ) =
(
Υ +

4πM2

M1 +M2
, Υ̃ + 2π

)
.

If the ratio M1/M2 is rational, the asymptotic geometry has a compact fac-
tor S1 × S1 that corresponds to the two completely separated fundamental
monopoles with the conserved electric charges q1 and q2.

Thus, there are two isometries of the eight-dimensional moduli space
M(1,1) that are generated by the Killing vector fields, ∂/∂Υ and ∂/∂Υ̃ , re-
spectively. Then a vector field on the moduli space M(1,1) can be decomposed
into two orthogonal components(

#h′1 · #K
)

=
(
h+

∂

∂Υ̃
+ h−

∂

∂Υ

)
, (12.63)

where h± =
(
#h′1 · (#β1 ± #β2)

)
.

Physically, this decomposition means that the potential associated with
the Killing vector ∂/∂Υ̃ is a constant. It corresponds to the total electric
energy of the configuration. The second Killing vector ∂/∂Υ gives rise to the
position dependent potential, which is responsible for the appearance of the
dyonic bound states [96,232,501].

To sum up, the long-distance tail of the Higgs field φ̃1, which is associated
with the electric charge vector #q, gives rise to the potential of interaction Veff .
Then the low-energy effective Lagrangian which describe the relative bosonic
collective coordinates Xα of the 1/4-BPS state, besides the usual kinetic term
includes the potential piece: [96, 501]

L =
1
2
gαβ

(
ẊαẊβ −GαGβ

)
, (12.64)

where gαβ is the Taub-NUT metric (12.62) and Gα = (#h′1 · #Kα) is the vector
field generated by the Killing vector ∂/∂Υ . Thus, the interaction between two
fundamental monopoles is given in terms of the low-energy supersymmertic
quantum mechanics on the Taub–NUT space twisted by the vector field G
[232,233].

Note that the non-relativistic Lagrangian (12.64) has a “secondary” Bogo-
mol’nyi bound for the 1/4-BPS state, which is saturated when Ẋα = Gα. The
total energy of the corresponding states includes the magnetic mass (#g ·#h′2),
and we can write

M = gαβG
αGβ + (#g · #h′2) . (12.65)

Indeed, the electric field of the monopole is En = ẊαδαAn, and for the
configurations that saturate the “secondary” BPS bound, we have En =
GαδαAn = ∇nφ̃1. Thus, the first term in (12.65) is simply the electric mass.
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So far, we have been concerned about maximal symmetry breaking. The
case of minimal SU(3) symmetry breaking was considered recently in the
paper [287]. Recall that then the Higgs field #h′2 is orthogonal to one of the
simple roots, say #β1, and its asymptotic value breaks the symmetry to U(2).
The corresponding spectrum of states includes the massive fundamental #β2-
monopole with a topological charge n and the massless #β1-monopole, which
is labeled by the holomorphic charge [k].

The configuration of the (2, [1]) supersymmetric monopole was considered
in [287]. This is an example of two massive monopoles and one massless mono-
pole, which can be thought of as a non-Abelian cloud surrounding the two
massive monopoles. We briefly discussed this system at the end of Chap. 8.
The difference from the non-supersymmetric case is that there is now a long-
range tail of the second scalar field #h′1, which breaks the symmetry further
to the minimal subgroup U(1)×U(1). It was shown that the potential of the
(2, [1]) supersymmetric monopole is attractive and the massless monopole is
confined to one of these two massive monopoles.

Let us stop our discussion at this point. Recent developments in the un-
derstanding of the low-energy dynamics of the supersymmetric monopoles,
which basically used the same simple picture of geodesic motion on the un-
derlying moduli space suggested by N. Manton in 1982 [368], have greatly
improved our understanding of the structure of the vacuum of supersymmet-
ric theories. The restricted volume of our review does not allow us to go into
detail of many remarkable works. In particular, the general description of the
low-energy dynamics of the supersymmetric monopoles was given recently
in [233], where the complete effective Lagrangian of bosonic and fermionic
collective coordinates was derived. We also do not discuss here the powerful
Nahm formalism, which allows us to obtain many results in a very simple
and elegant way [287,353]. In this rapidly developing situation, we direct the
reader to the original works [95–97,118,119,232,233,287,353,441,501].

Finally, let us note that the effective Lagrangian of the collective coor-
dinates can be treated as a first step towards a complete quantum theory.
The moduli space approximation is actually a truncation of the whole func-
tional space of the quantum monopole to the finite-dimension subspace of
zero modes. However, a supersymmetric theory has a great advantage over
all other models: in the former, due to the fine balance between the bosonic
and fermionic degrees of freedom, the quantum corrections are controlled.
Thus, one could expect that there is a possibility of seeing what happens
with a quantum supersymmetric theory in a low-energy limit where the non-
perturbative effects play a special role.



13 Seiberg–Witten Solution
of N = 2 SUSY Yang–Mills Theory

In the previous two chapters we briefly discussed the so-called microscopic
form of the N = 2 supersymmetric Yang–Mills theory which is formulated in
terms of the component fields of the N = 2 chiral superfield Ψ . This theory
is renormalizable and it is asymptotically free. However, it is known that at
sufficiently low energy not all of the fields appear in the spectrum as physi-
cal asymptotic states. At this scale, one can try to construct a macroscopic
effective theory dealing with physical degrees of freedom that are (almost)
massless. Such a theory may have properties which are completely different
from those of the microscopic theory. A famous example is the chiral effec-
tive Lagrangian of the low-energy QCD, whose spectrum includes baryons
and pions rather than quarks and gluons, which are degrees of freedom of the
perturbative QCD.

Technically, the procedure is to perform the integration over the mas-
sive states of the microscopic theory in the corresponding functional integral.
In principle, this allows us to construct a low-energy effective action. How-
ever, the non-perturbative character of the fluctuations at the low-energy
scale makes this approach rather complicated, even in the supersymmetric
theories, where all quantum corrections are under control. In the real world
with no supersymmetry, the situation becomes much more complicated. We
mentioned already in Chap. 9 that the problem of strong confinement in the
conventional QCD remains unsolved.

In 1994, Seiberg and Witten suggested a new way to avoid the technically
complicated, direct procedure of the calculation of the low-energy effective
action of the supersymmetric theories [469]. This seminal work deserves to
be considered as one of the milestones of theoretical physics of the XX-th
century. The point is that the following breakthrough is not restricted to
the problem of the determination of the exact form of the four-dimensional
non-perturbative low-energy effective action of the N = 2 supersymmetrical
Yang–Mills theory, but it initiated quite a radical change of the paradigm of
theoretical physics.

For longer than a century, it was believed that all varieties of physical
theories can be in some way derived from the yet unknown, but absolutely
perfect, Theory of Everything, the Holy Grail of generations of physicists.
This mainstream was supported by the consequent successes of the unification
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approach, which spans from Maxwell electrodynamics to the united SU(3)×
SU(2) × U(1) theory of electroweak and strong interactions. The matter of
the “revolution of 1994” is that such an ideology has drastically changed:
nowadays it is common to believe that there is no unique fundamental (string)
theory operating with some fixed set of fields, but that there are different
formulations of it that are related by some transformations of duality.

We are not in the position to discuss here neither the aspects of the
dualities of strings and branes nor even the details of the Seiberg–Witten
solution of the N = 2 supersymmetric Yang–Mills theory. We recommend
many introductions to this subject, see, e.g., [73, 123, 199, 311, 347, 378, 401,
424, 473] and the references therein. Our interest is restricted to the role of
the magnetic monopoles and the idea of duality in the Seiberg-Witten theory.

In the remaining part of our review, we shall discuss these topics, con-
sidering the pure N = 2 supersymmetric Yang–Mills theory with the gauge
group SU(2).

13.1 Moduli Space

13.1.1 Moduli Space and its Parameterization

“Every theory has a hole.
One has only to look for it carefully.”

Mark Twain1

We are looking for an effective action that describes the behavior of the
model at energies lower than a scale of some infrared cutoff. This parame-
ter has to be much smaller than the masses of the lightest particles in the
spectrum.

Note that there are two different definitions of the effective action.
(i) The conventional generating functional of the one-particle irreducible

diagrams Γ [Ψ ] that can be obtained by a straightforward summation of the
contributions of the loop diagrams of all orders, where the integration over
the loop momenta is performed over all ranges of values, from 0 to ∞. Clearly,
the effective action Γ [Ψ ] depends on the normalization point µ. In the mod-
els with spontaneous symmetry breaking, the normalization point is usually
taken to be identical with the vacuum expectation value of the Higgs field.

(ii) The Wilsonian effective action SW [Ψ ] is defined in a similar way,
however, the integration domain in this case is restricted from below by the
scale of µ, which is the infrared cut-off parameter.

1 Attribution according to I.B. Khriplovich, who used this nice quotation in his
book Parity Nonconservation in Atomic Phenomena (Gordon and Breach, 1991).
I am thankful for his kind permission to reproduce the quotation here, in a
different context.
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If the spectrum of the model contains no massless states and the nor-
malization point is taken to be much smaller than the mass of the lightest
particle, there is no difference between Γ [Ψ, µ] and SW [Ψ ]. However, if mass-
less states are present, only the Wilsonian effective low-energy action remains
self-consistently defined, and this is the case that we are discussing here. Note
that the difference between these two definitions of the effective action exists
also in the supersymmetric gauge models, because of the Konishi anomaly,
which implies that the beta-function depends on the definition we are using.
The most important difference between the two types of the effective action
is that, unlike Γ [Ψ, µ], the Wilsonian effective action has a coupling which
holomorphically depends on the normalization point µ. In the context of the
discussion below, we shall use well-defined Wilsonian effective action.

The object of our study is given by the microscopicN = 2 supersymmetric
Lagrangian (12.5):

LN=2 = −1
4
Fµν

a F a
µν +

θe2

32π2
Fµν

a F̃ a
µν +

1
2
(∇µφ

a
1)2 (13.1)

+
1
2
(∇µφ

a
2)2 − e

2

2
[φa

1 , φ
b
2]

2 − iχ̄γµ∇µχ− eφ1χ̄χ− ieγ5φ2χ̄χ .

We have mentioned already that there is a continuous set of classical vacua
that corresponds to the nullification of the potential of the complex Higgs
field: tr [φ, φ†]2 = 0. In the context of the SU(2) gauge theory, this condition
is fulfilled if φ0 = vσ3/2 and the complex number v can be considered as a
coordinate along the flat direction in the functional space that parameterizes
physically inequivalent vacua.

This situation is remarkably similar in form to our consideration of the
moduli space of the monopoles. The latter manifold is parameterized by the
collective coordinates and the low-energy approximation allows us to truncate
the infinite dimensional functional space to the moduli space M. By analogy,
the space of all physically inequivalent vacua of the N = 2 SUSY Yang–
Mills theory also corresponds to the lowest energy bound and an effective
theory can be determined by consideration of the soft massless excitations,
which, at least in the low-energy approximation, can be separated from the
massive modes. This similarity justifies the reason why the former space is
also referred to as the moduli space. We hope that the reader can distinguish
between both notions from the context of our discussion. Generally, the notion
of the moduli is defined as a set of parameters labeling the geometry of a
manifold.

The analogy with the monopole moduli space can be broadened, because
in the N = 2 supersymmetric Yang–Mills theory, the quantum moduli space
turns out also to be hyper-Kähler, i.e., it reveals a quaternionic structure
in the tangent space and the corresponding metric is then of the form of
(11.73). This opens the possibility of applying the very powerful methods of
differential and algebraic geometry to solve the problem of the construction
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of the low-energy effective action of the N = 2 SUSY Yang–Mills theory. In
the following we shall discuss this remarkable approach.

Let us note that the classical moduli space of the N = 2 super Yang–Mills
theory M, which is defined as the space of vacua parameterized by the com-
plex coordinate v along a flat direction, the moduli, includes a special point
v = 0. To understand the physical meaning of this singularity, let us recall
that a non-zero vacuum expectation value of the scalar field breaks the SU(2)
gauge symmetry to the Abelian subgroup. The structure of the Lagrangian
(13.1) means that then two of the vector bosons, A± = 1√

2
(A1 ± iA2), be-

come massive, with a mass mv =
√

2v. Furthermore, the supersymmetry
of the model means that the same mass will obtain the components of the
spinor field χ1 and χ2, while the gauge boson A3, a photon, and the spinor
χ3 remain massless. Clearly, the mode of the fluctuations of the scalar field
in the direction σ3 also remains massless.

Thus, all these fields can be considered as dynamical variables of the
Wilsonian low-energy effective action, which is invariant with respect to the
unbroken U(1) symmetry and still possesses the original N = 2 supersym-
metry.

The situation is completely different if v = 0, because then the original
gauge symmetry is unbroken and all the fields remain massless. Since the vac-
uum expectation value of the complex Higgs field parameterizes the moduli
space, this is a singular point on M. In general, a singularity on the moduli
space corresponds to additional massless excitations that were not taken into
account originally2.

Generally, the dimension of the moduli space is given by the rank r of
the gauge group G. The vacuum expectation value of the scalar field breaks
the symmetry to the subgroup H, which is generated by the elements of
the Cartan subalgebra. The elements in the coset G/H do not leave the
vacuum invariant, but act as gauge transformations that relate the physically
equivalent vacua. However, the coset G/H contains some elements that do
not take φ out of the Cartan subalgebra, since for a given basis of the Cartan
roots, there are the Weyl reflections whose action does not change the set of
roots #βi (see the discussion of the Weyl transformations (8.12) in Chap. 8).
Therefore, the correct parameterization of the moduli space must be given in
terms of the Weyl invariant functions.

Let us consider now the simplest case of the SU(2) gauge symmetry,
which breaks down to the residual subgroup U(1) by the non-zero value of
the complex constant v in (12.13). Evidently, the N = 2 supersymmetry re-
mains unbroken. Besides these symmetries of the vacuum, there is the above-
mentioned Weyl reflections that induce an inversion of the isovector φa in
the group space: R : φa → −φa. It is clear that for the configuration (12.13)
these transformations are the SU(2) rotations around the second axis by π

2 Also the dimension of the moduli space changes there. Thus, the moduli space
is not the usual differentiable manifold, but an orbifold.
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Semiclassical region u=

u = 0

8
Fig. 13.1. “Yin–Yang” structure of the classical moduli space Mcl of the N = 2
supersymmetric Yang–Mills model

produced by the generator iσ2: R σ3R† = −σ3. Hence the vacuum values
v and −v are gauge equivalent and we have to identify these points on the
moduli space. Thus, the Weyl invariant of the SU(2) group is

u =
1
2

tr φ2 =
1
2
v2 , (13.2)

and this is the proper quantity needed for a gauge invariant parameterization
of the moduli space. Nevertheless, in some cases, it is convenient to make use
of the variable v, which labels the different vacua.

Let us now summarize the information about the structure of the classical
moduli space Mcl of the N = 2 supersymmetric Yang–Mills model with the
gauge group SU(2). It is parameterized by a complex coordinate v, which
labels gauge inequivalent vacua. The symmetry with respect to the Weyl Z2

reflections means that the moduli space is identical to the upper half H
+ of

a complex plane punctured at the origin, where v = 0. The weak coupling
regime corresponds to the large values of the variable v.

Thus, the classical moduli space Mcl reveals a structure that can be
nicely illustrated by the famous “Yin–Yang” symbol of duality (see Fig. 13.1).
However, the effect of the quantum fluctuations can drastically change the
situation and the quantum moduli space Mq can be quite different from its
classical counterpart Mcl. To see how this happens, let us recall that in the
classical electrodynamics, for example, there is no stable ground state of the
system of two particles of opposite charge, that is, Mcl = 0. However, the
quantum mechanical description of the same system yields a unique ground
state (Mq = 1). There are other examples of the reshaping of the vacuum.
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• A particle in a double-well potential V (x) = λ(x2 − v2)2 in 1+1-
dimensions. The classical ground state is two-fold degenerated (Mcl =
Z2). However, the quantum mechanical effect of tunnelling “stirs” up the
ground states and lifts the initial degeneration: Mq = 1. This nice ex-
ample allows us to see how the non-perturbative (instanton) effects on a
quantum mechanical level rebuild the vacuum.

• The scalar field with periodic potential V (φ) = 1−cos (βφ). The classical
vacuum is n-fold degenerated, that is, V (φ0) = 0 if φ0 = 2πnβ−1, n ∈ Z,
and therefore, Mcl = Zn. Quantum mechanical consideration shows that
the non-perturbative instanton transitions between the neighboring vacua
remove the degeneracy again, and the corresponding wave functions are
the linear combinations of non-perturbed wave functions at every mini-
mum. Thus, the band structure appears and there is only one quantum
ground state, Mq = 1.

• Coleman–Weinberg effect. Unlike the previous examples, this is the effect
that appears in the quantum field theory Clearly, the vacuum state of
the classical scalar electrodynamics with a potential λφ4 is trivial and
unique: φ0 = 0. The effect of the one-loop quantum corrections results in
the dynamically generated additional effective potential ∼ φ2 ln(φ2/Λ2),
which reshapes the vacuum: the quantum moduli space is Mq = 1, as well
as its classical counterpart, Mcl = 1, but in the former case, the vacuum
expectation value of the scalar field is not equal to zero and the photon,
coupled with φ, becomes massive.

These simple examples demonstrate that the properties of the quantum vac-
uum strongly depend on the values of parameters of the model. Especially
interesting is the last example, which shows that there are different domains
of the moduli space that correspond to the different phases of the theory. On
the other hand, the example of the Coleman–Weinberg effect suggests that a
singularity of the classical moduli space may be not a singularity of Mq.

We have already noted that the N = 2 supersymmetric Yang–Mills theory
(13.1) closely resembles the conventional QCD, whose vacuum has different
phases. We have mentioned already that the properties of the QCD vacuum
can be tested, if we include a very heavy charged field in the model. The
potential of the interaction between these probe charges, which are separated
by a large distance R, defines the character of the corresponding phases. In
the context of OCD, we are discussing the phase of confinement (low-energy
regime) and the perturbative regime of the asymptotically free theory.

Let us recapitulate the possibilities that may arise in the the microscopic
model of type (13.1), both on the classical and on the quantum levels.

• Coulomb branch: V (R) ∼ α/R, where α is the coupling constant. In this
phase, the gauge field is massless, which implies the vanishing of the
vacuum expectation value of the scalar field. Hence, it is a limiting case
in which the long-range forces are not screened by the vacuum condensate
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of the scalar field. In this phase, the coupling constant α does not change
with a distance.

• Higgs phase: V (R) ∼ const. This regime occurs if the symmetry is spon-
taneously broken and there are massive vector and scalar fields of the
same mass that mediate the short-range Yukawa interaction: V (R) ∼
e−mvR/R → 0 at the long distances. A celebrated example of the the-
ory, which admits that regime, is the standard electroweak SU(2)×U(1)
model. Note that both the Coulomb phase and the Higgs phase are pre-
sented on the classical level, where the mass scale given by v is sufficiently
large. Note that even in this phase, the remaining Abelian symmetry of
the model still gives rise to the long-range Abelian interaction mediated
by the massless photon.

• Free phase: V (R) ∼ α(R)/R ∼ (R lnR)−1. This is a phase which is en-
tirely related to the quantum effects. For this case, there is another type
of screening of the electric charges of the test particles due to renormaliza-
tion effects. Indeed, there are massless charged fluctuations in the vacuum
and the photon propagator becomes dressed by the virtual pairs of these
quanta. The behavior of the coupling constant α(R) ∼ 1/ lnR depends
on the value of the vacuum scalar condensate. If it is not vanishing, α(R)
becomes frozen at the scale of m−1

v . However, in the massless case this
running is not restricted to some scale and the coupling constant at the
large distances becomes asymptotically small. Thus, the electric charges
of the test particles in this limit are completely screened. This is known
as the Landau zero-charge effect.

• Confinement phase: V (R) ∼ σR, where the parameter σ is the string
tension. This regime does not exist in Abelian theory. We can suppose
that, as was discussed above in Chap. 9, the appearance of the mass gap
in this phase is related to the mechanism of the monopole condensation,
which may squeeze the field between two test particles into a tube.

Taking into consideration the effect of the virtual monopoles, we can consider
one more phase.

• Free magnetic phase: V (R) ∼ lnR/R. In this case, the effective coupling
constant can be written as α(R) ∼ lnR. Thus, its behavior is opposite to
that of the free electric phase. This running of the coupling corresponds to
the effect of antiscreening of the test charges, which we briefly discussed
in Chap. 4. If the monopoles, for some reason were to become massless,
the effective electric charge of the test particle would be renormalized
to infinity: e2(R) ∼ lnR. Otherwise, the effect of the virtual pairs of
monopoles becomes frozen at the scale of the monopole inverse mass. In
the semiclassical approximation, we have M−1 � m−1

v and this type of
screening does not occur.

Let us make two more remarks. Of course, we could imagine a dual situation
when there are two magnetically charged test particles that are placed in
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the vacuum of the model (13.1). Then the behavior of the magnetic poten-
tial is described by the same pattern of phases as in the electric case, up to
the obvious interchange of the free electric and magnetic phases. The Higgs
and confinement phases are also dual: there are magnetic flux tubes in the
Higgs phase, while the electric flux tubes appear in the regime of confine-
ment. However, the relation between the Higgs and confinement phases can
be less obvious. In principle, a smooth variation of the parameters of a model
could relay both regimes and therefore, strictly speaking, there is no invariant
distinction between them.

Note that there are Nf hypermultiplets of the matter fields that can be
coupled to the chiral field Φ in (13.1). The N = 2 four-dimensional hypermul-
tiplet on-shell field components are a complex scalar SU(2)R doublet q and
a Dirac spinor. The latter component sometimes is referred to as “quark” al-
though we already have spinor particles among field components of the vector
multipet V . Generally, the properties of the vacuum of the extended model
depend on the relation between the number of flavors Nf and the number
of colors N , and the vacuum expectation values of the scalar fields φ and q.
There are various types of scenarios of transitions between different phases.
To understand what happens with the theory, which in the semiclassical limit
is governed by the Lagrangian (13.1), we have to analyze how the quantum
fluctuations affect the vacuum of the N = 2 supersymmetric Yang–Mills the-
ory. We restrict our consideration to the simplest case of the model (13.1)
without the matter fields.

13.1.2 Quantum Moduli Space
of N = 2 SUSY Yang–Mills Theory

Since quantum corrections of any kind cannot destroy the N = 2 supersym-
metry of the full quantum theory, there is a guarantee that the overall form
(12.5) of the general Lagrangian cannot be spoiled by some new counterterms:

LN=2 =
1

16π
Im
∫
d2θd2θ̃ tr F(Ψ) . (13.3)

However, the N = 2 holomorphic prepotential F(Ψ) now receives both
the perturbative and the non-perturbative corrections to it classical form
Fclass(Ψ) = 1

2τΨ
2. Hence, in order to find the low-energy effective action,

we have to define the form of the prepotential, which becomes the primary
object of investigation.

Recall that the expansion (12.6) of (13.3) in N = 1 components, the gauge
superfield W aα and the chiral superfield Φa, yields

LN=2 =
1

32π
Im
(∫

d2θFab(Φ)W aαW b
α + 2

∫
d2θd2θ̄ (Φ†e2eV )aFa(Φ)

)
,

(13.4)
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where Fa(Φ) ≡ ∂F/∂Φa, Fab(Φ) ≡ ∂2F/∂Φa∂Φb and the Kähler metric on
the space of fields d2s = gabΦ

aΦb is given by

gab = Im ∂a∂bF(Φ) .

Let us now turn to the infrared regime. At the low-energy scale, only the
massless fields appear as physical states and the gauge symmetry is broken
to an Abelian subgroup. The corresponding Wilsonian effective action still
remains invariant with respect to the N = 2 supersymmetry and, therefore,
must have the form of (13.3), where the group indices take only the values
a, b = 3. In addition, for the term of interaction, we have e2eV = 1 + 2eV +
2e2V 2, and a simple calculation similar to that of Chap. 11 shows that in
the Abelian case, only the trivial term of unity survives. Thus, the effective
Largangian that governs the low-energy U(1) theory is

Leff =
1

32π
Im
(∫

d2θ
∂2F
∂Φ2

WαWα + 2
∫
d2θd2θ̄ Φ† ∂F

∂Φ

)
. (13.5)

In the component fields, the effective Lagrangian (13.5) is given by (cf. (12.2))

Leff =
1
4π

Im τ(Ψ)
[
(∂µφ)†(∂µφ) − 1

4

(
FµνFµν − i FµνF̃

µν
)

− i(λσµ∂µλ̄+ iψ̄σ̄µ∇µψ)
]
. (13.6)

Thus, the theory has been effectively reduced to a four-dimensional non-
linear sigma-model with the identification of the scalar fields φa as the local
complex coordinates on a target space with the Kähler metric. On the other
hand, the moduli space is parameterized by the complex number v = φ0,
the vacuum expectation value of the Higgs field. Thus, the Lagrangian (13.5)
also yields the Kähler metric in the moduli space3. Furthermore, the N = 2
supersymmetry of the vacuum requires that the coefficients at the kinetic
terms of the gauge field, the fermions and the scalars, must be related to the
same prepotential. This means that the metric on the moduli space of the
N = 2 supersymmetric Yang–Mills theory is identical for all kinetic terms of
the effective action:

d2s = Im
∂2F
∂v2

dvdv̄ = Im τ(v) dvdv̄ , (13.7)

where v̄ denotes the complex conjugate of v and τ(v) ≡ F ′′(v) =
∂2F
∂v2

is an
effective scale-dependent coupling constant of the low-energy theory, which
now replaces its classical limit (11.76). Recall that in the latter case, τ is

3 In the context of the non-linear sigma-model, such a metric is known as the
Zamolodchikov metric.
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defined as a constant which is supposed to be completely independent of the
value of v.

Thus, the quantum moduli space of the SU(2) theory is parameterized by
the vacuum expectation value of the corresponding classical Weyl invariant
u = 〈tr(φ)2〉, which in the classical limit tends to (13.2). To evaluate this
quantity in the quantum theory, we have to examine the effects of quantum
corrections that will affect the prepotential F . In particular, we can start from
the microscopic Lagrangian (13.1) and perform the perturbative calculations.

First, recall that on the classical level, the model has a global R-symmetry
SU(2)R×U(1)R, where the U(1) subgroup includes the usual chiral symmetry
of the massless spinor theory (cf. (11.17) and (12.12)). This symmetry acts
as

θ → eiαθ, θ̃ → eiαθ̃, Ψ → e2iαΨ ,

thus, in the classical theory, we have

Φ→ e2iαΦ, φ→ e2iαφ, W → eiαW ,

and the action remains invariant if F → e4iαF .
However, in the quantum theory, the latter symmetry becomes broken to

a discrete subgroup due to chiral anomaly. Namely, in the general case of the
model with the gauge group SU(N), a chiral rotation of the fermions (12.12)
through the angle α changes the effective Lagrangian by the anomalous term

δLeff =
αN

8π2
FµνF̃

µν . (13.8)

Note that this causes a shift in the value of the θ-parameter and in the
classical theory the chiral rotation can be used to eliminate it. However, the
invariance of the quantum action with respect to the U(1)R symmetry is bro-
ken by the instanton power-like corrections to the prepotential F , although
not completely: the Pontryagin index (5.96)

n =
1

8π2
tr
∫
d4xFµνF̃

µν

is an integer, thus the remaining unbroken symmetry is Z4N [468]. This is
in agreement with the evaluation of the number of fermionic zero modes on
the instanton background: there are 2N zero modes for each chiral fermion,
both λ and ψ in the adjoint representation. Then the first non-vanishing
2 · 2N -point fermionic correlation function

〈λ(x1) . . . λ(x2N )ψ(y1) . . . ψ(y2N )〉

includes the integration over zero modes and, under the chiral rotations,
it picks up the factor e4iNα. The latter breaks the U(1)R to the discrete
subgroup Z4N , whose generators are e2iπα with parameters α = n/4N , n =
1, . . . , 4N .
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Thus, the U(1)R-symmetry of the quantum SU(2) theory is broken by
the non-perturbative instanton corrections to a discrete subgroup Z8, which
is a symmetry of the moduli space. We shall see, however, that there is an
additional Z2 symmetry for a given point of the vacuum.

The property of U(1)R-symmetry can be used to define the prepotential
of the quantum theory. Indeed, not only the leading scalar component φ,
but the entire N = 2 chiral superfield Ψ transforms as Ψ → e2iαΨ under
the U(1)R chiral rotation. Then the chiral rotation of the gauge field kinetic
term4 in the Lagrangian (13.5) yields

1
16π

Im F ′′(e2iαΨ)
[
−FµνFµν + i FµνF̃

µν
]

=
1

16π
Im F ′′(Ψ)

[
−FµνFµν + i FµνF̃

µν
]

+
αN

8π2
FµνF̃

µν ,

where we take into account the explicit form of the shift (13.8) and make
use of the expression (13.6). Then the structure of the prepotential of the
quantum N = 2 supersymmetric pure Yang–Mills theory may be determined
from the equation

F ′′(e2iαΨ) ≈ F ′′(Ψ + 2iαΨ) = F ′′(Ψ) +
2αN
π
. (13.9)

Thus, expansion in α yields

F ′′′(Ψ) =
iNc

πΨ
. (13.10)

Solving this equation, we find the prepotential of the SU(2) theory:

Fper(Ψ) =
i

2π
Ψ2 ln

Ψ2

Λ2
. (13.11)

Here, Λ is a dynamically generated constant with the dimension of mass, a
counterpart of the familiar ΛQCD. This quantity defines the scale where the
theory becomes strongly coupled.

As we have already mentioned, the supersymmetry guarantees that no
corrections of higher order change this result. This is related to the structure
of the perturbative β-function of the N = 2 supersymmetric Yang–Mills
theory, which is restricted to the one-loop correction.

To obtain the explicit form of the perturbative β-function, we need to
consider a general structure of the U(1)R-invariant perturbative N = 2 pre-
potential that includes both (13.11) and the classical limiting case:

F(Ψ) = Ψ2

(
c1 + c2 ln

Ψ2

Λ2

)
, (13.12)

4 Recall that the N = 2 supersymmetry provides that all other kinetic terms
transform in the same way.
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where c1 = 1
2τclass and c2 = i/2π. In this expression, tree-level and one-loop

corrections are combined. The complex classical coupling constant τclass is
defined as in (11.76):

τ =
θ

2π
+

4πi
e2
.

The left-hand side of (13.12) corresponds to the scale of v, while the right-
hand side of this expression describes the coupling at the scale of renormal-
ization point µ. Indeed, the double differentiation of the prepotential (13.12)
yields the renormalization group equation

4π
e2(v)

=
4π
e2(µ)

+
1
π

ln
v2

µ2
≡ 1
π

ln
v2

Λ2
, (13.13)

where

Λ2 = µ2 exp
(
− 4π2

e2(µ)

)
.

Thus, the running gauge constant at the scale µ is e(µ) = −β ln(µ2/Λ2),
where

β = µ
de

dµ
= −e

3(µ)
4π2

. (13.14)

This is quite expectable expression for the perturbative β-function of the
asymptotically free SU(2) theory with two Weyl fermions and a complex
scalar field in the adjoint representation of the gauge group. Indeed, the
effective gauge coupling constant of the low-energy theory with Wilsonian
effective action corresponds to the scale µ → v. If this scale is sufficiently
large, the gauge coupling becomes very small and in the limit v → ∞, where
the theory becomes asymptotically free, the perturbative expansion is well-
justified. This is the semiclassical limit where

F(v) ∼ i

2π
v2 ln

v2

Λ2
,

τ(v) =
∂2F
∂v2

∼ i

π

(
ln
v2

Λ2
+ 3
)
,

(13.15)

and u ∼ 1
2v

2. The massless fields of the model are free at the large distances
and this is the free electric phase of the theory.

Let us note now that the form (13.12) of the prepotential breaks the
remaining Z8 symmetry further. Indeed, under transformations of the original
U(1)R-symmetry, the prepotential (13.11) transforms as

Fper(Ψ) → e4iα

[
i

2π
Ψ2 ln

Ψ2

Λ2
+
(

1
2
− 2α
π

)
Ψ2

]
.

Hence, the corresponding shift of the action is irrelevant if
4α
π

= n, where n

is an integer. Then α = 1
4πn and the original U(1)R-symmetry breaks to Z8:
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Ψ → eiπn/2Ψ , thus for odd n, we have the inversion Ψ → −Ψ . On the other
hand, the vacuum is parameterized by the variable u = 1

2v
2 (13.2), not by

the vacuum expectation value of the scalar field v. Evidently, a non-vanishing
value of u breaks Z8 further to Z4, which is the symmetry of a given point
on the moduli space.

Another observation is that the perturbative quantum corrections affect
the global structure of the quantum moduli space Mq. Indeed, the classical
moduli space H

+ has only one singularity at u = 0, at which the massless
gauge bosons appear in the spectrum. As we may expect, the quantum moduli
space has another singularity at u = ∞, which is related to the branch cut
of the logarithm of u = v2/2 in the one-loop corrected prepotential (13.15),
and τ(v) is a multivalued function of u.

The latter singularity means that, if we consider a closed path around
this point, the effective coupling τ(v), which is a multivalued function of u,
will change as τ → τ − 2 as we cross the cut. This means that there is a
non-trivial monodromy on the moduli space. We shall discuss this property
below. Taking into account the definition of the coupling τ of (11.76) in
the semiclassical limit, we can easily see that this shift yields an irrelevant
change of the θ angle: θ → θ − 4π. However, when monopoles are present in
the spectrum of the states, this transformation yields a shift in the electric
charge of a monopole according to (5.110).

Thus, the existence of non-trivial monodromies of the N = 2 supersym-
metric Yang–Mills theory suggests that there is no unique form of the low-
energy effective action written in terms of some given degree of freedom: the
loop around u = ∞ affects the physical spectrum of the monopole states.
This was an initial observation by Seiberg and Witten [469].

We can proceed further by noting that the moduli space can be compact-
ified by adding the point u = ∞. Hence, the quantum moduli space of the
model can be thought of as a Riemann sphere S2 with two singular points
at u = 0 and u = ∞, respectively. However, this conclusion is not correct,
because it would be misleading to extend the semiclassical relations (13.15),
which are correct only in the region close to u = ∞, to the whole range of
values of the variable u.

Indeed, the metric on the moduli space

Im τ(u) ∼ 1
π

ln
u

Λ2
,

is single-valued and positive in the weak-coupling region, although the ef-
fective coupling τ of (13.15) is a multi-valued function. Thus, the physical
condition of unitarity is satisfied in the vicinity of u = ∞. On the other hand,
the restriction imposed by unitarity means that the metric must be positive
not only in this part of the moduli space, but everywhere:

Im τ(u) = ImF ′′ > 0, for any u. (13.16)
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However, the prepotential F by its definition is a holomorphic function and,
as is well-known from complex analysis, the metric Im τ(u) is, therefore, a
harmonic function: ∂∂̄ Im τ(u) = 0. However, a globally defined harmonic
function cannot have a minimum. The only possibility is that τ remains
constant through the moduli space and that is the classical case.

Thus, we have to conclude that neither the prepotential nor the coor-
dinates v, which parameterise the quantum moduli space, can be defined
globally. Then the expressions (13.15) remain well-defined only in the semi-
classical patch in the vicinity of u = ∞. Some other variables, say vD, must be
introduced to parameterize the region of the complex plane, where τ(v) be-
comes negative. This situation to a certain extent resembles the non-singular
description of the Abelian monopole that we discussed in Chap. 3.

13.2 Global Parametrization
of the Quantum Moduli Space

13.2.1 Transformation of Duality
for N = 2 Low-Energy Effective Theory

The analysis above leads to the conclusion that the coordinates v and vD
are appropriate only in a certain region of Mg, around the corresponding
singularity and, in order to parameterize the entire quantum moduli space of
the N = 2 supersymmetric theory, we have to answer the primary question:
how many and what kind of singularities does the space Mg possess?

The partial answer to this question is, in fact, already known. As dis-
cussed above, the description in terms of the fields W and Φ, which enter the
effective Lagrangian (13.5), is well-defined in the weak coupling limit, where
the vacuum expectation value of the Higgs field is large. This is the patch
around the singularity u = ∞. What about the strong coupling limit? Then
the parameter v becomes small and we are definitely beyond the domain of
definition of the microscopic theory. However, we know that there is a way
to establish a connection between the regimes of weak and strong coupling,
namely, there are transformations of duality. The guiding idea of the work
by Seiberg and Witten [469] is to apply the arguments of duality to define
a proper set variables, which may provide an adequate formulation of the
theory in the strong coupling limit.

Since the low-energy effective action (13.5) is Abelian, the dual formula-
tion of the theory can be constructed by analogy with the usual electrody-
namics5. We already considered this transformation at the end of Chap. 1 (cf.
(1.89) and the related discussion). Let us now define the dual chiral superfield
as

5 An attempt to introduce a dual formulation of a non-Abelian theory in the same
way would be incorrect.
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ΦD = F ′(Φ) , (13.17)

and introduce a dual prepotential as a quantity that satisfies

F ′
D(ΦD) ≡ dFD(ΦD)

dΦD
= −Φ . (13.18)

Clearly, this is simply the Legendre transformation of the prepotential

FD(ΦD) = F(Φ) − ΦF ′(Φ) = F(Φ) − ΦΦD .

Then the inverse transformation is given by the (13.17).
Introduced in such a way, the dual transformations (13.17) and (13.18)

are very similar in form to the usual canonical transformations. Indeed, the
quantity F ′(Φ) can be thought of as a sort of “canonical momentum” that is
conjugated to the “coordinate” Φ and the Jacobian of these transformations
is equal to unity.

Let us see how the dual transformations of (13.17) and (13.18) affect the
low-energy effective action (13.5). Making use of the dual variables, we can
rewrite the second term there as

Im
∫
d2θd2θ̄ Φ†F ′(Φ) = Im

∫
d2θd2θ̄ (−F ′

D(ΦD))† ΦD

= Im
∫
d2θd2θ̄ Φ†

DF ′
D(ΦD) . (13.19)

Thus, this term is invariant with respect to the dual transformations defined
in (13.17) and (13.18).

Next, we have to find how the supersymmetric field strength Wα changes
under the dual transformations. The difference from the duality between the
chiral fields Φ and ΦD is that the relation between the superfield strengthWα

and its dual (WD)α cannot be local since it includes the conventional duality
between the Abelian field strengths Fµν and F̃µν . This observation suggests
a way to define the duality transformation of Wα.

Recall that the supersymmetric field strength Wα is defined as a covari-
antly constant quantity: Im(DαWα) = 0. This constraint contains, as a com-
ponent, the usual Bianci identity. Then, by analogy with the dual transfor-
mation of the variables of the functional integration in the electrodynamical
path integral (1.89), we can trade the functional integral over the vector su-
perfield V for the integral over Wα, subject to constraint (11.57), which is
incorporated into the Lagrangian (13.5). Introducing a real Lagrange multi-
plier vector superfield VD, we obtain
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Z ∼
∫

DV exp
[
− 1

32π
Im
∫
d4xd2θF ′′(Φ)WαWα

]
� DWDVD exp

[
− 1

32π
Im
∫
d4x

(∫
d2θF ′′(Φ)WαWα

+
1
2

∫
d2θd2θ̃ VDD

αWα

)]
. (13.20)

Integrating by parts and using the relation (11.55), D̄α̇W
α = 0, we find∫

d2θd2θ̃ VDD
αWα = −

∫
d2θd2θ̃ (DαVD)Wα =

∫
d2θ D̄β̇ D̄

β̇(DαVDWα)

=
∫
d2θ
(
D̄β̇ D̄

β̇DαVD

)
Wα ≡ −4

∫
d2θ(WD)αWα ,

(13.21)

where a dual vector superfield strength (WD)α is defined as

(WD)α ≡ 1
4
D̄β̇ D̄

β̇DαVD . (13.22)

The functional integration over the superfield Wα is Gaussian, thus we have:

Z ∼
∫

DVD exp
[

1
32π

Im
∫
d4xd2θ

(
− 1
F ′′ (WD)αWDα

)]
.

Hence, the dual transformation yields a form of the N = 2 supersymmetric
low-energy effective Lagrangian, that is an alternative to (13.5):

Leff =
1

32π
Im
(∫

d2θF ′′
D(ΦD)(WD)αWDα + 2

∫
d2θd2θ̄ Φ†

DF ′
D(ΦD)

)
.

(13.23)
Here the effective coupling τ = F ′′ is replaced by its dual, which is defined
as

τD ≡ F ′′
D(ΦD) = − 1

F ′′(Φ)
= −1

τ
. (13.24)

Clearly, if we identify the coupling τ with the parameter (3.17), which we
considered in the context of the action of the modular group, the relation
(13.24) represents the transformation of S-duality (2.144). Together with the
transformation of T-duality τ → τ + 1, which acts on the complex coupling
τ producing the shift of the angular parameter θ → θ + 2π, it generates the
modular group SL(2,Z). The latter is the full group of duality of the model.

Indeed, the low-energy effective Lagrangian (13.5) can be written in the
“mixed” form:

Leff =
1

32π

[
Im
∫
d2θ
dΦD

dΦ
WαWα + i

∫
d2θd2θ̄

(
Φ†

DΦ− Φ†ΦD

)]
, (13.25)
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which is evidently invariant with respect to the dual transformations (13.17)
and (13.18).

It is instructive to see how these transformation act on the two-

dimensional vector
(
ΦD

Φ

)
:

(
ΦD

Φ

)
−→

(
Φ′

D

Φ′

)
=
(
a b
c d

)(
ΦD

Φ

)
,

which are familiar transformations of the modular group (2.145) and (3.16).
The S-duality corresponds to the transformation(

ΦD

Φ

)
−→

(
0 1
−1 0

)(
ΦD

Φ

)
= S

(
ΦD

Φ

)
, (13.26)

while the T-duality is generated by(
ΦD

Φ

)
−→

(
1 1
0 1

)(
ΦD

Φ

)
= T

(
ΦD

Φ

)
. (13.27)

We can easily see that the latter transformation of (13.27) does not change
the second term of the Lagrangian (13.25). Thus, the corresponding variation
of the action is given by the shift of the first term:

δS =
1

32π
Im
∫
d4xd2θWαWα =

1
16π

∫
d4xFµνF̃

µν = 2πn ,

where n ∈ Z is the Pontryagin index (5.96). This transformation is simply
a translation of the vacuum angle θ → θ + 2π which does not affect the
physical quantities. Therefore, the partition function remains invariant un-
der transformations (13.26) and (13.27), which generate the modular group
SL(2,Z).

The similarity with the dual transformation of the Abelian electrodynam-
ics suggests that the dual theory governed by the Lagrangian (13.23) describes
the N = 2 Abelian vector multiplet containing the “magnetic” photon and
magnetically charged “dual Higgs” field. The magnetic monopoles and dyons
are the states of another dual hypermultiplet of the matter fields that can
be locally coupled to the dual field ΦD, just in the same way as the “nor-
mal” hypermultiplet of the matter fields can be coupled to the field Φ in
the original formulation. This interpretation means that the dual theory is
the N = 2 supersymmetric Abelian electrodynamics, which however, unlike
(13.5), is not an asymptotically free theory. The corresponding “magnetic”
β-function of the dual U(1) theory is different from its “electric” counterpart
(13.14) by a sign and a factor 1/2, which arises because the Abelian gauge
fields no longer contribute to the running coupling:

βD = µ
deD
dµ

=
e3D(µ)
8π2

. (13.28)
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The transformation of duality relates the regimes of weak and strong
coupling: the perturbative description in terms of the dual coupling τD cor-
responds to the non-perturbative regime in terms of the original coupling τ
and vice versa. Hence, the vacuum expectation value of the dual scalar com-
ponent φD of the dual chiral superfield ΦD, the complex number vD, can be
considered as a proper coordinate, which may parameterize the region of the
moduli space in the patch near u = 0.

Following the suggestion by Seiberg and Witten [469], we suppose that
the gauge invariant quantity u = 〈Tr φ2〉 provides a global parameterization
of the moduli space with regard both to the variables v(u) and

vD(u) ≡ ∂F
∂v
.

This equation can be used to express the effective coupling in terms of the
variables v, vD. Indeed, the scale-dependent effective coupling τ is defined

as τ(v) =
∂2F
∂2v

. Then, taking into account the definition of the dual field

(13.17), we can write the formula

τ(v) =
dvD
dv

, (13.29)

which implies the following dual-invariant form of the metric on the moduli
space (cf. (13.7)):

d2s = Im τ(v) dvdv̄ = Im
dvD
dv
dvdv̄

= Im(dvDdv̄) =
i

2
(dvdv̄D − dvDdv̄) .

(13.30)

To understand the geometrical meaning of this metric, let us recall our
discussion of the complex spaces in Chap. 3. The moduli space M is parame-
terized by a holomorphic coordinate u. The functions v(u) and vD(u) provide
a map f : M → X, where the vector space X � C

2 is covered by two patches
with local coordinates v and vD, respectively. Thus, these functions define a
section of the space X, a vector bundle M ⊗ X over the moduli space M
with the structure group SL(2,Z).

Indeed, the space X can be endowed with the holomorphic form ωh =
dvD∧dv and the symplectic differential form

ω = Im dvD ∧ dv̄ =
i

2
(dv ∧ dv̄D − dvD ∧ dv̄) .

The condition of holomorphicity means that we have to consider the sections

V =
(
vD
v

)
of the bundle f : M → X for which the pullback of ωh vanishes:

f∗(ωh) = 0.
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The Kähler metric is associated with the symplectic form ω. Thus, the
pullback f∗(ω) of the symplectic form ω yields the metric on the moduli
space

d2s = Im
dvD
du

dv̄

dū
dudū =

i

2

(
dv̄D
dū

dv

du
− dvD
du

dv̄

dū

)
dudū , (13.31)

which in the full quantum theory is invariant with respect to the transforma-
tions of the modular group SL(2,Z). Although such a metric is not positive
for an arbitrary range of values v(u), vD(u), the explicit solution obtained by
Seiberg and Witten provides this property. The discussion in the next section
will clarify this.

13.2.2 BPS Bound Reexamined

Let us return to the analysis of the BPS mass bound (12.23). First, from
(5.110) we know that the effect of the vacuum angle is to change the electric
charge vector (12.47) as

#q = e
2∑

i=1

(
mi
#βi + ni

θ

2π
#β∗i

)
, (13.32)

while the magnetic charge vector remains unchanged:

#g =
4π
e

2∑
i=1

ni
#β∗i . (13.33)

Here, mi, ni ∈ Z are the electric and magnetic quantum numbers, respec-
tively. Recall that the SU(N) simple roots are self-dual, that is, #β∗i = #βi.
Thus, the BPS mass bound (12.48) becomes

M =

∣∣∣∣∣e
2∑

i=1

mi

(√
2#βi · #h

)
+
eθ

2π

2∑
i=1

ni

(√
2#β∗i · #h

)
+

4πi
e

r∑
i=1

ni

(√
2#β∗i · #h

)∣∣∣∣∣
=

∣∣∣∣∣
2∑

i=1

{
mi + ni

(
4πi
e2

+
θ

2π

)}(√
2e#βi · #h

)∣∣∣∣∣
=

∣∣∣∣∣
2∑

i=1

{mi + τni}Φi

∣∣∣∣∣ . (13.34)

For the sake of simplicity, we have restricted our consideration to the case
of the SU(2) gauge group. Then both scalar fields belong the same unique
Cartan subalgebra and the components of the two-dimensional vectors of the
electric and magnetic charges are proportional to each other: q1/q2 = g1/g2.
This implies that the central charge of the microscopicN = 2 supersymmetric
SU(2) pure Yang–Mills theory is simply
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Z = v(m+ τn) . (13.35)

However, this relation is valid only in the weak coupling regime, where τ
approaches to its classical limit (11.76). To obtain a dual-invariant modifica-
tion of the expression for the central charge, we can note that in the classical
limit τ = vD/v and, therefore,

Z = vm+ vDn = (n,m)
(
vD
v

)
. (13.36)

Seiberg and Witten suggested that this expression can be used as an exact
BPS mass formula that is correct both in weak and strong coupling regimes.

The physical interpretation of the mass formula (13.36) is rather obvious.
Recall that all states saturating the BPS bound belong to the short massive
multiplet of the N = 2 supersymmetry. The mass of these states is sim-
ply M = |Z| and two components of (13.36) are precisely the electric and
magnetic masses, whose definition we discussed above on page 455.

Indeed, let us consider a massive hypermultiplet of the matterN = 1 fields
A,A† with a charge m. The N = 2 supersymmetry of the low-energy effective
action fixes the coupling of these fields with the N = 1 chiral scalar superfield
uniquely:

√
2mΦAA†. Then, using the definition of the central charge, we can

easily find that for such a state Z = vm.
Similarly, in the dual formulation of the theory, the short massive dual

hypermultiplet is represented by the N = 1 chiral superfields B,B† with a
magnetic charge n. These fields are coupled to the dual chiral supefield ΦD

as √
2nΦDBB

† . (13.37)

We can see that the corresponding additive central charge is Z = nvD, so
that for a mixed dyon state, we obtain the relation (13.36).

Clearly, the mass formula (13.36) must be dual invariant, because it yields
the masses of the physical states. The invariance with respect to the transfor-
mation of S-duality is obvious, since it acts as a permutation v � vD, which
also interchanges the electric and magnetic quantum numbers asm� n. The

transformations of the full group of duality act on the section V =
(
vD
v

)
and the charge vector as:(

vD
v

)
→M

(
vD
v

)
, (n,m) → (n,m)M−1 . (13.38)

Let us note that, although the Zamolodchikov metric (13.31) is formally
invariant under the symplectic transformations V →MV +C,M ∈ SP (2,R),
where C is a constant vector6, only the transformations of the discrete sub-
group SL(2,Z) survive in the quantum theory. Indeed, the charge vector

6 In the absence of the matter fields, this vector is vanishing.
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(n,m) has the integer entries and a transformed vector must have integer en-

tries as well. Thus, M =
(
a b
c d

)
is an integral matrix of SL(2,Z). If there

are singularities on the moduli space M, the section
(
vD
v

)
is transformed

under action of the elements of the monodromy group ΓM , a subgroup of
SL(2,Z).

Furthermore, under action of the SL(2,Z) group, the effective coupling τ
(13.29) is transforming as

τ −→ aτ + b
cτ + d

Recall that we already encountered this relation in Chap. 3, on that occa-
sion in the context of the transformations of the periodic matrix of a torus,
a Riemann surface of genus 1, under the action of the transformation of the
modular group that changes the basis of homology (cf. (3.18) and the related
discussion). The logic of Seiberg and Witten is to identify the moduli space
of the N = 2 supersymmetric theory with a certain Riemann surface and to
consider the action of the modular group in this geometrical context. The
variables v, vD in this frame turn out to be related to the periods on this sur-
face. Then they can be recovered from the structure of the given monodromy
on the moduli space.

13.3 Seiberg–Witten Explicit Solution

13.3.1 Monodromies on the Moduli Space

Let us analyze the geometry of the quantum moduli space of the N = 2
SUSY SU(2) Yang–Mills theory. We assume that there is only a finite set
of isolated singularities. First, we have to identify these and calculate the
corresponding monodromies.

The practical method of calculation is to consider the behavior of the
multi-valued functions v and vD, as the variable u, which parameterizes the
moduli space M, is varying. More precisely, we have to consider a closed
contour on M. If this contour does not encircle a singularity, the functions
v and vD do not change as u goes around a loop. However, if this contour
encircles some singularity, these functions do not return to their original
values, but get transformed into certain linear combinations. This is what is
called monodromy.

Recall that the singularities of the moduli space are associated with the
appearance of certain additional massless physical states, which destroy the
description in terms of the Wilsonian effective action. The classical singular-
ity at u = 0, for example, is due to the massless vector bosons and their spinor
superpartners, which are the components of the vector superfield. They be-
come massless as the Higgs mechanism does not work at this point and the
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gauge symmetry is restored there from U(1) to SU(2). However, as we shall
see below, the global structure of the quantum moduli space turns out to be
different. Thus, the question is how many singularities there are and what
kind of massless excitations are associated with them.

As we have already mentioned, the quantum moduli space has a singu-
larity at u = ∞, which is related to the branch cut of the logarithm of the
one-loop corrected effective coupling. This singularity shall be present in the
semiclassical limit of the full quantum theory, because of the asymptotic free-
dom. Indeed, at large values of u = v2/2, the model is well-defined by the
microscopic Lagrangian (13.1). The prepotential and the effective coupling
then are given by the one-loop corrected expressions (13.15) above, and this
implies

vD(u) =
∂F
∂v

=
i

π

√
2u
(

ln
2u
Λ2

+ 1
)
,

v(u) =
√

2u ,

τ(u) =
i

π

(
ln

2u
Λ2

+ 3
)
.

(13.39)

Let us define the matrix of monodromy around u = ∞. As discussed
above, we can consider a counterclockwise closed contour of very large radius
in the complex u-plane, which yields u→ e2πiu. Since this plane is compact-
ified into a Riemann sphere, this contour is equivalent to a clockwise path
around the singular point u = ∞. Then lnu → lnu + 2πi and the functions
(13.39) are affected by monodromy as

v(u) → −v(u); vD(u) → i

π
(−v)

(
ln
e2πiu

Λ2
+ 1
)

= −vD + 2v ,

τ(u) → i

π

(
ln
e2πiu

Λ2
+ 3
)

= τ(u) − 2 .
(13.40)

We see that this monodromy is defined by the value of the coefficient, which
appears in front of the logarithm in the expression for the effective coupling τ .
Recall that it is directly related to the perturbative β-function of the model.

From this we find that the matrix of monodromy, acting on the section
V , is of the form:(

vD
v

)
→M∞

(
vD
v

)
=
(
−1 2
0 −1

)(
vD
v

)
= S2T−2

(
vD
v

)
, (13.41)

where T−1 =
(

1 −1
0 1

)
is the inverse of the matrix of T-duality (13.27) and

S is a matrix of S-duality (13.26). Note that S2 is proportional to the element
of unity of SL(2,Z), S2 = −I.

On the other hand, the monodromy matrix at u = ∞ also acts on the
charge vector as:
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(n,m) → (n,m)M−1
∞ = (−n,−m− 2n) , (13.42)

that is, these states do not form a left eigenvector of the matrix of monodromy
M∞. This can be understood, if we notice that the phase rotation in the
complex u-plane u → e2πiu results in the shift of the vacuum angle θ →
θ+ δθ = θ− 4π. Then, according to (13.42), the electric quantum number of
a monopole under the monodromy M∞ is shifted as

m→ −m+ n
δθ

2π
= −m− 2n .

Let us consider now the structure of the quantum moduli space at the
finite values of u. As u decreases, we approach the strong coupling regime,
where the expressions (13.15) for the prepotential F(v) and the effective
coupling τ(v) are no longer valid. Thus, in this region u �= v2/2, and we
have to continue our consideration of the singularities on the moduli space in
order to understand the structure of the low-energy effective action beyond
the semi-classical limit in the vicinity of the singular point at u = ∞.

Note that this singularity appears due to the branch cut of the logarithmic
function of vD in (13.39). Clearly, this cut has to originate at some point,
thus, the singularity at u = ∞ cannot be alone.

At a first glance, there is the classical singularity at u = 0, which we
discussed above. However, it would be premature to conclude that this sin-
gularity survives on the quantum moduli space. Indeed, if there were only
two singularities on the Riemann sphere, at u = 0 and u = ∞, respectively,
the monodromyM0 around u = 0 would be the same as the monodromyM∞
around u = ∞. This means that the monodromy group would be Abelian
and then the quantity v2 would not change under either monodromy. In that
case, u = v2/2 may be considered as a well-defined global coordinate on M.

However, it is clear that then we would immediately run into the same
conflict with restriction imposed by the unitarity. Indeed, recall that in that
case, the coupling Im τ has to be a harmonic function that has to be positive
definite throughout the moduli space (see, e.g., [123]). Thus, it cannot have
a minimum there and the singularity of the classical moduli space at u = 0
is excluded in the quantum theory.

Moreover, the gauge bosons, which are the components of the spin-1 mul-
tiplet, in a full quantum theory never become massless and the spontaneously
broken gauge symmetry of the quantum theory is never restored; it remains
Abelian over the entire space Mq. Seiberg and Witten pointed out that the
presence of the massless gauge bosons would imply a superconformal invari-
ance in the infrared limit, which is not present at any scale. Thus, we have
to conclude that we have to look for the strong coupling singularities not at
the origin, but in some other places.

Note that the global symmetry of the moduli space with respect to the
Z2 reflections u→ −u means that the singularities on Mq come pairwise: for
a singularity at u0 there has to be a counterpart at −u0. The fixed points of
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this discrete transformation on the Riemann sphere are u = ∞ and u = 0,
but the latter singularity has to be excluded. Thus, the minimal assumption
about the global structure of the quantum moduli space Mq is that there are
at least two additional singularities at u = ±u0 (see Fig. 13.2).

An intriguing question regards the physical origin of these singularities.
What are the states that become massless at these points and what is the
physical meaning of the non-zero value of u0? Since the gauge bosons, as well
as other states of the N = 2 multiplet, are excluded, we have to consider
other possibilities. Evidently, the value of u0 can be associated with some
non-perturbative scale of theory, a counterpart of the ΛQCD.

Recall that there is the massive matter multiplet with spin 1/2. This is
the short N = 2 multiplet, which contains non-perturbative BPS states, the
monopoles. We have seen that the matter fields of the monopoles (dyons)
cannot be locally coupled to the fundamental fields appearing in the formu-
lation (13.5). However, in the dual description (13.23), the dual fields ΦD

are coupled to the magnetically charged hypermultiplet locally as in (13.37).
Thus, the monopole becomes massless as vD = 0. Then we may associate the
strong coupling singularity at u0 with the point on the moduli space where
vD vanishes, but v �= 0.

Furthermore, we suppose that the mass formula (13.36) can be applied
both to the pure electrically charged states (0,m) and to the monopoles (n, 0).
Then the dyons become massless as vm+vDn = 0 for some non-zero values of
the electric and magnetic quantum numbers. We can associate these massless
dyonic excitations with the third singularity of the quantum moduli space at
−u0 (see Fig. 13.2).

Let us investigate the consequences of these assumptions. First, we may
calculate the monodromy matrixMu0 at u = u0. It may be defined by making
use of the arguments of duality. Namely, we have to calculate a monodromy
for a massless electric hypermultiplet (0, 1) coupled to the field Φ. Evidently,
its mass vanishes as v = 0. Then we may apply the transformation of duality
to find the monodromy for a massless monopole (1, 0).

However, we consider here another, more straightforward way of calculat-
ing the monodromyMu0 , which is related with the form of the U(1) magnetic
β-function of (13.28). In the Abelian theory, we can set θD = 0 and then

τD = − ∂v

∂vD
=

4πi
e2D
. (13.43)

The structure of the renormalization group equation (13.13) suggests
setting a correspondence between the quantum singularities and the non-
perturbative scale Λ. Near this singularity u0 ∼ Λ2, the renormalization
point µ is proportional to vD → 0, which is the only scale in this region.
Thus, the “magnetic” β-function (13.28) can be written as

vD
dτD
dvD

= − i
π
.
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Fig. 13.2. The structure of singularities on the quantum moduli space Mq of the
N = 2 supersymmetric Yang–Mills model

Integrating this equation, we obtain

τD = − i
π

ln vD . (13.44)

Further integration of (13.43) allows us to see that, in the region near u0,

v ≈ v0 +
i

π
vD ln vD , (13.45)

where a constant v0 is not equal to zero, otherwise both vD and v would vanish
simultaneously. In the latter case, both the electrically and the magnetically
charged BPS states would be massless. In the vicinity of u0, this situation
corresponds to an effective theory of the light monopoles interacting with the
light electric states.

Since vD is supposed to be a good coordinate near the point u0, it can be
expanded there as

vD ∼ c0(u− u0) . (13.46)

Then taking u around a loop encircling the singularity u0 counterclockwise,
so that (u− u0) → e2πi(u− u0), we obtain:

v(u) → v(u) − 2vD(u), vD(u) → vD(u) ,
τD(u) → τD(u) + 2 .

(13.47)

The last of these equations means that the corresponding monodromy trans-
formation of the coupling τ is of the form

τ(u) = − 1
τD

→ τ(u)
1 − 2τ(u)

.
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Then the monodromy matrixMu0 , which by acting on the section V yields
the transformations (13.47), is(

vD
v

)
→Mu0

(
vD
v

)
=
(

1 0
−2 1

)(
vD
v

)
= ST 2S−1

(
vD
v

)
. (13.48)

We can easily see that this this matrix is related to the matrix of monodromy
M∞ of (13.41) as Mu0 = SM−1

∞ S.
The last remaining monodromy at u = −u0 ∼ −Λ2 is related to the

monodromy at u = u0 ∼ Λ2 by the above-mentioned Z2-symmetry that
acts on the parameter u as u → eiπu. This symmetry is a property of the
entire moduli space. Then we can start from the semiclassical region, where
u is large and the perturbative relations (13.39) are well-defined. The Z2

reflection in this region yields

v =
√

2u→ ṽ = iv ,

vD =
i

π

√
2u
(

ln
2u
Λ2

+ 1
)

→ ṽD = −
√

2u
π

(
ln

2u
Λ2

+ 1
)
− i

√
2u

= i(vD − v) .

(13.49)

We can now make use of the analogy with the previous case to determine
the monodromy at the strong coupling singularity u = −u0. In the vicinity of
this point, ṽD should now be a good coordinate that admits a linear expansion
in u, that is,

ṽD ∼ c̃0(u+ u0) .

The dual effective coupling in this patch becomes

τ̃D = − ∂ṽ

∂ṽD
= − i

π
ln ṽD . (13.50)

Thus, we have

ṽ = ṽ0 +
i

π
ṽD ln ṽD . (13.51)

To obtain the monodromy matrix, we have to consider a contour encircling
the singularity at u = −u0, so that (u+u0) → (u+u0)e2πi. By analogy with
(13.47), this gives

ṽ(u) → ṽ(u) − 2ṽD(u); ṽD(u) → ṽD(u) ,
τ̃D(u) → τ̃D(u) + 2 .

(13.52)

This description may be written in terms of the original variables v, vD, which
are related to ṽ, ṽD by Z2-symmetry as in (13.49). Then, as u goes around a
loop encircling u = −u0,

v(u) → 3v(u) − 2vD(u); vD(u) → 2v(u) − vD(u) ,

τ(u) → 2 − τ(u)
3 − 2τ(u)

.
(13.53)
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Thus, the third monodromy matrix M−u0 is acting as(
vD
v

)
→M−u0

(
vD
v

)
=
(
−1 2
−2 3

)(
vD
v

)
= ST−2ST−2

(
vD
v

)
. (13.54)

The simple check of self-consistency of these calculations above is to prove
that a loop, which encircles both strong coupling singularities, does reproduce
the monodromy at u = ∞. Indeed, we can easily see that the factorization
condition

Mu0M−u0 =M∞ ,

is fulfilled. Note that the matrices Mu0M−u0 do not commute and it looks
like the factorization formula does not respect the Z2 symmetry of the moduli
space. However, the definition of the composition of monodromies requires
a choice of a base point u on the moduli space. Then for the reflected base
point −u, we obtain

M ′
−u0
Mu0 =M∞ ,

where

M ′
−u0

=
(

3 2
−2 −1

)
= T−2ST−2S . (13.55)

Thus, the Z2 symmetry exchanges the monodromy matrices (13.54) and
(13.55).

The three monodromy matrices of (13.41), (13.48) and (13.54) (or, equiv-
alently (13.55)) span a monodromy subgroup Γ (2) of the modular group
SL(2,Z). The moduli space, the u-plane with three singularities, is the quo-
tient of the upper half H

+ of a complex plane by Γ (2). Note that the matrix
of S-duality (13.26) is not an element of the monodromy group, thus the
N = 2 Yang–Mills theory is not self-dual7.

Finally, let us recall that a monodromy transformation acts on the charge
vector (n,m) by the right multiplication with M−1. The corresponding BPS
state, which becomes massless at the point of singularity, must be invari-
ant with respect to this transformation of mondromy, that is, (n,m) has to
be an eigenvector of the monodromy matrix with unit eigenvalue. Indeed,
the monopole state with a unit magnetic quantum number (1, 0) is a left
eigenvector of the monodromy matrix Mu0 :

(1, 0)
(

1 0
−2 1

)
= (1, 0) .

This state becomes massless at the point vD = 0, where u = u0. On the other
hand, the (1,−1) dyon state becomes massless at the point u = −u0. Indeed,

7 There is a difference from the N = 4 supersymmetric Yang–Mills theory where
the group of monodromy includes the transformations of S-duality and, therefore,
that model is a special case of a self-dual theory.



492 13 Seiberg–Witten Solution of N = 2 SUSY Yang–Mills Theory

there the BPS mass formula yields v − vD = 0, thus ṽD = 0. We can easily
see that this state is the left eigenvector of the monodromy matrix M−u0 :

(1,−1)
(
−1 2
−2 3

)
= (1,−1) .

As we noted above, the Z2 reflections on the moduli space change the
matrix of monodromy asM−u0 →M ′

−u0
. We can see that the left eigenvector

of the matrix M ′
−u0

(13.55) is the (1, 1) dyon state:

(1, 1)
(

3 2
−2 −1

)
= (1, 1) .

Hence the reflection u→ −u = eiπu inverts the sign of the electric charge of
the (1,−1)-dyon. We may anticipate this effect in advance, since the u→ −u
reflection yields the related shift of the θ-angle.

Thus, to summarize, the key message of the Seiberg–Witten work is that
the exact quantum moduli space of the N = 2 supersymmetric Yang–Mills
theory is covered by three patches; in the center of each of those, the lo-
cal weakly coupled theory is described in terms of the properly chosen local
variables. There is a well-defined corresponding local low-energy effective La-
grangian in each path, but none of these three Lagrangians, which are related
by the transformations of duality8, is more fundamental than the other two.

13.3.2 Solution of the Monodromy Problem

The analogy that obviously exists between the quantum moduli space of the
N = 2 supersymmetric Yang–Mills theory and the moduli space of genus
one Riemann surfaces, a torus, suggests application of the related geomet-
rical technique to find the multivalued functions v(u) and vD(u) that form
a holomorphic section V of the bundle M⊗X, where X � C

2. Indeed, we
have mentioned that the effective coupling Im τ(u) can be identified with the
τ -parameter of a torus whose homology basis transforms under the action
of the group of monodromy Γ (2). Thus, the problem of finding a solution
of the N = 2 low-energy effective action can be reduced to the Riemann–
Hilbert problem of finding the functions with a given monodromy around the
singularities.

Recall that a torus (an elliptic curve) is defined by an algebraic equation
(cf. (3.14) and (6.93), Fig. 3.5 and the related discussion in Chaps. 3 and 6)
of the form

y2 = x3 + αx+ β , (13.56)

which generates a family of the genus one Riemann surfaces S. Here α, β ∈ C

are arbitrary parameters. This equation defines a two-sheet function that has
8 In this context, it would be more correct to use the notion of the electro-magnetic-

dyonic triality, see Fig. 13.2.
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four branch points: three are corresponding to the zeros of the function y(x)
and one branch point is located at x = ∞. These branch points are pairwise
connected by two cuts.

There are two fundamental one-cycles of the torus. The cycle a is a contour
that encircles the cut between first two branch points, while the cycle b is a
contour that starts from the upper side of the second cut, goes to the first cut,
continues across the cut to the second sheet and returns to the original sheet
across the first cut. These cycles are normalized such that their intersection
number is equal to one:

a ◦ b = 1 . (13.57)

The fundamental circles on the complex u-plane allows us to give a new
interpretation to the singularities on the moduli space. Indeed, these cycles
continuously vary with u and if two of the branch points coincide, a cycle
shrinks to zero and the elliptic curve becomes singular. Thus, the singular-
ities are the points where a curve in the family S(u) develops a vanishing
cycle. This corresponds to the singularity of the complex u-plane with a non-
trivial monodromy around it. Recall that, physically, these singularities are
associated with the appearance of massless particles in the spectrum.

To parameterize the torus in terms of the variables y, x, it is convenient
to consider the basis for one-forms on S(u)

λ1 =
dx

y
, λ2 =

xdx

y
.

An arbitrary element of the first homology group λ is a meromorphic one-
form with vanishing residue. The elements of the first cohomology group λ
can be set into correspondence to an element of the first homology group on
the Riemann surface, an integral along the closed path γ

γ →
∮
γ

λ .

By definition, the one-form λ1 is a unique holomorphic differential on
S(u) up to the action of the operation of the scalar multiplication. Then the
integration along two periods of the torus, which are defined as

ω1 =
∮
a

dx

y
, ω2 =

∮
b

dx

y
,

allows us to identify the parameter of the torus τ of (3.17) as the ratio

τ =
ω2

ω1
=

∮
b

ω∮
a

ω
.
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Let us note that this form is very similar to the definition (13.29) of the
effective coupling constant:

τ ≡ dvD
dv

=
dvD
du

/
dv

du
. (13.58)

Then we can identify

dv

du
=
∮
b

dλ

du
,

dvD
du

=
∮
a

dλ

du
,

where λ is an abritrary meromorphic one-form. The identification of the func-
tions v, vD as the integrals of a one-form, v =

∮
b

λ, and vD =
∮
a

λ respectively,

allows us to prove that this form depends on λ1 only [469]. Thus, the period
of the torus is defined by the ratio of two periodic integrals

dv

du
= C

∮
a

dx

y
,

dvD
du

= C
∮
b

dx

y
, (13.59)

where C is some common dimensionless constant.
Note that these periodic integrals (13.59) satisfy a second-order Picard–

Fuchs differential equation in the complex plane u. Indeed, monodromies
usually arise in the context of the solution of a differential equation with
periodic coefficients (see, for example, [12]). Thus, one can write the corre-
sponding differential equation for the multi-valued functions v, vD and solve
it explicitly [124, 311]. This approach is different from the original paper by
Seiberg and Witten, where the geometrical language of the elliptic curves was
applied. We shall briefly sketch this solution.

Note that the vanishing cycles on a torus are related to the BPS bound
(13.36). Let us consider a path γ, which can be expanded in the fundamental
cycles of the one-torus as γ = ma + nb, where m,n ∈ Z. If the correspond-
ing path shrinks to zero, assuming that the meromorphic one-form λ has a
vanishing residue, we can write∮

γ

λ = m
∮
b

λ+ n
∮
a

λ = mv + nvD ≡ Z →
γ→0

0 .

This is a massless BPS state with electric and magnetic quantum numbers
(m,n), respectively. In other words, the charges of the dyon have a nice
geometrical interpretation as the coordinates of the corresponding vanishing
cycle in the holonomy basis.

We can see that the changes of the homology basis are precisely the trans-
formations of the modular group SL(2,Z), which acts on the electric and mag-
netic quantum numbers, as discussed above in Chap. 2 (cf. (2.145)). Then
the dual invariant quantity, the Schwinger–Zwanziger quantization condition



13.3 Seiberg–Witten Explicit Solution 495

(2.131), has a nice geometrical interpretation of the intersection number of
the basis one-cycles

ai ◦ bj = qigj − qjgi = n, n ∈ Z , (13.60)

which obviously generalizes the relation (13.57).
To obtain the effective action explicitly by making use of the arguments

of symmetry, Seiberg and Witten suggested considering the curve [469]

y2 = (x− u0)(x+ u0)(x− u) , (13.61)

which corresponds to the strong coupling singularities at the points ±u0.
One can prove that the monodromies of the periods of the torus, which are
defined by the auxiliary spectral curve of that type, are identical to the
monodromies of the quantum moduli space and generate the monodromy
group Γ (2) [73,424,469].

Substituting this formula into (13.59) and integrating over u, we obtain

v(u) = −2C
∮
a

dx

√
x− u√
x2 − u2

0

= −4

u0∫
−u0

dx

√
x− u√
x2 − u2

0

,

vD(u) = −2C
∮
b

dx

√
x− u√
x2 − u2

0

= −4

u∫
u0

dx

√
x− u√
x2 − u2

0

,

(13.62)

where we make use of the equivalence of the contributions from the interga-
tion over the square-root branch cut and under the square-root branch cut.
The explicit formulae for v(u) and vD(u) can be given in terms of the elliptic
integrals E and K, or in terms of the hypergeometric functions [469].

We can see that the functions (13.62) are indeed singular at the points
±u0,∞. Furthermore, the known asymptotic behavior in the semi-classical
regime: v(u) →

√
2u, as u→ ∞, allows us to define the constant C. Indeed,

in this limit we have

v ≈ −4C
√
u

u0∫
−u0

dx√
x2 − u2

0

= −4πC
√
u ,

which yields C = −
√

2/(4π). We can write the second solution for the dual
variable in the weak coupling regime as an integral

vD =
√

2u
π

u0∫
1/u

dz

√
z − 1√

z2 − (u0/u)2
,

where we changed a variable of integration as z = x/u. Note that in the limit
u→ ∞, this expression has a logarithmic divergence at z = 0:
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vD ≈ i

π

√
2u ln

u

u0
,

which coincides with the one-loop formulae (13.39) above.
On the other hand, as u→ u0, we obtain

vD ≈ 1
π

u0∫
1/u

dz

√
z − 1√

z − (u0/u)
=
i

2
(u− u0) , (13.63)

which justifies the relation (13.46). The strong coupling limit of the variable
v is then simply

v(u0) =
√

2
π

u0∫
−u0

dx√
x+ u0

=
4
√
u0

π
.

This relation yields the value of the constant v0 in (13.45). Furthermore,
according to (13.59), the derivative of v with respect to u is

dv

du
= −

√
2

2π

u0∫
−u0

dx√
(x− u0)(x+ u0)(x− u)

.

Thus, the expansion of the variable v near u0 becomes

v ≈ 4
√
u0

π
− 1

2π
(u− u0) ln(u− u0) ,

which is in agreement with (13.45) and (13.46), and produces the expectable
monodromy around the strong coupling singularity.

Let us finally note that the solution at the second strong coupling singu-
larity is determined by the Z2 symmetry as we described above. This yields
the Seiberg–Witten solution of the N = 2 supersymmetric Yang–Mills the-
ory, because the relation vD = dF/dv means that the prepotential F(v) can
now be calculated by inverting the first of the equations in (13.62) to obtain
u as a function of v and then, inserting the result into the second equation
(13.62), to obtain vD as a function of v. Then the integration of the result
with respect to v gives F(v), and hence, the low-energy effective action that
is valid within a certain domain.

13.3.3 Confinement and the Monopole Condensation

The Seiberg–Witten solution also allows us to prove the conjecture about the
possible role of the monopole condensation in the mechanism of confinement.
However, instead of the realistic QCD, we shall consider the N = 1 gauge
supersymmetric theory, which describes the chiral superfield Φ interacting
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with the vector superfield Wα. These fields can be thought of as being the
components of the N = 2 chiral superfield Ψ . The idea is that the low-energy
effective action of the N = 2 super Yang–Mills theory may provide some
information about the non-perturbative structure of the N = 1 theory, the
supersymmetric counterpart of the QCD.

Indeed, the N = 2 supersymmetry is not compatible with phenomenology,
both because of the exact chiral symmetry and equal masses of the bosonic
and fermionic components of the N = 2 supermultiplet. Thus, confinement
and chiral symmetry breaking may be possible after the N = 2 SUSY break-
ing, either softly or spontaneously.

To break N = 2 supersymmetry down to N = 1 softly, we have to include
the superpotential W = mTr Φ2 in the action (12.6) by hand. This term
gives a bare mass m to the states of the chiral multiplet and, since the scalar
field φ is a leading component of the chiral superfield, the superpotential
lifts the degeneration of the N = 2 vacuum. This is a way to define N = 1
supersymmetric theory as the low-energy effective limit of the N=2 gauge
theory.

The motivation of the soft supersymmetry breaking is an assumption
about the existence of the mass gap. Indeed, it was shown in the 1980s
that there is a mass gap of the N = 1 microscopic theory, which is related
with a non-vanishing vacuum expectation value of the gaugino condensate
〈λ̄λ〉 [402]. We expect that the quantum moduli space of the N = 1 theory
is similar to that of the N = 2 Yang-Mills theory, that is, there are two sin-
gularities at the strong coupling regime. Then the existence of the gaugino
condensate of the original theory implies that in a dual formulation, which is
valid in the vicinity u0, a dual magnetic photon also becomes massive.

This mass gap may exist if there are either some massless gauge fields,
which would give rise to a strongly coupled non-Abelian gauge theory, or if
there are dual light charged fields, that are the excitations of the vacuum of
the dual sector which corresponds to the strong coupling singularity. Both
options mean that there must be some additional massless states somewhere
on the quantum moduli space M.

We have already mentioned that the existence of the massless gauge
bosons, which would correspond to the singularity at u = 0, and recover-
ing of the original non-Abelian symmetry, is not compatible with the struc-
ture of the quantum moduli space and has to be excluded. Therefore, taking
into account the physical interpretation of the strong-coupling singularities
at u = ±u0, we can consider the effect of the light monopoles (dyons).

In the strong coupling limit u → u0, a proper description can be given
in terms of the dual superfields ΦD and Wα

D. This is the theory of the light
monopoles weakly coupled to dual photons. The corresponding dual Abelian
N = 1 chiral superfields B,B† are coupled to the dual chiral supefield ΦD as
in (13.37) and the N = 1 superpotential of the low-energy effective theory
becomes
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W̃ =
√

2ΦDBB
† +mTr Φ2 . (13.64)

Here the second term appears because of the superpotential, which beaks the
N = 2 supersymmetry of the original low-energy effective action. This is an
exact form that is restricted by the non-renormalization theorem [469].

Recall that the vacuum expectation value of the scalar component of ΦD,
which appears in the low-energy effective action, is vD and u = Tr Φ2. Up to
a gauge transformation, the vacuum state has to be a solution of the equation

dW̃ = 0 ,

which satisfies the condition |B| = |B†|, so that the D-term vanishes. If
m = 0, that vacuum corresponds to |B| = |B†| = 0 and vD is an arbitrary
parameter. Thus, this is the N = 2 moduli space that we considered above.
However, if m �= 0, we obtain

√
2BB† +m

du

dvD
= 0 ,

and vDB = vDB† = 0. If we assume that du/dvd �= 0, we get B,B† �= 0. The
second equation then requires vD = 0 and the solution is given by

B = B† =
(
−mu′(0)/

√
2
)1/2

. (13.65)

Since this field is charged, its non-zero vacuum expectation value generates
a mass for the dual photon via the Higgs mechanism. However, these fields
that form a condensate are the monopoles, and that is precisely the picture
of the dual Meissner effect, which we already discussed in Chap. 9.

Finally, let us recall that we restrict our overview to the simplest case of
the softly broken N = 2 SU(2) gauge theory with fundamental quarks of one
flavor. Evidently, there are different possibilities of extending the model. One
may consider, for example, the gauge groups SU(N), SO(N) or USp(2N),
as well as an arbitrary number Nf of the quark flavors compatible with
the restriction of asymptotic freedom. These models exhibit a rich variety
of vacua properties depending on the relation between the rank of the gauge
group andNf . However, in most cases, monopole condensation occurs. A very
detailed microscopic investigation of the various regimes for the monopole
condensation related to non-Abelian string junction in the Higgs phase of
N = 2 two flavor QCD was presented recently [474]. The restricted book
volume does not allow us to discuss this interesting development. We refer the
reader to the short overviews [333,334], the recent paper [335] and references
therein.

13.4 Concluding Remarks

A variety of results has been obtained in recent years, expanding the Seiberg–
Witten approach to different models with gauge groups of higher rank and
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various multiplets representing the matter fields. However, the most remark-
able achievements are probably related with the so-called second superstring
revolution. The underlying idea here is related to the notion of the spectral
curve, which was considered as an auxiliary construction for describing the
quantum moduli space of the low-energy theory, with some physical object.
Actually, this is the same technique that was used for more than a decade to
construct the multimonopole solutions. We briefly discussed this subject in
Chap. 6. It turns out that, in the context of the string theory, one can consider
the spectral curves as compactification manifolds that produce a connection
between a “normal” ten-dimensional string theory, and four-dimensional low-
energy physical models. Furthermore, the implication of the idea of duality,
which arises from the Montonen–Olive conjecture, allows us to explain the
relations between all perturbative string theories, which represent different
expansions around different singularities of the string moduli space. The phys-
ical meaning of the corresponding singularities is that some non-perturbative
BPS states there become massless in accordance to the interpretation of the
singularities of the N = 2 SUSY Yang–Mills moduli space. In string theory,
these BPS states are the branes, which are classical solutions of the model.
They are extended along p spatial directions and localized in remaining d−p
transverse directions. However, any attempt to discuss the related topics
would definitely take us far beyond our main subject, the monopoles. Let us
stop our brief discussion at this point.



A Representations of SU(2)

In this appendix we provide details of the parameterization of the group
SU(2) and differential forms on the group space.

An arbitrary representation of the group SU(2) is given by the set of three
generators Tk, which satisfy the Lie algebra

[Ti, Tj ] = iεijkTk, with ε123 = 1.

The element of the group is given by the matrix

U = exp {iT ·ωωω} , (A.1)

where in the fundamental representation Tk = 1
2σk, k = 1, 2, 3, with

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
,

standard Pauli matrices, which satisfy the relation

σiσj = δij + iεijkσk .

The vector ωωω has components ωk in a given coordinate frame.
Geometrically, the matrices U are generators of spinor rotations in three-

dimensional space R
3 and the parameters ωk are the corresponding angles

of rotation. The Euler parameterization of an arbitrary matrix of SU(2)
transformation is defined in terms of three angles θ, ϕ and ψ, as

U(ϕ, θ, ψ) = Uz(ϕ)Uy(θ)Uz(ψ) = eiσ3
ϕ
2 eiσ2

θ
2 eiσ3

ψ
2

=

(
ei

ϕ
2 0

0 e−i ϕ
2

)(
cos θ

2 sin θ
2

− sin θ
2 cos θ

2

)(
ei

ψ
2 0

0 e−i ψ
2

)

=

(
cos θ

2e
i
2 (ψ+ϕ) sin θ

2e
− i

2 (ψ−ϕ)

− sin θ
2e

i
2 (ψ−ϕ) cos θ

2e
− i

2 (ψ+ϕ)

)
. (A.2)

Thus, the SU(2) group manifold is isomorphic to three-sphere S3. The Euler
angles θ, ϕ and ψ take values within the intervals 0 ≤ θ ≤ π, 0 ≤ ϕ ≤ 2π
and 0 ≤ ψ ≤ 4π. Note that the reduction to the parametric space of the
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orthogonal group SO(3) can be achieved, if we fix the range of values of the
angle ψ to be restricted to the interval 0 ≤ ψ ≤ 2π and make the identification
ψ ∼ ψ + 2π.

Using the matrices (A.2), we can define so-called canonical left and right
one-forms on the group SU(2), which are also called Maurer–Cartan one-
forms (note that dU−1 U = −U−1 dU)

R = U−1 dU =
i

2
σkRk , L = dU U−1 =

i

2
σkLk . (A.3)

Since detU = 1, we have the condition on these forms

ddetU = detr ln U = trL = trR = 0 .

The components of the Maurer–Cartan forms in the basis given by the
Pauli matrices are written as

R1 = − sinψdθ + cosψ sin θdϕ, L1 = sinϕdθ − cosϕ sin θdψ,
R2 = cosψdθ + sinψ sin θdϕ, L2 = cosϕdθ + sinϕ sin θdψ,
R3 = dψ + cos θdϕ, L3 = dϕ+ cos θdψ . (A.4)

Clearly, they satisfy the Maurer–Cartan equations

dRn =
1
2
εnmkRm ∧Rk, dLn = −1

2
εnmkLm ∧ Lk .

In the same way, we can define the set of angular coordinates ψ̃, θ̃, ϕ̃, that
parameterizes the sphere SO(3) and the one-forms on the space of parameters
of this group.

The left and right forms on the group SU(2) are dual to the vector field
ξk, components of which form the standard basis of the Lie algebra on the
group SU(2):

〈ξ(R)
k , Rm〉 = δkm, 〈ξ(L)

k , Lm〉 = δkm .

Here the right and left Killing vectors are related with generators of rotations
about the corresponding axis of Cartesian coordinates. They can be written
in terms of the Euler parameterization as

ξ
(R)
1 = − cot θ cosψ

∂

∂ψ
− sinψ

∂

∂θ
+

cosψ
sin θ

∂

∂ϕ
,

ξ
(R)
2 = − cot θ sinψ

∂

∂ψ
+ cosψ

∂

∂θ
+

sinψ
sin θ

∂

∂ϕ
,

ξ
(R)
3 =

∂

∂ψ
, (A.5)

and
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ξ
(L)
1 = −cosϕ

sin θ
∂

∂ψ
+ sinϕ

∂

∂θ
+ cot θ cosϕ

∂

∂ϕ
,

ξ
(L)
2 =

sinϕ
sin θ

∂

∂ψ
+ cosϕ

∂

∂θ
− cot θ sinϕ

∂

∂ϕ
,

ξ
(L)
3 =

∂

∂ϕ
, (A.6)

for the left and right Killing vector field, respectively. The vector fields on
the parameter space of the SO(3) group can be constructed in the same way.

Note that the generators of the left and right rotations commute, while
left and right Killing vectors satisfy the SU(2) Lie algebra

[ξ(R)
m , ξ(R)

n ] = −εmnkξ
(R)
k , [ξ(L)

m , ξ(L)
n ] = εmnkξ

(L)
k , [ξ(L)

m , ξ(R)
n ] = 0 .

Thus, the right one-form Rn is invariant with respect to the left action of
the SU(2) group while the left one-form Ln is invariant with respect to the
right action of the group SU(2), i.e., the corresponding Lie derivative with
respect to ξ(L)

n and ξ(R)
n vanishes. The metric on the group manifold, which

is constructed using the one-forms Rn, by definition is left-invariant with the
Killing vectors ξ(L)

n .
The group space of SU(2) group is isomorphic to one of the “remark-

able” spheres S0, S1, S3 and S7, which are characterized by the left × right
parallelism.

The vector fields on the sphere S3 are related with the angular momentum
operator as

L(R)
n = −iξ(R)

n , L(L)
n = iξ(L)

n .

It follows from the relation (A.7) that the components of the operator of
angular momentum satisfy the usual commutation relation, which does not
distinguish between left and right rotations:

[Ln, Lm] = iεnmkLk .

Eigenfunctions of the operator of angular momentum are known as
Wigner functions

Dl
mµ(ϕ, θ, ψ) ≡ eimϕdl

mµ(θ)eiµψ , (A.7)

where dl
mµ(θ) are defined as [10]:

dl
mµ(θ) =

(
(l −m)!(l +m)!
(l − µ)!(l + µ)!

) 1
2

(1 − x)
m+µ

2 (1 + x)−
m−µ

2

×P (−m−µ,−m+µ)
l+m (x) , (A.8)

x = cos θ and P (a,b)
n (x) is a Jacobi polynomial
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P (a,b)
n (x) =

(−1)n

2nn!
(1 − x)−a(1 + x)−b d

n

dxn

[
(1 − x)a+n(1 + x)b+n

]
.

The Wigner function is related to the generalized spherical harmonics as

Yµlm(θ, ϕ) = Dl
µm(−ϕ, θ, ϕ) .

The matrices (A.2), which correspond to the fundamental representation of
the group SU(2), are particular cases of the Wigner functions:D1/2

µm(ϕ, θ, ψ) =
U(ϕ, θ, ψ).

However, the difference between left and right rotations on the sphere
S3, which is hidden behind the general definition of the operator of angular
momentum, reappears if we consider the ladder operators L± = L1 ± L2.
Then the Wigner functions satisfy the equations

L
(R)
± Dl

mµ =
√
l(l + 1) − µ(µ± 1)Dl

mµ±1 , L
(R)
3 Dl

mµ = µDl
mµ ;

L
(L)
± Dl

mµ = −
√
l(l + 1) −m(m∓ 1)Dl

m∓1µ , L
(L)
3 Dl

mµ = −mDl
mµ .

(A.9)



B Quaternions

Four-dimensional Euclidean space R
4 is quite special, since it admits a nat-

ural multiplicative structure. This becomes very important in clarifying the
description of the moduli spaces of the monopoles. In this Appendix, we
briefly give addition material to that used in Sect. 6.5.1.

Let us consider a set of 2 × 2 complex matrices R4. It is closed under
matrix addition and multiplication by real scalars and, therefore, may be
considered as a real vector space. The bases of the space R4 are given by the
set of matrices

e1 =
(

1 0
0 1

)
= I2, e2 =

(
0 −i
−i 0

)
= −iσ1 ,

e3 =
(

0 −1
1 0

)
= −iσ2, e4 =

(
−i 0
0 i

)
= −iσ3 , (B.1)

which satisfy the algebra

e4eµ = eµe4 = eµ, enem = −δnm + εnmkek (n,m, k = 1, 2, 3) . (B.2)

The basis {eµ} provides a natural isomorphism from R4 to R
4 given by

the mapping

X = e1x1 + e2x2 + e3x3 + e4x4 → xµ = (x1, x2, x3, x4) .

Since the basis {eµ} is orthonormal, this mapping does not change the norm
‖ X ‖2= x2

1 + x2
2 + x2

3 + x2
4 and such an isomorphism is an isometry. Note

that a matrix X of the space R4 can be written as

X =
(
x1 − ix4 − ix2 − x3

−ix2 + x3 x1 + ix4

)
, (B.3)

and then the norm ‖ X ‖2= detX.
The commutation relations (B.2) is a particular case of the so-called al-

gebra of quaternions. The space of quaternions H can be viewed as the set of
complex matrices R4 equipped with a standard set of matrix operations, or
as the vector space R

4 with multiplicative structure.
Since e1 is a multiplicative identity, we can drop it and write an arbitrary

quaternion as X = x0 +xnen. The operation of the quaternionic conjugation
is defined as
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X =→ X̄ = xµēµ = x0 − xnen .

Thus, if a quaternion X is considered as a matrix in R4, its conjugated X̄ is
the conjugated transpose matrix.

The product of two quaternions can be computed using the relations
(B.2). In particular, we have X̄X = XX̄ =‖X ‖2 and XY = Ȳ X̄. The real
and imaginary parts of a quaternion are

ReX =
1
2
(X + X̄) = X4, ImX =

1
2
(X − X̄) = Xnen.

Quaternions whose imaginary part is equal to zero are called real quaternions.
A unit quaternion satisfies the relation ‖ X ‖2= 1. Clearly, these quaternions
correspond to the elements of R4 with unit determinant, that is, the group
of unit quaternions is actually the group SU(2). Its group space, a sphere S3

naturally arises as a subspace of R
4.

The quaternionic notions make many relations compact and transparent.
For example, Euclidean Dirac matrices γµ simply become

γµ =
(

0 eµ
ēµ 0

)
, {γµ, γν} = 2δµν .

Since the set of unit quaternions forms the group SU(2), the transfor-
mation properties of vectors and spinors can also be written in quaternionic
notations. Recall that the transformations of the SU(2) group can be decom-
posed into left and right rotations as SU(2)L×SU(2)R. The unit quaternions
X and Y can be set into correspondence with elements of these subgroups:
X → x ∈ SU(2)L, Y → y ∈ SU(2)R. Then a vector quaternion transforms
as v → XvȲ , while the spinor quaternions s, c, which correspond to repre-
sentations of the Lorentz group (0, 1

2 ), (1
2 , 0), respectively, transform as

s→ Xs; c→ Y c .

In this notation, the Euclidean Dirac equation for a massless spinor reads(
0 D
D̄ 0

)(
s
c

)
= 0 ,

where D ≡ eµDµ is the quaternionic Dirac operator and D̄ = ēµDµ. It is
decoupled into a pair of Weyl equations that descibe the massless fermion of
a given chirality:

Dc = 0, D̄s = 0.

Note that the operator D̄D = DµDµ is the usual Laplace operator.
The (pseudo)-scalar and (pseudo)-tensor quaternions may be constructed

by multiplication of the spinor and vector quaternions. Let us take, for exam-
ple, two vectors v = vµeµ and w = wµeµ. One easily finds that the real parts
of the quaternionic products vw̄ and v̄w transform like scalars while their
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imaginary parts transform like a self-dual and anti-self-dual antisymmetric
tensor of second rank, respectively. In particular, the quaternionic equation

D̄v = 0 ,

which defines the vector of tangent space Tv, can be written in component
notation as

Dµvµ = 0, Dµvν −Dνvµ =
1
2
εµνρσDρvσ . (B.4)

The second of these equations is a self-duality equation for the tensor Fµν =
Dµvν −Dνvµ.



C SU(2) Transformations
of the Monopole Potential

Let us consider the transformations that relate the monopole potential in the
Abelian gauge and the hedgehog gauge, respectively. On the spatial asymp-
totic, the potential of the non-Abelian SU(2) monopole becomes

An = Aa
n

σa

2
= εamn

rm
er2
σa

2
= − 1

er2
[r × T]n , (C.1)

where the isospin operator is taken in the fundamental representation of
the SU(2) group: T a = 1

2σ
a. Cartesian components of the monopole vector

potential are:

Ax =
1

2re

(
− sin θ sinϕ −i cos θ
i cos θ sin θ sinϕ

)
, (C.2)

Ay =
1

2re

(
sin θ cosϕ − cos θ
− cos θ − sin θ cosϕ

)
, Az =

sin θ
2re

(
0 ie−iϕ

−ieiϕ 0

)
,

(C.3)

where we used the standard parameterization in terms of azimuthal and polar
angles

x = r sin θ cosϕ, y = r sin θ sinϕ, z = r cos θ.

Clearly, the non-Abelian magnetic field, which corresponds to the potential
(C.1), is regular everywhere in R

3 but the origin {0}:

Bn = Ba
n

σa

2
, Ba

n =
1
2
εnmkF

a
mk =

rarn
er4

, (C.4)

where the field strength tensor is

F a
mn = ∂mA

a
n − ∂nA

a
m − eεabcA

b
mA

c
n . (C.5)

The matrix of SU(2) transformations, which unwraps the “hedgehog”
from the spherically symmetric form (C.1) to the third axis, is

U(θ, ϕ) = e−i(σϕ̂)θ/2 = e−iσ3
ϕ
2 e−iσ2

θ
2 eiσ3

ϕ
2 =

(
cos θ

2 − sin θ
2e

−iϕ

sin θ
2e

iϕ cos θ
2

)
.

(C.6)
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This transformation also rotate the Pauli matrices as

U−1σkU = (cosϕθ̂k − sinϕϕ̂k)σ1 + (cosϕϕ̂k + sinϕθ̂k)σ2 + r̂kσ3 .

However, this transformation is singular at the south pole θ = π. To
understand the situation better, let us define a regularized polar angle

Θ = θ
1 + cos θ

1 + cos θ + ε2
,

where the parameter ε removes the singularity [49,131]. Then, the regularized
matrices Ũ = U(Θ,ϕ) rotate the monopole potential as

Ũ−1AxŨ =
sin ϕ

2er

(
sin(Θ−θ) [cos(Θ−θ)−i cos θ cot ϕ]e−iϕ

[cos(Θ−θ)+i cos θ cot ϕ]eiϕ − sin(Θ−θ)

)
,

Ũ−1AyŨ = −cos ϕ

2er

(
sin(Θ−θ) [cos(Θ−θ)+i cos θ tan ϕ]e−iϕ

[cos(Θ−θ)−i cos θ tan ϕ]eiϕ − sin(Θ−θ)

)
,

Ũ−1AzŨ =
i sin θ

2er

(
0 e−iϕ

−eiϕ 0

)
, (C.7)

and the affine part of the gauge transformation is

− i
e
Ũ−1∂xŨ = − sinϕ

er sin θ

(
sin2 Θ

2
1
2 sinΘe−iϕ

1
2 sinΘeiϕ − sin2 θ

2

)

+
iΘ′

2er
cos θ cosϕ

(
0 e−iϕ

−eiϕ 0

)
,

− i
e
Ũ−1∂yŨ =

cosϕ
er sin θ

(
sin2 Θ

2
1
2 sinΘe−iϕ

1
2 sinΘeiϕ − sin2 θ

2

)

+
iΘ′

2er
cos θ sinϕ

(
0 e−iϕ

−eiϕ 0

)
,

− i
e
Ũ−1∂zŨ = − iΘ

′

2er
sin θ

(
0 e−iϕ

−eiϕ 0

)
, (C.8)

where

Θ′ = dΘ/dθ =
1 + cos θ

1 + cos θ + ε2

(
1 + θε2

1 − sin θ
1 + cos θ + ε2

)
is singular in the limit ε2 → 0.

Thus, the smoothed gauge transformation of the SU(2) monopole poten-
tial on the spatial asymptotic

AAbelian
n =

1
2
Aa

n
Strσa = Ũ−1AnŨ − i

e
Ũ−1∂nŨ ,
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gives the regularized form of the potential in the Abelian gauge An
Abelian:

An
Abelian =− 1

2er

{
ϕ̂n

(
cosΘ − 1

sin θ
+ sin(Θ − θ)

)
σ3 (C.9)

+
[(

cos(Θ−θ)− sinΘ
sin θ

)
ϕ̂nσ1+(Θ′−1)θ̂nσ2

](
eiϕ 0
0 e−iϕ

)}
or

Aa
n

Abelian =
1
er

{[
1 − cosΘ

sin θ
− sin(Θ − θ)

]
ϕ̂nδa3

−
[
(1 −Θ′)θ̂n sinϕ+

(
cos(Θ−θ)− sinΘ

sin θ

)
ϕ̂n cosϕ

]
δa1

+
[
(1 −Θ′)θ̂n cosϕ−

(
cos(Θ−θ)− sinΘ

sin θ

)
ϕ̂n sinϕ

]
δa2

}
.

The same transformation Ũ of the non-Abelian magnetic field Bn =
Ba

nσ
a/2, where Ba

n is given by (C.4), yields

Bn → Ũ−1BnŨ =
rn

2er3

(
cos(Θ−θ) −sin(Θ−θ)e−iϕ

−sin(Θ−θ)eiϕ −cos(Θ−θ)

)
,

that is

Ba
n → − rn

er3
(δa3 cos(Θ − θ) − sin(Θ − θ) (δa1 cosϕ+ δa2 sinϕ)) .

In the naive limit Θ → θ, we would obviously recover the Coulomb field of
the Abelian monopole without any singular pieces, while the potential (C.9)
would take the form of a Dirac monopole potential embedded into SU(2)
group:

AAbelian
n → 1

2er
1 − cos θ

sin θ
ϕ̂nσ3. (C.10)

However, the singularity at θ = π requires more careful treatment. Indeed,
although the isotopic components A1

n, A2
n of the non-Abelian vector potential

vanish as we take the limit Θ → θ, they still contribute to the field strength
tensor F a

mn. Indeed, the third component of the non-Abelian magnetic field
(C.5) is

B3
n = εnmk∂mA

3
k − eεnmkA

1
mA

2
k . (C.11)

Clearly, the differentiation of the singular Dirac potential at the first term
here produces not only Coulomb magnetic field we expected, but also a sin-
gular flux of the Dirac string (see (1.49)):

Bn =
rn
er3

− 4π
e
ẑ θ(−z)δ(x)δ(y) . (C.12)
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The non-Abelian nature of the potential we are considering modifies this
result, because the contribution of the second term in (C.11) is also non-zero.
Indeed, the piece

∆Bn = lim
ε2→0

eεnmkA
1
mA

2
k = lim

ε2→0

rn
er3

(1 −Θ′)
(

cos(Θ − θ) − sinΘ
sin θ

)
does not vanish at θ = π due to the singularity of the derivative Θ′.

Let us consider it at the vicinity of this point as a distribution on the
volume measure r2 sin θdθdϕ. Then the non-vanishing contribution of ∆Bn

takes the form

lim
δ→0

lim
ε2→0

r2
π∫

π−δ

sin θdθ

2π∫
0

dϕ∆Bn = −2πẑ
e

lim
δ→0

lim
ε2→0

π∫
π−δ

dθΘ′ sin θ

=
2πẑ
e

lim
δ→0

lim
ε2→0

cosΘ(θ)
∣∣∣π
π−δ

=
4π
e
ẑ . (C.13)

Therefore,

∆Bn =
4π
e
ẑ θ(−z)δ(x)δ(y) ,

which precisely cancels the string singularity of the field of the Dirac mono-
pole. Thus, the field of the SU(2) monopole contains no singularity in the
Abelian gauge [131].
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227. J. Fröhlich and P.A. Marchetti: Comm. Math. Phys. 112 (1987) 343
228. K. Fujii, S. Otsuki and F. Toyoda: Progr. Theor. Phys. 81 (1979) 462
229. N. Ganoulis, P. Goddard and D. Olive: Nucl. Phys. B205 [FS5] (1982)

601
230. J.P. Gauntlett: Nucl. Phys. B411 (1994) 443
231. J.P. Gauntlett and D.A. Lowe: Nucl. Phys. B472 (1996) 194
232. J.P. Gauntlett, C. Kim, J. Park and P. Yi: Phys. Rev. D61 (2000) 125012
233. J.P. Gauntlett, C. Kim, K. Lee and P. Yi: Phys. Rev. D63 (2001) 065020
234. H. Georgi and S.L. Glashow: Phys. Rev. D6 (1972) 2977
235. J.L. Gervais and B. Sakita: Phys. Rev. D11 (1975) 2943
236. J.L. Gervais, A. Jevicki and B. Sakita: Phys. Rev. D12 (1975) 1038
237. G.W. Gibbons and C.N. Pope: Comm. Math. Phys. 66 (1979) 267
238. G.W. Gibbons and N.S. Manton: Nucl. Phys. B274 (1986) 183
239. G.W. Gibbons and N.S. Manton: Phys. Lett. B356 (1995) 32
240. C.P. Ginsparg: Nucl. Phys. B170 (1980) 388;

T. Appelquist and R.Pisarski: Phys. Rev. D38 (1981) 2305;
N.P. Landsman: Nucl. Phys. B438 (1989) 498

241. P. Goddard, J. Nuyts and D. Olive: Nucl. Phys. B125 (1977) 1
242. C. Goebel and M. Thomaz: Phys. Rev. D30 (1984) 823
243. J.N. Goldberg, P.S. Jang, S.Y. Park and K. Wali: Phys. Rev. D18, 542

(1978)
244. A.S. Goldhaber: Phys. Rev. 140 (1965) B1407
245. A.S. Goldhaber: Phys. Rev. D16 (1976) 1122
246. A.S. Goldhaber: Phys. Rev. D16 (1977) 1815
247. M. Goodband: Gauge Boson Monopole two Particle Bound States and

Duality. Sussex preprint SUSX-TH-96-019 (1996); hep-th/9612123, un-
published

248. V.N. Gribov: Physica Scripta T15 (1987) 164;
Eur. Phys. J. C10 (1999) 71; hep-ph/980724;
Eur. Phys. J. C10 (1999) 91; hep-ph/9902279

249. D.Y. Grigoriev, P.M. Sutcliffe and D.H. Tchrakian: Phys. Lett. B540
(2002) 146

250. B. Grossmann: Phys. Rev. Lett. 50 (1983) 464
251. A. Guth and E.J. Weinberg: Phys. Rev. D14 (1976) 1660
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